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Randomized Preference Aggregation: 
Additivity of Power and Strategy Proofness 

Andrew McLennan 

Economics Department, Princeton University, Princeton, New Jersey 08540 
Received September 1, 1978 


In their paper “Preference Aggregation with Randomized Social Orderings" 
[2], Barbera and Sonnenschein generalize Arrow’s Possibility Theorem [I] by 
considering functions which map profiles of individual strict preference 
orderings into lotteries on the set of strict preference orderings. Such a 
function g (called a Strict Social Welfare Scheme [SSWS]) is “Paretian” if, 
for any alternatives x and y, x is certain to be socially preferred to r w henever 
all individuals prefer x to y. 

Generalizing Arrow’s condition of Independence of Irrelevant Alternatives, 
Barbera and Sonnenschein say that g is “binary” if the probability of .y being 
socially preferred to y depends only on the set of individuals who prefer 
.V to y. They show that if g is Paretian and binary then there exists , a 
real-valued function on the set of a'lalitions of individuals, such that if C is 
the set of individuals who prefer .y to then /Xs,(C’) w ill be the probability of .y 
being socially preferred to v. One may think of /Xj, as an allocation of power. 
Barbera and Sonnenshein show that /x,, must be subadditive, and they claim 
(correctly) that there exist Paretian and binary (SSWSs for which the asso¬ 
ciated allocation of power is not strictly additive. We show that /x, must be 
strictly additive, i.c., a probability measure, w'henever there are six or more 
alternatives. Clearly this strengthens the analogy to Arrow's theorem. 

We then compare SSWSs to decision schemes, as defined and analyzed 
by A. Gibbard.^ A decision scheme is a function which aggregates individual 
preferences into lotteries on the set of alternatives. SSWSs, by contrast, are 
designed to analyze social choice from a feasible set that is arbitrary or 
unknown at the time of voting. To compare the two, the concept of a “decision 
scheme” is broadened to allow for different choice probabilities from different 
feasible sets, giving rise to the notion of a “decision superscheme.” A SSWS 
g induces a decision superscheme/as follows: For each feasible set and each 
profile of preferences, the probability, under /, of choosing .y is set equal to 

’ The concepts of “decision scheme” and "strategy proofness” were originated inde¬ 
pendently by Gibbard [3] and Satterthwaitc [6]. Gibbard developed them in the stochastic 
context [4]. 
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the probability, under g, of choosing any preference ordering that ranks .v 
above all other alternatives in the feasible set. A decision scheme is “strategy 
proof” if no individual can increase the expected value of a von Neumann - 
Morgenstern utility function consistent with his or her ordinal preferences 
by misrepresenting those preferences. A decision superschcme is strategy 
proof, if. for any feasible set, no such misrepresentation can be advantageous, 
and a SSWS is said to be strategy proof if it induces a decision superscheme 
that is strategy proof. We show that if a SSWS is Paretian and strategy proof, 
then its decision probabilities can be duplicated by a lottery on the set of 
individuals, the winner choosing his or her favorite element from the given 
feasible set. 


I. NoTA I ION AND A Rl Sl ATt MENT OF THE BaRBERA-SoNNENSCHEIN THEOREM 

We follow Barbera and Sonnenschein [2, p. 246]; 

Let A l.v, .f, 7,...; be the set of allernalires, and N ■ II, 2,..., /il be the set 
of individuals. We assume throughout that A and N are finite and that the number 
of elements in A (denoted ^A) is at least three. Let ^ - [B, B', B,...] be the set 
of indwidiuil strict preference relations (complete, asymmetric, and transitive 
binary relations) on A, and the w-fold cartesian product of iS, be the set of 
social preference profiles. A generic profile i.s denoted by B (B, , B.i ,..., B„). 

Let /.(be the set of lotteries on For .r, .v t A, let tiixBy) - [B <' -H : 
.vflrl. For h let />(/,.vflr) -- /(.v^Lvflv)) .. Given Be.-if", let ^'(B, — 

1 / (. M : 

A Strict Social Welfare Scheme (.95IFS) is a function p ; ■>#" >■ Z.(.4f). A SSWS 
p is binary if for any x, y f A, and any two profiles B, B' r. iH", 

[y)(B, xBy) - yj(B', .vflj )] implies lp{p{B), xBy) p{p{B'), xBy)]. 

A SSWS is Paretian if for any .v, y c A, and any B e -if", 

fy<B, .rBy) ^ IV] implies [p(p(B), xBy) = IJ. 

Finally, the real-valued function / defined on subsets of X is subadditive if 
f(S u T) c; f{S) ) /(7 ) for all S,TCx. 

Theorem 1. Given any binary and Paretian SSWS p, there exists a .Kuhadditive 
function ij.„ :2'^ ■ >15, such that 

(J) p,( 9>(B, A-By)) = p(p(B),xBy), 
for all Bedl” and x, ye A-, furthermore', 

( 2 ) tiM) =- 0 ; 

(3) P,(C) + P,{N - C) 1, for all CQN\ and 

(4) pfC) > NiC'), whenever C C C. 
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II. With Six or More Alternatives /x„ is Additive 
We begin by strengthening Theorem 1: 

Theorem 2. Suppose #A > 6, and let g be a binary and Paretian SSWS. 
Then the function dejined in Theorem 1 must be additive, i.e., 

(5) ^l„iS u T) fj.„(S) + for all disjoint S, TL N. 

Proof of Theorem 2. From Theorem 1, fi,, is known to be subadditive, so 
it suffices to show that 

(5') u T) /Lta(7')forallS', T C such that S' n T ~ ;j . 

To produce a contradiction we assume that there exist disjoint S. T 2 N 
such that /i„(S u 7') </i,,,(S) i tt„{T). By assumption we may choose 
{.Vi.Y„} C A, and B c is selected so that 

for i'y S, 

XiB,Xr,BiXgBiXaB,x.,BiX, for / e T, and 
X;iBiX:,B,XiB,XiBiX2B,Xg for i e N - (S u T). 

Let ■ pU, x,,Bxi.) for I Cz L(JS) and I h, k h — A. and define 
0: L(Jf) IR by 

0(1) (/i2 ; l^.^2 t- l;u ■■ /.-(I ■“ A',8 ■’ I)h) ~ (li-’i ” Un /|l)- 

Theorem 1 and the reductio assumption imply 

0(g(B)) : 6^„(A) ( r ti„(T) ■ - (S U T)) 

b -- M-S) -- fi„(T) • ' — H-r,(S U T) > 7. 

For 5 1 we let /* t L{.^) be the lottery that selects B with probability I, 
so l^f. miLst be either 0 or I. Since, for any /e l-(-^). 

/8A- I /(IS!) I 

it could be shown by redistributing terms that 0(1) is a convex combination of 
{0(1"): B 6 1 ^]. Hence 0( g(fl)) ' • 7 implies the existence of a 5 e d! such that 
0(1") 7, and this means that at least eight of the terms con.stituting 0(1") 
must equal 1. This, however, implies that at least one of the following 
intransitivities must hold: 


.Y, Bx.,BXi Bxi fl.Y, ; 
.Y3fl.Y2fl.Y5fi.V6fi.Y3 ; 
.V;,fl.V.,fl.Y,fl.YBfl.V3 . 



ASnRl-W Mr UiSSAS 


The following diac 
contriuliction more understandable. 


„„an,ma.ic rcpr^n.a.ion of «/) 9 may make .hi, 


V, 




•V;, 

A 


(“.v* - ► vj.” means /„<• - I). 


- -v-. - ► .V,i 


The proof is complete.- * 

Barbcra and Sonnenschein also con.sider functions which map profiles of 
individual weak (indilference allowed) preference orderings to lotteries on 
the set of weak preference orderings, and they prove a theorem analogous 
to Theorem I above. Fn particular, they derive the existence of a subadditive 
/X,, satisfying (2) (4). A reproduction of their definitions would be excessively 
lengthy, so w'c will merely state that /j.„ must be additive in this case as well 
provided, of course, that there are six or more alternatives. With minor 
modifications the proof is the same as that given above. 

III. Exisikncf of a SSWS g for Givfn /i 

Jerry Butters has shown that if #/4 ■' 5, /x is subadditive, and /x satisfies 
(2) (4), then there exists a binary and Paretian SSWS g such that /x,, -= p.; 
thus the assumptions of Theorem 1 place no additional restrictions on p, 
when #A „ 5.' 

It is easy to sec that if p is any probability measure on N there exists a 
Paretian and binary SSWS g such that p„ -- p. regardless of #/4. We define 
g„ as follows: for each profile B let g„(B) be the lottery that selects each 
Bfr .M with probability /i (1/c /V; B, B\). It is left for the reader to check 
that g„ is Paretian and binary. One may think of g„ as a lottery on the set of 
individuals, the winner becoming the dictator, and we shall say that SSWS 
li is randomly dictatorial if there exists p, a probability measure on N, such 
that /; - g„ . 


JV. Stratf;oic Considerations 

It is natural to imagine the following sequence of events leading to a social 
decision: Preferences are collected and recorded; a SSWS converts the profile 

“ For more on the set of pairwise preference probabilities that can be produced by 
lotteries on the set of preference orderings, see [5]. The work presented in that paper, by 
McFadden and Richter, inspired the proof presented here. 

* Aspects of this presentation arc taken from a proof by S. Barbera (private correspond¬ 
ence). 

* A proof is available upon request. The method is to show that when §A 5 any 
set of pairwise preference probabilities that satisfy a condition analogous to transitivity 
can he produced by a lottery on preference orderings. 
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of preferences into a lottery on the lottery is conducted, arriving at a 
specific social ordering of the alternatives; the feasible set is determined; 
and the socially most preferred feasible alternative becomes the social choice. 
If the feasible set is known before this process begins there is no point in 
having a full-blown SSWS. All that counts is the ultimate choice, so the 
social ordering of other alternatives is irrelevant, and the appropriate 
mechanism is a “decision scheme,” as defined and analyzed by Gibbard [4], 
Attempting to parallel Gibbard’s work, we now focus our attention on what 
it means for a SSWS to be nonmanipulable or cheat proof. 

Consider the following example: iV = (1, 2}, with = 1/2 p.(l2}); 

j 4 — {.Y, _v, z], and all elements of A are feasible; B = (Bi, Bg) is the profile 
of true preferences, where xB^yBiZ and zB^yB^x', Ui, individual I's von 
Neumann-Morgenstern utility function, is such that 


Uiix) - V^(y) > Uiiy) - U,(z), 


so that 


ll2U,(x) + ll2U,(z) > l/3t/i(.v) + l/3f/i( V) -f l!3U,(zy, 

g maps B to the lottery that selects each element of with probability 1 6, 
and g maps all other profiles to the lottery that assigns probability 1/2 to each 
individual's preference ordering. A.ssuming individual 2 reports his or her 
true preferences, if individual 1 reports 5, his or her expected utility will be 
]/3Cj(.v) I/3(./,(>')-T-1/3Ci(z). Clearly individual 1 can do better by 
reporting . where thus attaining an expected utility of I ,'2r,(.v) 

l/2t/i(r). This example is clearly Paretian and binary. .Arrow's theorem 
may be viewed as saying that Social Welfare Functions which are Paretian 
and satisfy Independence of Irrelevant Alternatives must be strategy proof.' 
but this example shows that the analogous proposition is false in our more 
general framework. 


V. SSWSs AND Decision Schemes® 

One might expect that, unless the set of potential feasible sets could be 
restricted in some way, only randomly dictatorial SSWSs would be able to 
eliminate strategic manipulation. This is not the case, as will be shown in the 
Appendix, but it is not far wrong; we will show that a nonmanipulable SSW'S 

•’ This point of view is discussed in [6]. 

" This section is an extension of the work of Gibbard [4]. Much tcrntinology is taken 
from this source, with the meanings of several terms generalized to suit the needs of this 
paper. 
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must give a probability distribution of outcomes which could also be produced 
by a randomly dictatorial SSWS. 

Let A(-4) be the set of lotteries on A. For A e L(A) and .v e A let p{k, x) = 

A For each Ze2 ‘ ■- 1 <^}, let L(Z) be the set of lotteries on Z, interpreted 
as a subset of LiA); i.e., L{Z) = [A e L(A): p(k, x) - 0 for all xeA - - Z). A 
decision scheme is a function d from the set of profiles into the set of lotteries 
on A. i.e., d: L{A). 

fn order to make a proper comparison between SSWSs and decision 
schemes, the notion of a “decision scheme" must be expanded to allow 
different choice probabilities for different feasible sets. A decision superscheme 
(DSS) is defined to be a function f: {2'* — x -* L{A) such that 
f(Z, B) e L{Z) for all Z c 2 * — {4>] and Be -i!?'*. Thus a DSS assigns a 
feasible decision scheme to each feasible set, and we shall write /(Z, •) for 
the decision scheme d satisfying r/(B) f(Z, B) for all B e 
We need a condition on/that relates/(Z,. •) to/(Z^, ■) for Z^ ^ Z.^. It 
is natural for our purposes to require that f can be “rationalized" by a 
SSWS g. For Ze2'' - {<f>\ and Bc.^, let tt(Z. B) be the (unique) a‘ e Z 
such that xBy for all y e Z, y ■' x, so 7r(Z, B) is the most preferred element 
of Z under B. 

For / e L{Ji) and '6 / let /;(/, '/i) - /(«). We shall say that SSWS g 
induces DSS / if 

(6) p(/(Z, B), .V) == p( g(B). 1 B e n{Z. B) .vj) for all Z e 2^ - {<^1, 
all X e Z, and all B e .lif". 

Thus, g induces / if, for all Z e 2-'‘ — and all B e the probability 
under /(Z, B) of choosing a c Z is equal to the probability under g(B) of 
choosing any B e .iif that has x preferred to all other elements of Z. All 
SSWSs induce some DSS, but the reverse is not true. 

A decision scheme i/is strategy proof if, for all Be .';^",all / e N, all C',: A R 
satisfying 


[U/ix) .. t/,(y)] if and only if [.ViP,y] for all .v, y e A, and all B', e .H 
I U,{x) p{d{B\x') >. X 0,(.v)-p(d(B'),.v), 

xG A are ^ 


where B' B'i fl„). Less formally, a decision scheme is strategy 

proof if it is never possible for some individual to increase the expected value 
of his or her (arbitrary) von Neumann-Morgenstern utility function by 
reporting a false ordinal preference ordering. The DSS /is .said to be strategy 
proof if/(Z, •) is strategy proof for all Z e 2-^ — and a SSWS g is said 
to be strategy proof if the DSS induced by g is strategy proof. 

Theorem 3. //"SSWS g is strategy proof, then g is binary. 
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Proof of Theorem 3. Let f be the DSS induced by g-, since g is strategy 
proof, so is f Suppose g is not binary; there exist x, ye A and B, B' e 3i’' 
such that 7 )(B, xBy) (^(B', jrtSy), but />( g(B), xBy) y pf By 

(6) this implies that /({x, y}, B) ^ f({x, y), B'). Let B, {B'lB't, 

Bi,iB„) for i 0,..., n. There must be anieN such that/({x, yl, B,_,) 
f{{x, y\, B,). Since [(p(B, xBy) <p(B', xBy)] implies [xB,y if and only if 
xB,'y], it must be the case that, when preferences are reported as B' for 
j < i and as Bj for./ - /, and the feasible set is {x, yl, either individual / with 
true preferences B, does better by misrepresenting them as B', or vice versa. 
This contradiction of the strategy proofness of/completes the proof. 

A decision scheme d is Pareto optimific ex post (POEP) if, for all .r, y e A 
and B c- 

[.vB,.i' for all / f.- N] implies [p{d{.B)^ y) - 0]. 

The following theorem says that a decision scheme that is strategy proof and 
POEP can be reduced to a lottery on the set of individuals, the winner 
choosing his or her preferred alternative 

Theorem 4’. If d is a decision scheme that is strategy proof and POEP, 
there exists v, a probability measure on N, such that 

p(d{B), x) I'C/e iV: tt{A, B,) .vt), 

for all B c .itf" and all x e A. 

For decision superschemes, Pareto dominance is only relevant when the 
dominating alternative is feasible, so we shall say that a DSS/is POEP if 

[arB,y for all / e .V] implies [ p(/(Z, B), y) = 0], 
for all Z e 2 ' — all .v, y e Z, and all B e .-B". 

Theorem 5. //"SSWS g induces DSS / then g is Paretian if and only iff is 
POEP. 

Proof of Theorem 5. Suppose that g is Paretian. Then, for any Z el'* ~ 
any .v, y e Z, and any B e 

[xB,.r for all / e N] implies [/;(.vBr) =1], 
which implies [p{ g(B), {Be 7r(Z, B) .vl) ■ 0], 
which implies [p(f{Z, B), y) : - 0]. 

' This theorem, a corollary to Gibbard's theorem due to H. Sonnenschein, is reported 
and proved, using dilTcrent terminology and phrasing, in [4, p. 677]. 
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Y V. For any B r 

\xB,y for all / A'] [/jf/C-V. .rl, S), }’) ^ 0], 

vv/nch inipFes ,r(;.v, V/'. ^ 

which implies [p(^'(B). xBi ) -- /]- 


This completes the “if" and the proof. 

The following theorem state.s the central point v\c wish to make about 
Paretian and strategy-proof SSWSs. 

Tmforlm 6. Suppose that the SSWS g is Paretian and strategy proof, and ^ 
let f be the DSS that is induced by g. There exists a randomly dictatorial SSWS ‘ 
h that also induces f. 

Proof of Theorem 6. By Theorem 3, g is binary, so by Theorem I, there 
exists a subadditive satisfying (I)-(4). By definition, / is strategy proof, 
and by Theorem 5/is POEP, so f(A, ■) must be strategy proof and POEP. 

By Theorem 4, there exists e, a probability measure on N, such that 


p{f(A, B), .y) -- )’(1/e N: 7t{A, B,) .yJ) for all B e and all .v c A. 

In order to show that v - p.p we choose any C V N and any .v, yc A. 
A profile B c is chosen such that y(B, xBy) C and 7(8, xBw) bf 
for all vv o N — [.v, vj. Then 

r (0 iV; ir{A, B,) .Yj) 

-/;(/(^.B),.y) 
p(g(B), B c B: v{A, B) - -■ .v|) 

= vZlj’) (since x Pareto dominates everything else) 

- Vtfv)) - flgiC). 

>ince we chose C arbitrarily, c —/ia, , and it follows immediately that 
i„ is additive. 

We want to show that 

P(/(Z, B), .y) - v(>ieN: -^{7., BA - jc]) 

or any Z e 2 ■< - - I j, any .y p Z, and any Take Z and B, and let B' be 

ny profile .such that, for all ieN, all .v, y e Z, and a\\ w e A - Z, 

] if and only if [orfl,; ], and xB'pv. 
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(B' is any profile where all elements of Z Pareto dominate all elements for 
A — Z, and B'i orders Z in the same way as for all / e 
Define B, (B; B-, B^^^B„). If f(Z, A-i) B^) for some 

ieN, then there must be a £/,; A -* IR satisfying (7) such that 

I C/.M pifiZ, B.-.,), .r) £ Uiix) -pUiZ, B.), x). 

This means that, if other individuals report their preferences as Bj for j < / 
and as B, fory : - /, individual / with true preferences B, could do better by 
misrepresenting them as B^, or vice versa. Thus strategy proofness implies 
/(Z, B;.,) /(Z, B,) for all / e A. Therefore, for any .v e Z, 

p(,/(Z. B), .Y) p(f(Z, B„), .V) p(./(Z, B„), A) . p(f(Z, B'), A) 

-p(g(B'),{B£ J#; 7r(Z. B) : .vj) 

- MA, B) -- A'i) (since g is Peretian) 

^ pUU, B'), .V) 

= v({/£A:7r(^, B;) .y.I) 

= ^ i'({/ e A: 7r(Z, B,) .v|) (by construction of B'), 

Letting h -■ so that h is randomly dictatorial, 

/)(/7(B), \Be.’A: tt(Z, B) ■■= .vl) - KU'^ M.Z, Bi) ■-= a'I) 

lAf(7-, B), .V), 

for all B Zc 2'* - !<^!, and A' c Z, so h induces/, and this completes the 
proof. 

It is shown in the Appendix that there arc SSWSs which are strategy proof 
and Paretian, but not randomly dictatorial, but Theorem 6 says they might 
as well be: We have shown that the choice probabilities of any Paretian and 
strategy proof SSWS can be duplicated by a SSWS that is randomly dicta¬ 
torial. 


VI. CoNCLi'DiNCi Remarks 

We have shown that if g is a binary and Paretian SSWS then p,, must be 
>trictly additive, unless 5. Applying the concept of strategy proofness 

o Paretian SSWSs, we have shown that a Paretian and strategy proof SSWS 
.•an be replaced by a randomly dictatorial SSWS that will choose any element 
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from any feasible set with equal probability. We have shed light on both the 
nature of mechanisms that aggregate individual preferences and the relation¬ 
ship between such mechanisms and social choice procedures. 


Appendix 

It will be shown, nonconstructively. that there exist SSWSs that are 
Paretian and strategy proof, but not randomly dictatorial. We begin by 
showing that it is possible for two lotteries on H to produce identical selection 
probabilities for all feasible sets. 

Wc let m and we a.ssume that m 4. Lotteries in l\ 'A\ will be 

regarded as sectors /r R'"' indexed by so that /?(/, \B\). with / 

.satisfying 

1 Ib I. (lA) 

Bt-.B 

Let /k L.(.A) be such that /« 0 for all Be and consider the condition 

/.{/', Ifli y/>- 7r(Z, B) .vl) />(/. {Bi .'A-. 7r(Z, B) .v’) 

for all — \<j)\ and all .vc Z. (2A) 

Lquation {2A) says that / and /' produce identical selection probabilities for 
all feasible sets, so if we can prove the existence of /' c- R””, /' ■ /, satisfying 
(IA) and (2A) we shall have achieved our objective. 

For each Z c 2 ' - ;<^|. (2A) gives #Z linear condition on /', one of which 
can be eliminated by linear dependence with (lA). For each k, 1 k /;/, 
there are ('*) subsets of A w ith A elements. Hence there are, in total, at most 

'i I, 

2 — 2 "' -i- m ■ 2"' '■ 

linearly independent restriction on /'. Computation shows that 2 • (1 
(ni - 2) 2”' -) < /??! whenever m ^ 4 . Since / is a strictly positive solution 
of the system [(lA) and (2A)], the solution set of this system must have a 
dimension greater than zero, so there must be an /' U";\ /' =- /, which 
satisfies (lA) and (2A). 

We construct the desired SSWS as follows: Take the set of individuals to 
be llg. Be :^] ; let i- be the probability measure on N which has Hllg]) - 
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Jg ; let B be the profile where individual If, has preferences B\ define the 
SSWS g by 

B'.-B, 

- /', B' B. 

Since g produces the same decision probabilities as g^ for any feasible set, 
g must be Paretian and strategy proof, but since g(B) g,fB), g cannot be 
randomly dictatorial. 
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\Vc investigate the question of whether or not it is possible that every alloca¬ 
tion that does not involve unilateral transfers of some of the always desired 
goods, without receiving anything in return, can be Pareto dominated by an 
allocation (hat involves such transfers. 


1. Introdl'C'hon 

Consider an economy with n individuals each of wihom has a utility 
function over the / commodities, which is strictly increasing in each commo¬ 
dity. (Thus, more is always strictly preferred to less.) To each subset of 
individuals (or coalition), there is a (net) production set that describes the 
possible consumption bundles which are attainable by that group if and 
when it forms. Due to constraints such as capacity, communications, manage¬ 
ment, or control, (all reflected by the (net) production correspondence) it 
may be advantageous for the individuals to carry out activities in coalitions 
that partition the set of agents, since payoffs under such a coalition structure 
may dominate the feasible payoffs for the grand coalition. Examples of such 
situations arc: local public goods which due to congestion, either in produc¬ 
tion or in consumption, arc best provided by local communities rather than 
by the whole nation; production which is carried out in more than one “large” 
firm; the existence of social and sports clubs, etc. 

Assume that such is the situation, and let the n individuals form the J 
“countries” (coalitions) ,..., Bj . (Since every individual belongs to one 
and only one country, J ^ ii.) The purpose of this paper is to investigate 
whether or not it is possible that regardless of the initial “country structure” 
(partition), whenever the total amount produced in each country is distributed 
among its residents, the situation of every individual in society may be 
improved by forming a different “country structure” in which each country 
either exports commodities without importing any goods in return, or else 
imports but does not export any goods. Since such transfers imply that some 
countries allocate part of the always desired commodities produced in them 
to other countries, without receiving any counterpart (thus, transfers are 
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distinguished from trade), this property could be understood as meaning 
that “altruism” is beneficial. 

Section 3 brings out a somewhat surprising example in which such indeed 
is the case. Specifically, by considering a society with three individuals and 
two commodities, we show that it is possible that every allocation, in which 
members of a coalition consume exactly the amount produced in that 
coalition, can be dominated by an allocation that involves net transfers from 
one coalition to another, giving a higher utility level to every individual. 

Section 4 is devoted to a discussion of such possibilities. First, it is shown 
that when either the number of individuals is less than three or there is 
only a single commodity, it is never the case that every allocation which 
does not involve transfers can be Pareto dominated by an allocation involving 
them. On the other hand, imposing a (strict) concavity assumption on the 
utility function does not rule out such possibilities. Thus, quite restrictive 
assumptions seem required to rule out such situations. 

Finally, we give three alternative interpretations to the example of Section 3, 
and show that this example can be understood to imply that transfers among 
coalitions may be necessary to attain Pareto optimality. This very issue was 
investigated by Dreze and Greenberg [1] and Greenberg and Kats [2], and 
we show that the example in this paper can serve as an example also for the 
situations considered in the above two works. 

The general framework is given formally in Section 2. 


2. The Model 

There are n individuals, given by the set N ■ - {1,..., n} and / commodities. 
Each individual ie N has a consumption set .V' C /?+^ over which his utility 
function, w,, is defined. The set of all subsets of N (i.e., the set of all possible 
coalitions) is denoted by A”, and its generic element is denoted by S with 
cardinality | S | (i.e., | S | denotes the number of members in coalition S). 

There exists a production correspondence Y: ^i~ -*■* RJ where, for a 
coalition SC N, Y{S) C RJ denotes the set of all combinations of total 
amounts of the / goods available to S if and when it forms. (Note that 
initial endowments are implicit in the definition of the production corre¬ 
spondence.) 

We shall assume that each coalition S is able to survive on the basis of its 
own technology and resources ((A.l) below), and that each individual 
strictly prefers more to less. Formally, 

(A.l) For all 5 C JV and for every individual / e 5, there exists x* e X* 
with e Y(S). 

(A.2) For all i e N, Ui is strictly increasing in each coordinate. 
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We also assume that each individuaJ belongs to one and only one coalition. 
A partition of A', or a coalition structure, is denoted ff -- (Biff/), with 
generic element Ifj. The set of all coalition sti uctures is denoted 

We contrast three situations. In the first, trade among coalitions is allowed, 
in the second only transfers (as opposed to trades) are allowed, and in the 
third situation neither trades nor transfers can take place. For a given coali¬ 
tion structure B (Bj ,..., Bj) the sets of feasible allocations in each of the 
above three situations are K(B), L(B\ and M{B), respectively, where 

K(B) - \a (o'. a’') for all /e W r/’6 A * and for all y, y 1,..., 7, 

there exists r{t K(S,) such that Y-us Ybeb ; 

L(B) \ci - (rf,..., r/")' for all ieN c X‘ and for all j, j -- I,..., J, 

there exists y{Bj) e Y(Bj) such that either^ :y(Bj), 

or; a‘ and 

M(B) \a rf. ci")\ for all ieN a' c and for all ./, j = 1...., J, 

there exists y{B,) c Y(Bj) such that - y(Bj)]. 

Since transfers are a special form of trade, and transfers do not have to be 
made even when they arc allowed, we have that for every Be-^, A'(fi)D 
L(B)'^M(B). 

The sets of all attainable allocations from any coalition structure are given, 
respectively, by 

K U K(B), L (J /.(/?), and M \J M(B). 

Bc.^ BfJI 

Thus, for example, a c- A’ means that there is a coalition structure B c and a 
feasible choice of production levels in each coalition in B which is distributed 
among individuals, with individual / receiving the bundle a' a X*. Similarly, 
ae L implies that there is a coalition structure B which admits the production 
of Y.n^' B y(Bj) and this amount is distributed among the individuals in such 
a way that for each coalition in B the total amount given to its members is 
cither no greater in every commodity or no less in every commodity than the 
amount produced by that coalition. Were the amounts received by members of 
each coalition exactly equal to the amount produced there, we would have 
a c M. 

Denote the images of the sets A', L, and M in the utility space by U, V, and 
IV, respectively, i.e., 

(/ {AgA"! there exists a feasible allocation ae-X such that for all 

i e A, hi t 

V - {b e A” ]3ae L such that hi ^ Ui{a% VI c- A^}; 

W = {A e A" I e M such that A,- = «,(«»), V; e N], 

* For .V, Vc A', X means .v* y^ k ^ 1,..., i\ x y means > y„ for all k and 

X y\ X , - y means x„ ■ \\ , k ^ I. i. 
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Thus, for example, be W represents the utility levels attainable by distri¬ 
buting the total output produced by some coalition structure B in such a way 
that the total output received by members of any coalition in B exactly equals 
the total output produced by that coalition. 

Given a set ^4 C y?", the set of maximal elements in A is denoted by i.e. 
A — {a e A I e A with a > a}. In particular U, F, and JF denote, respec¬ 
tively, the sets of Pareto optimal points in U, V, and IV. 

It is well known that, in general, trades are mutually profitable and hence, 
in most situations V n W = 0. That is, for every utility level, b, which is 
attainable from a feasible allocation that does not involve trades or transfers 
among coalitions, there exists another utility level attainable from a feasible 
allocation which involves trades, under which every individual is at least 
as well-olT as under b, and at least one individual is strictly better-off. 

It is equally well known that it is always the case that TJ r\ F ^ 0 . 
Indeed, heV n F, where S,- - u,(a*) with 

;r_ Max Mj I y a* I and V/ 1, a' 0, 

That is, the total output produced, which is entirely transferred to individual 1, 
is the one that maximizes Mr. Ts utility. 

Recall that for every coalition structure B, K(B) 3 L{B) 3 M{B) implying 
KD LD M which in turn yields C/3 K3 W. We know that in general 
U r\ W ^ 0 and that it is always true that U r\ F ^ 0 . The only interesting 
question left to be answered is whether or not P n IF = . 

Note that if this intersection is empty, then a unilateral transfer of some of 
the always desired commodities from some coalitions to others (together 
with a change in the coalition structure) can make every individual better-off 
and this holds uniformly for every coalition structure. Put differently, 
whenever individuals partition themselves into coalitions and distribute the 
amount produced in each coalition within that coalition, there is another 
coalition structure and an allocation that involves transfers under which 
every individual is made better-off. Thus, C7 n IF = r can be interpreted 
to mean that altruism is beneficial! The following example shows that this 
indeed may well be the case. 


3. The Example 

There are three individuals (N = (I, 2, 3)) and two commodities (/ = 2) 
denoted by x and y. The consumption set of each individual ie Nh X’ - * 

(the nonnegative orthant of the plane) and his utility function is given by 

ut(x, V) = (I00.V 1 2)'^^ 


642/22/1-2 
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Ci-AiM 4. Whenever n - 2^ V r\ W ¥■ 0 . 

Proof. Deline, Tor / 1,2, a,- Max^g}-({,)) m,(z). Clearly, a = (aj , e 

W. Thus, if x F, 'jc t: F n fP. If, on the other hand, a ^ F, then there exists 
he F, b, u, Ui(a*) for some ae L with b ^ a. By the definition of ex, 
aflX\\\. I2|). Since n 2, this implies that aG^jA')). But, it is always 
true that L{\N]) M{\N\) and hence be W. Q.E.D. 

Claims 3 and 4 imply that the example of Section 3 is the “simplest” 
possible. This example can easily be modified to show that 

Claim 5. W n F may he empty even when all individuals have identical 
utility functions which are strictly concave and separable (i.e., u{x, y) 
0(x) ^(y)). 

Proof Since Pareto optimality is an ordinal rather than a cardinal notion, 
any monotonic increasing transformation of the utility function of the 
example of Section 3 will preserve the property that Wn F ^ 0 . In parti¬ 
cular, one can represent the preference relation in that example by the utility 
function: log log v) log(.v ; 2) ! log log(100y-r 2). Q.E.D. 

It therefore seems that no “reasonable” restrictions on the preferences 
can rule out the possibility that every allocation which does not involve 
transfers can be Pareto dominated by an allocation that involves them. Are 
there restrictions on the production correspondence Y(-) which would 
imply W n F •.'■1 Clearly, this intersection is not empty whenever the 
production correspondence is superadditive relative to N (i.e., Y(N)D 
Y{Bj) for all Be .J#), since then the grand coalition would always 
form and no transfers or trades among coalitions can take place (as there is 
only a single coalition in the coalition structure). In fact, when Y{') is 
superadditive relative to N we have K({N]) — L{{N]) — A/({A^]) — K L 
M implying that U = ^ V - W. Unfortunately, superadditivity does not seem 
to be a realistic assumption. In fact, if only for crowding phenomena, one 
would expect subadditivity to be the rule rather than the exception. (Note 
also that the standard “explanation” given for the superadditivity assump¬ 
tion. namely, that the grand coalition can form and decide to work in subsets, 
does not hold in the case where Wn F ~ 0 , since no coalition would agree 
to transfer for free some of its output to other coalitions. Thus, Y{S) must be 
interpreted as representing what coalition S can produce when all of its 
members work together.) 

An assumption weaker than superadditivity is that of monotonicity in 
production,^* namely, for SC TC N, T(5)C Y{T)\ i.e., additional people 

' I thank the referee for proposing this notion as well as suggesting that I try and prove 
Claim 6, below. 
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do not harm. The example of Section 3 can easily be modified to exhibit 
monotonicity by defining 

no'}) = {(1.0)}, 

n^) - {(1, 0), (0, 1)}, for \S\>2. 


Moreover, 


Claim 6. It is possible that W r\ V = 0 even when the production 
correspondence is monotonic and convex valued {i.e., Y{S) is convex for all 
SCN). 

Proof. Replace the utility functions in the example of Section 3 by 
Ui(x,y) =■-- (l.ly f 1.!)>«+* 
and the production correspondence by 


rm = {(1,0)}, 

n5) - {(t, 1 - t) I 0 < / < 1). for 1 S i > 2. 

Let u e W, u u(a), a e M{B). Distinguish among the following three 
cases: 

(i) B ({/}), (;}, {k}). Then, a* = (1, 0) i I, 2, 3. Define 


- (1, 0.2), ti* =- - (0, 0.4). 

Clearly, a e Z.({1}, {2, 3}) and i/i(a*) > «i(fl^). Moreover, for / -- 2, 3, 


M^ai) (1.1 X 1.4)»<' (1.4)1'’ 

w,(a'T ll.l)“ 1.1 ■ ^ ■ 

Thus, Mi(fl*) > M,(a0 'i ie N, implying u^ V. 

(ii) B = ({/, ,/■}, {k}), or, w.l.o.g., B = ((1, 2}, {3}). Then 

(0, Ti). ( 0 . 72 ). cr® = (1, 0), + ya -- 1. 

W.l.o.g., > I- Define 

d^ = 0,yi- 0.02), 5® = (0, yt 4 0.01), 5® - (0, 0.01). 

Clearly, a e L({1}, {2, 3}), and 1 / 2 ( 0 *) > 1 / 2 ( 0 *). Now, since jj > |, 


»i(5*) 


(l.l>i4 i.i)(i - 


0.02 
4i+ 1/ 



0.04 
3 / 


1 . 
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Moreover, 

U:i{a^) 1.1 

Thus, again, //,(^7') ■ e N, implying, F. 

(iii) B lA/l.Then, 

a' (v, , with X I X Pf ■■ ’• 

t€N N 

W.l.o.g., V, < 1. Define 

a' (l,/i|), a- (0, i ^ 2 ), ^7“ (0, .v, j /3.j). 

Clearly, a r L({ IJ, {2, .1]), and M|(«') * u^ia'). Define 

/’Tv,/^) (1.1 V I lAfi ! I.l)i» - (1.1/3 ! I.IV" 

Since /■’((), fi) 0, by showing that F(-, fi) is an increasing function of a 
whenever 0 /3 1, Fix. ft) 0 in this range, implying that W/(r7‘) ti,{a‘) 

for / 2.3. Indeed, 

11(1 • U ; I • 18 • I • ly 

< X 

- (I • 1/J > I • 1)""' ln(l -1^ )- I • 1) 

„.,3 , I, 

- (1 • 1/3 i 1 ■ 1)'-- ln(l • 1/3 i 1 • 1)] 

- 11 - (2.2)2 In 2.2 • 0. 


Hence, h^K. Q.E.D. 

In view of Claim 6 and the fact that the production correspondence in the 
example of Section 3 is a point (rather than a subset) in R ft, one feels that 
unless extremely strong assumptions are imposed on /(•) (e.g., that it be 
superadditive), altruism may be beneficial. 


5. Alternative Interpretations to the Example 

(i) Technological constraints.^ Instead of having a production corre¬ 
spondence Y\ A" Rft, consider the case in which each individual 


“ This interpretation was offered to me by Jacques H. Dreze. 
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/c ;i, 2, 3] has one unit of input x (labor-Jeisure) and none of y. Thus, the 
“initial endowment" of each individual / is (1, 0). Assume also that there is a 
technology set which is “common knowledge” under which every two indivi¬ 
duals, working “full time” (i.e., each contributing his one unit of labor), can 
produce one unit of y. Thus, no coalition whose cardinality differs from 2 
can be productive (a property which should be understood as a technological 
constraint). Then, using the arguments of Section 3 it can be easily shown 
that whenever the productive coalition (of cardinality 2) does not transfer 
(for free) some amount of y to the third individual, using .such transfers can 
make each individual strictly better-off. If, moreover, we let labor be indivi¬ 
dually specific, so that /’s labor cannot be consumed by individual j,j y /, 
then the implication of the example in Section 3 becomes that transfers 
(as opposed to trade) are necessary for Pareto optimality. 

(ii) Iraiisferable output, nontransferable input. Consider an uninhabited 
island with only two possible sites. East and West, with space for one and two 
individuals, respectively. Three individuals, each endowed with one unit of 
labor (a), are supposed to settle on the island. It is only in the West that the 
unique output (y) can be produced, according to the production function 
y L\. Assume also that while it is costless to transfer y from West to 
East, it is infinitely costly for individuals to commute between the two sites 
(thus, the individual who resides in the East cannot work in the West). 
Finally, let the utility function of each individual be given by m(.v, y) 

(lOOy ; 2)“ Then, the example in Section 3 implies that unless some of the 
output produced in the West is transferred (for free!) to the East, each of the 
three individuals can be made better-off! 

This interpretation provides the dual analog to the example in [2], where 
input is transferable while it is infinitely costly to transfer output across 
sites. 

(iii) Hedonic aspects. Whether ruling out transfers might be inconsistent 
with Pareto optimality was one of the issues in [I]. In that paper, Dreze and I 
offered a model in which there is a single good (y) and where the utility of 
each individual depends on the amount of y he consumes as well as on the 
coalition to which he belongs. (This last argument was referred to in [1] as 
the hedonic aspect.) Thus, the level of utility attained by individual / who 
consumes ,i’, units of y and belongs to coalition S is given by w,(y,, S). By 
means of an example we showed that it was possible that unless transfers of .r 
(across coalitions) were made, Pareto optimality could not be attained. The 
example of Section 3 serves as another demonstration of such situations. 
Indeed, let the utility function of individual i be given by 

M^y,, S)(lOOy, i 2)s<^''2. 
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where 

i3(S) - 1 if 1 SI - 1 

0 otherwise, 

and let the production correspondence of the unique output be given by 

KfS)1 if !5| -2 

= 0 otherwise. 

From the arguments given in Section 3, it follows that unless the coalition 
with the two individuals transfers some of the always desired good, y, to the 
coalition that consists of the other individual (without receiving anything in 
return), Pareto optimality will not be reached. 
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An //-person social choice problem is considered in which the alternatives are n 
dimensional vectors with the /th component of such a vector being the part of 
the alternative effecting individual / alone. Assuming that individuals are selfish 
(/ is indifferent between any two alternatives that have the same /th component) we 
characterize all the families of permissible individual preferences that admit 
nondictatorial Arrow-type social welfare functions. We also show that the 
existence of such a function for a given family of preferences is independent of n 
provided that it is greater than one. 


1. Introduction 

A theory of aggregations of individual preferences into group preferences 
shold be in the core of areas involving group decision making. As such, it 
is surprising that social choice theory is not used more extensively in eco¬ 
nomics, game theory, team theory, etc. Clearly incorporation of some of the 
many models and important results of social choice theory into these other 
areas may have interesting implications. We feel that one of the reasons for 
this phenomenon is the lack of structure of the alternatives’ space in most 
of the models discussed in social choice, while, for example in economic 
aggregation problems, aggregating preferences over allocations of private 

* This research was partly supported by Grants SOC76-2()953 and SOC 79-07542 from 
the National Science Foundation. 
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alternatives may differ significantly from aggregating preferences over allo¬ 
cations of public alternatives. One would expect that this structure would be 
taken into consideration. We hope that the model and results presented in 
this paper are a step in this direction. 

Arrow fl. Chap, fl] di.scusses the “difference between the ordering (done 
by an individual) of the social states according to direct consumption of the 
individual and the ordering when the individual adds his general standards 
of equity." He refers to the former ordering as reflecting his “tastes” and 
the latter as reflecting his “values.” When one deals with a social choice 
theory whose states are economic consumption bundles, ordering according 
to tastes, or what is sometimes referred to as a selfishness axiom, becomes 
a dominant factor in the individual’s preferences. This distinction is discussed 
by Samuelson, who makes this assumption [6, a.ssumption 6, p. 224] for 
econimic environments. Motivated by this observation Arrow goes on to 
prove his “Possibility (Impossibility) Theorem for Individualistic Assump¬ 
tions” (Theorem 3 in his book). The difference between this theorem and 
the well-known “General Possibility Theorem” is in the fact that individuals 
care only about their component of the social state and that they are indif¬ 
ferent to changes effecting individuals other than themselves. The social 
choice model studied in this paper is designed to deal with the aggregation 
of preferences of selfish individuals. 

We assume that each individual / in an //-person society has a set of con¬ 
ceivable preferences, 12,, over a set of his own private alternatives A,. 
Society's goal is to aggregate these preferences into a social welfare function 
(SWF) which should rank '• A., v ... y /4,,-the set of //-person 
allocations in this society. 

We assume that the individuals in this society are symmetric in that all 
the A/'s and Q/'s are identical. We provide an answer to the question of which 
domains of preferences (Q/'s) admit an Arrow-type nondictatorial SWF. 
This is done in two stages. We first show that the answer to the question of 
existence of such a SWF for a given A and Q is independent of the number of 
individuals in the society. Then we characterize the A's and Q's that admit 
a two-person nondictatorial SWF. 

This work parallels that of Maskin [5] and Kalai and Muller [4]. They 
studied the same questions for the case of public alternatives. The results 
that we obtain are different than theirs and one model is not a special 
case of the other (because of the symmetry assumption made by them). 
Fn particular we show, as an example of our characterization, that for a 
large class of single-peaked preferences over private alternatives every SWF 
is dictatorial. Thus “good” restricted domains of preferences over public 
alternatives may be “bad” for private alternatives. On the other hand the 
case of only one conceivable preference ordering (| 1 = 1) admits non¬ 

dictatorial SWF's for private alternatives but for public alternatives it must 
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be dictatorial (every individual must be a dictator by the unanimity assump¬ 
tion). 

The model presented here has two drawbacks. One is that we assume that 
individuals have strong preference (indifference is not allowed). This is done 
for technical reasons, since we cannot solve the more general case. Second, 
we assume that all /4/’s and all i?,'s are the same. This again is done for 
technical reasons yet it is not very restrictive. Q; is the set of all conceivable 
preferences of individual /. It is an input into the model and has to be deter¬ 
mined by means of some other theory or empirical observations. For example, 
in economic environments Q/ may consist of the monotonic convex pre¬ 
ferences. It is likely that if these restrictions hold for one individual then they 
should hold for the others as well. The choice of the /1,’s is not critical since 
we will require our SWF to satisfy a condition of independence of irrelevant 
alternatives. Thus if the y4;'s are too large and contain some nonfeasible 
alternatives, that will not affect the choice among the feasible ones. 

Let A denote a set of alternatives with at least two elements. For an integer 
n 2 let A” represent the set of all n-tuples of alternatives from A. An 
element of A”, X -- (Xi x„), is called an n-person allocation of alternatives. 
Let £ denote the set of all transitive antisymmetric total (i.e., if pel! and 
.V, re' A then xpy or ypx or .v ^') binary relations on A. An element of 
£ is called a preference relation. For n 2 let A^”' represent the set of all 
transitive antisymmetric total binary relations on A". Let f? be a nonempty 
subset of 2’; the elements of Q represent the admissible preference relations 
in the society. For n 2, Q” represents the set of all n-tuples of preferences 
from Q and P {p^ p„), an element of Q", is called an n-person profile. 

An n-person social welfare function (SWF) on f? is a function/“: Q" -■* J*’" 
which satisfies the following two conditions. 

1. Unanimity. For every PeQ'* and X,YeA’', if for i - 
whenever .y, y, then Xi /?, y,, then xf”fP) Y. 

2. Independence of irrelevant alternatives (flA). For X, Ye A", and 
P,Qc if [.Y, Pi y, iff x,9, for i 1,..., n] then [A/"{P) Y iff Xf"{Q) F]. 

/" is dictatorial if there exists j, I n, such that for every PeQ" 

and X, Ye A", Xf\P) Y whenever Xjp^yj. /" is nondictatorial if /" is not 
dictatorial. 

An n-person Arrow Social Welfare Function (ASWF) is a nondictatorial 
SWF. 

Remark. Campbell and Fisburn [3] investigated social welfare functions 
which are very symmetric in a social choice model that allowed them to 
distinguish between private and public alternatives. However, their formu¬ 
lation, and the problems they study are very different from ours. 
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2. Independence of n 


Theorhm 1. For//, ^2 

(aj if there exists a two-person Arrow SWF on i? then there exists 
an //-person Arrow SWF on and 

(b) if ! A i • 2 and there exists an //-person Arrow SWF on i? then 
there exists a two-person Arrow SWF on 

Corollary 1. If \ A \ > 1 then for every n > 2, Q admits an n-person 
Arrow SWF if and only if it admits a two-person Arrow SWF. 

Proof. Part (a). We assume that there exists an /n-person (m - 2) 
Arrow SWF on Q. We construct an m j- 1 ASWF on Q, as follows. 
For A", F t A'"' ‘ and P e Xf"‘'\P) Y if and only if either 
x„) -- ( }\ and 

-’^m + l Pm+i Ym+l or (Xi. x„) ^ (y,.and 

(-Vi X,„)/"•{{ Pip,„)){ y’l ,..., 

It is straightforward to check that is a well-defined ASWF. Thus, 
by induction, if there is a two-person ASWF on Q then there is an //-person 
one for every // 2. 

Part (b). Now we assume that \ A ] 2 and for some // > 2 there exists 

an //-person ASWF on Q. We have to show that there exists a two-person 
ASWF on Q. We first prove it for the following special case. 

Q is said to contain an inseparable pair of alternatives if there exists 
s, te A such that 

(i) . for some p e spt and 

(ii) . for no p e and x e A it is spxpt. 

(.V, /) is called an in.’ieparable pair of alternatives. 

Lemma 1. If Q contains an inseparable pair of alternatives (s, t ), then 
there exists a two-per.son ASWF on Q. 

Proof. For every X, Y e A^ (X ^ Y) and F e P* we define/^(P) as follows. 
If X| — >’i or Xg yg then is defined by the unanimity rule according to 
the preferences of the nonindifferent voter. When Xi ^ yi and Xg ^ yg 
we distinguish the special case {Xi ,>'i} — {s, t} and spjt. In this case /*(F) 
on the pair X, Y is defined to agree with pg. In all other cases we define 
P{P) on the pair X, Y to coincide with the preferences of pi. It is easy to 
check that /* is an antisymmetric total relation. It satisfies IIA, nondictator¬ 
ship, and unanimity by the way it was defined and it remains to be shown that 
it satisfies transitivity. 
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Let X, Y, Z be three distinct elements of and PeQ^ satisfying 
XP{P) YP(P) Z. We will show XP(P) Z by showing it for all the possible 
cases. 

(i) /pjS (in case there is such a p] in Q). 

1. Xi T-Zi. Then Xf\P)YP(P)Z implies XjPij, By 

transitivity it is , which implies, by definition, Xf\P) Z. 

2. A'l yi A Zi ■ Then Y/HP) Z implies y, piZ, , which is the same 
as -Y, ptZi, and again by definition it implies Xf\P) Z. 

3. AT, 7^ >'i == * 1 . Then XP(P) Y implies ,y, pi yi, which is the .same 
as .Y, PiZi , and by definition it is Xf\P) Z. 

4. Xi yi ^Zi. Then X/^P) YP(P)Z implies x^p^y^p^^. By 
transitivity it is XjPjZa, and by definition it is XP(P) Z. (Note that the case 
.Y, — Zx • Vi) is impossible.) 

00 ‘W- 

1. At least two of the elements .y, , , Zi do not belong to {j, t}. 

Then we are in the same situation as in case (i) and therefore it is XP(P) Z. 

2. .Yj, yt 6 {j, /}, Zi $ {.y, /}. Then YPiP) Z implies y, p^Zx , which 
implies, by the inseparability condition, both spxZx and tp^z. Therefore it 
is .Y, PxZx and by definition it is XP(P) Z. 

3. .Y, ^{.y,/), y,, Ti e{.v,/). Then Xp(P) Y implies x, yiPi, which 
implies both .v, p,.'' and Xip,t and therefore it is .y, p,Zi. Then by definition 
it is xpiP) Z. 

4. .Yi, Zx e {.y, /}, t’l i {.V, /}. Because of the inseparability condition, 
this case is impossible. 

5. .Vi ,yi,Zx e {.y, / ). If .Yj ^ y^ A z^ then Xf%P) YP(P) Z implies 
^ 2 P 2 yiP 2 ~i- By transitivity it is x^p^.^, and by definition this implies 
Xp(P) Z. If .v.^ y Vj — z.^ then XP(P) Y implies x^p^yi , which is the same 
as x-iPiZ,. and again by definition it is XP(P)Z. If .y^ ^ - y^ ^ z^ then 
Yf%P)Z implies y«p^i, or x^p^z and again it is xp{P)Z. The case 
.Y., ^ ^ y.^ : Zj is impossible, since then XP(P) T implies Xx - .v, y, — t, 
while YfHP) Z implies yj — s, Zj • t, which is a contradiction. Q.E.D. 

Continuing with the proof of Theorem 1 we now assume that Q does not 
contain any inseparable pair. We also need to introduce some additional 
definitions and prove the following lemmas. For an integer n 2, ze A 
and /, 1 < / < n, let Aj”(z) denote the subset of A”, A/'(z) -- {XeA" 

Xj = z]. a SWF on £2, is called a z-dictatorial by j function if there exists 
a member k() ^ k ^ n,k j) such that for every X, Y e Aj^z) and P e Q", 
if XicPi^ yx- then it is Xp(P) Y. k is called the z-dictator by j and is denoted 
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by dj{z). Note that if r/,(r) exists then it must be unique. Let D, '.ve/J | 
there exists a dj(.x)\. 

Ltmma 2. Li'tf‘\forn he a SWF on Q. If for every j (\ .. j n), 
D, - . then there is a member A (I - A - n), such that for every j k 
and every z fn Dj , k d,{z). 

Proof. Suppose that for some .x (- D, , 2 - f/|(.v) and for some r : A).j, 

4 r/.,( r). Let z, w A and p e Q be such that zpw. Let P ( p . p) e SJ" 

T (.V, r, \\ M',..., H’) c- A'\ and S (.v, m’, j*, r,..., z) e A". Since 7', S e 4 ,"(a) 
and 2 dfx) therefore it is Tf"(P) S, but .since S e Af( y) and 4 -- y) 
it is also Sf"{P) /', which is a contradiction. Actually this proves that for 
every J 4 ! L 2) and every r e Dj , r/,( y) e I L 2,'. Moreover, by applying the 
above method, it is easy to show that for every /, k 4\\, 21, y p Dj . and 
z f. D). it is dj( y) d,,{z). Hence, if for every 7^11,21 and ye /), it is 
2 dj{ y), then by applying again the above technique, 2 ^/l(.v) for every 

.Y t= 7), . On the other hand, if for every / ^11, 21 and y c D, it is I (/,( y), 
then it also has to be I d-/.x) for every v e /),, which completes the proof 
of the lemma. Q.R.D. 

In the following lemmas we extend the result of Lemma 2 to the case of 
n 3. Note that although the following lemmas are phrased for a certain 
order of the members I, 2. and 3, it is obviously true for any permutation 
of these members. 

Lt;MMA 3. Let he a SWF on Q. If Dj . t), / I, 2, 3, and if there 
exist distinct .v, y f D, such that 2 d^(x) dj{ y) and distinct r. iv F/>, 

such that 3 d-^iz) d.t{w) then 2 - d^t) for every t e D;i. 

Proof Suppose it is not the case and there exists t e l\ such that I dj^t). 
Without loss of generality let Pc be such that a’/?, zp^^w and suppose 
that for some sc A, tp^yS. Since (a, z. .y), (at, tv, 02 =-t/,(.v), and 
zp.,w, it is {x, z, .\) f^{P)(x, w, t): since (.v, tv, r), ( y, z, r) e I -fait), 

and xpi t’, it is (.v, tv, t)P(P)( .v, z, t): since ( y, z, t), (x, z, .y) fc /4./(z), 3 d.,{z), 

and //V', it is ( y, z, t) f^iP)(x. z, .y); hence, since P is a SWF, by transitivity 
it is (.V. z, s) f\P)ix, z, .y), which is a contradiction. Now suppose Q is such 
that for every p c Q and every .y f A it is spt\ then, again without loss of 
generality, suppose F e is such that a-/?, y, zp^w, and sp^t for 
some sc A. Then (.v, tv, t), (y,0e-43®(/), I da{t), and xp^y imply 
(a-, tv, t)P{P)( y, z. /); (.f, z, /), ( y, h-, .y) e A{^( j’)- 2 =- dji .v), and zp.,tv imply 
( y, z, t)PiP)i 1 ’. tv, .y); ( y, w. j), (.y, h’, t)e A^^iw), 3 d.Iiw), and .y/J:,7 imply 
( y. H’. .y)/®(F)(A, H’,/) and since by transitivity it is (.v, tv, r)/®(F)(.v, tv,/) 
it is again a contradiction, which completes the proof. Q.E.D. 
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Lemma 4. Let P be a SWF on Q. If Dj ■/ iv for J -- I, 2, 3 and there 
exist distinct r,teD^ such that 2 ~ df,r) --d^(t) and x e Di such that 

2 di(x) then 2 =■ </,( v) for every r e Di. 

Proof Suppose it is not the case and there exists y e such that 

3 ^ di( y). Suppose that for some peQ, xpy, then we can let a, b, c e A, 

and PeQ^ he such that without loss of generality jrp, y, ap^p^c, and rp-^t. 
Then (j-, a, t), (x, b,t)e A.fit), 2 - and ap^ imply ( y. a, t)f\P)(x, b,t): 
(a, Z>, r), (.V, c, r)e/l,®(jf), 2 = d^(x), and Ap/- imply {x,b,t)P(P)(x,c,r). 
By unanimity it is {x,c,r)P(P)(y,c,r) and (y, c, r),(y,a,t)e AiH y), 
3 i/iO’), and rp;,t imply (y,c,r)P{P)(y,a,t). Then by transitivity it is 

( y, a, t) /®(P)( y, a, t), which is a contradiction. If Q is such that for every 
pc- Q \{ is ypx, then let Pe CP be such that ypjX, apf>p^, and rp^t. Then 
by unanimity it is (y, a, t) f\P){x, a, /); (a, a, t\ (a, b, r) e y4i=*(A), 2 di(x), 
and ap.Jb imply (.y. a, t) f\P)(x, h, r): (.v, 6. r), ( y, c, r) e A^\r), 2 ■- d^ir) 
and hp^ imply (.v, h, r) f\P){ .)•, i\ r); ( y, c, r), { y, a, t) e AtH y), 3 - -• d^i y), 
and rp;,/ imply (y, c. r)P(P)( y, a, t) and again by transitivity it is 
(y, a. t )P(P)( .1’. o, t ), which is a contradiction, and this completes the proof. 

O-E.d. 

The following lemma, by using Lemmas 3 and 4, extends the result of 
Lemma 2 to the case of n -- 3. 

Lemma 5. Let /® he a SWF on Q. If for j -- 1, 2, 3, 0, = A then there 
is a member k, 1 '' k 3, such that for every J r k and every xe Dj, 
k - dj(x). 

Proof. Since \ A \ - 3 and since Dj A then obviously there is a member 

/ (/■ ' I) such that for at least two distinct alternatives, say x, y, / Ji(a-) =-• 
di( y). Let us assume without loss of generality that this / is 2. By the same 
reasoning there is a member k (k y 3) for which there are at least two alter¬ 
natives, say z, w, such that k = d^iz) - r/:,(H'). Hence there are two possible 
cases. 

Case 1. k 2. Then by Lemma 4, for every z e and every teD^, 

2 = r/i(z) = d-p) and since A - /), D^, then for every .Ye.4 it is 

2 - di{x) and 2 dfx). 

Case 2. k I. Then by Lemma 3, for every a- e it is I ^ d^x), which 
implies, by Lemma 4, that for every xc D-^ it is I t/aLv), which completes 
the proof. Q.E.D. 

All of the above lemmas lead to the following result. 

Lemma 6. If for n > 3, is a SWF on Q such that for every member j 
(1 ‘v /' < Aj), Dj — A, then f” is dictatorial on Q. 
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Proof. Suppose Dj-■ A for j— 1,2. n. Assume without loss of 

generality that 1 is the k of Lemmas 2 and 5. Suppose X, Ye A" and PeQ” 
with JTiPi >'i. Since we assume that Q does not contain an inseparable pair 

we can assume by FIA that for some ze A, pjzpi .Vj. Let Z ^ - (z, .Vj. 

Xf,. I , then we have Xf”(P) Z by dfx^) -- 1 and Z/‘"(/*) T by d„( I. 
Thus Xf^iP) y by transitivity. Q.E.D. 

We can now complete the proof of Theorem 1 by showing that for n 3 
if there is an /j-person ASWF on /”, then there exists an n — I person 
ASWF on Since/" is assumed to be nondictatorial, Lemma 6 implies 

that there is a person i and an alternative x for which di(x) does not exist. 
Assume without loss of generality that / ^ n. Let peQ be any fixed pre¬ 
ference for n and for X, Y £ A" ^ define Xf"'^(P) Y if and only if 

(x, ,X 2 ,..., x„_,, x)f”{ipi ,/)2 p„. i ,/)))(>',, Vs ,..1 , -t). Tt is easy 

to check that/"-’ defined this way is an ASWF on ’. Q.E.D. 


3. The Characterization of the Nondictatorial Domains 

In this section we characterize the domains of preferences Q that admit 
two-person Arrow SWFs. By Theorem I this is also a characterization of 
the domains that admit w-person ffor every n j 2) nondictatorial SWFs, 
provided that the number of alternatives is greater than 2 (; A ] 2). 

Throughout this section we let be an arbitrary fixed nonempty subset 
of Z", 

A set /? C A^ X A'^ is said to be dosed under decisiveness implications 
if the following two conditions hold for every X. Y, Ze A^. 

Dll. If for some peQ, .Xj py, pZf, {X, Y)eR, and (Y,Z)eR, then 
(X, Z) F R. 

Df2. If for some pei2, .r. 2 py.ipz., and (Z,X)gR then (Z. Y)eR or 
(Y.X)gR. 

We let F {(Z, Y)eA‘^ X /<^ | for some peQ.Xjpj’i}. Thus these are 
the pairs {X, T) for which it is feasible for voter 1 to prefer X to Y. We 
let C {(x. . 1 ’) e F1 for some peQ, y^px^- Thus these are the pairs {X, Y) 
which are feasible for voter 1, but also voter 2 can oppose voter 1 and prefer 
y to X. 

We say that Q has a decomposition if there is an R which is closed under 
decisveness implications. We say that Q has a nontrivial decomposition 
if it decomposes with an R such that 


(F-OgBQF. 
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The intuitive explanation for the above definition is as follows. Suppose 
there is a two-person ASWF f on Q. We let R consist of the pairs {X, Y) 
which are feasible to voter 1 (xi pyi, for some peQ) and for which he is also 
decisive (if he prefers X to Y then so will /). Clearly F— CC RCf. The 
nondictatorship of voter I implies that R ^ F and the nondictatorship of 
voter 2 implies that F ■— C ^ R. The closure under decisiveness implications 
of R follows from the transitivity of/ and turns out to be equivalent to it. 
Hence we obtain 

Thi:orem 2. Q admits a two-person (n person if \ A \ >2) Arrow SWF 
if and only if Q has a nontrwial decomposition. 

Proof. Suppose Q admits a two-person ASWF/. Let R — {(A". Y)eF\ 
for every PeQ'^ if XiPiVi then Xf{P) Y\. Clearly {F - C)C RCF. Since 
2 is not a dictator there is a pair ( V, Y) and a. PeQ'^ with p.i and Yf{P) X. 
Therefore Vj(since / satisfies unanimity), and by I FA and unanimity 
( y. A ) L R yet (y, A ) e C. Hence {F - C)C R. Since I is not a dictator there 
is a pair (A". )') and a P with .Vj /r, Vj but Yf{P) X. Hence (A", y) c Fand 
(.V, y)(r' R. So R'~- F. To show that R is closed under decisiveness impli¬ 
cations we assume that .V, y, Z e A^. Suppose that for some p^Q, ,Vj py^ pz , 
(\', y)c y?, and (Y,Z)gR. Clearly (\,Z)c-r. Let P be any profile with 
x^p^z^ . By I IA we can assume without loss of generality that -ViPj ;'i Pi-, 
without effecting the (.V, Z) outcome. Since (.V. Y)e R and {Y,Z)e R we 
have .\f(P) Yf{P)Z and by transitivity .Vf{P)Z. Thus (X,Z)eR and R 
is closed under the first type of decisiveness implications. Now we assume 
that for some p c Q, ■'<iPyiPZ« and (Z, X)e R. Assume that (Z, Y) R and 
(y, .V)^^ R. Since (Z, X)(.i R there is a /;, a-Q with r, pj.v, . Choose p.> to 
.satisfy .'(.iP-iV-iPiZ., and let P - {pi^p-,). Then Zf{P).\' .since (Z,X)eQ. 
f{ it is not the case that r, p^ Vj then Yf{P) Zf{P) A' and (L, .y) c /?, a contra¬ 
diction. So we assume that z, pj y,. If Zf{P) Y then (Z, y)e R, a contra¬ 
diction. Hence Yf^P) Z. By transitivity Yf(P) Xi hence (Y, .V) e R, which is 
a contradiction. So we have that (Z, T) e F or (F, .\') 6 R, and R is closed 
under decisiveness implications of the second type. 

We now assume that R pre.sents a nontrivial decomposition for and 
demonstrate the existence of an Arrow SWF/. For every (A', Y)e A^ x A- 
and every P^Q'^ define Xf{P) Y if 

(a) x,p, y/for i =], 2 

(b) Xj Pi p, and {X, F) g R, or 

(c) .r,p„ p, and {Y,X)fR. 

We first show that if A', Ye A^, X ^ Y, then X/(P) Y or Y/(P) X but not 
both, ff neither X/(P) Y nor Yf[P)X then we have either (i) Xip, Pi and 


642/22/1-3 
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('03'] PiX\ and x^p^^y ^. If (i) holds yet not Xf{^P) Y then (A', Y) ^ R 
so Yf{P)X by part (c) of the definition of /(/*), a contradiction, ff (ii) holds 
yet not Yf(P) X then ( Y, X) ^ R but then we .should have Xf{P) Y, a contra¬ 
diction. rf both Xf(P) Y and Yf{P) X then again there is no unanimity and 
one of the situations (i) or (ii) described above holds. Situation (i) implies 
that (X, K)t R and (A', Y)(I:R, a contradiction. Situation (ii) implies that 
(Y, X)^ R and {Y, X) c R, a contradiction again. 

It is clear that/.sati.sfies IfA and unanimity. It remains to be shown that 
/is transitive and nondiclatorial. 

To show that voter I is not a dictator choose (X, Y)eF - R. Since 
/' — CC R, then (A', Y)e C. Thus for some p.^ e Q, y^p^x^ ■ Since (.T, Y) c F, 
for some pi c .v, p^ j', . Let P ( p^ ,p.>)\ then Yf{P) X, so I is not a 
dictator. To see that 2 is not a dictator choose (A', K) c- R - (/-' -- C). For 
some Pi L Q, .Vj /;, j-, and for some p„ e Q, y ^pyx^. Let P (pi, p,)\ then 
XfiP) Y, so 2 is not a dictator. 

To show transitivity we assume to the contrary that for some X, Y. Z e A‘ 
and Pc-Q\ Xf(P) Yf(P)Zf(P)X. 

Case 1. PiXi and p^x^ 

Subcase (&) yiPiXi. Since Xf{P) Y then x^Piy-i and (Y,X)(^ R. Since 
Yf(P)7 then yiPi^i and (Y.Z)eR. Since (Z, (x^, z^)) g R, then by 
decisiveness implications of the first type, Dl'l, (T, (x^, rj)) e 7?. By 
DI2 (with X being (.v,, r.^), Y being X and Z being Y) either ( Y, X) g R 
or (A^ (a-, , r.^)) e R, a contradiction. 

5i/6co.vc (b) not Tj/;,A| . Therefore y-iP-fz, which implies 

Hence (X.Y)eR and (/.,Y)$R. Since ((r,, a,), K)e/?. Now by 
DI2 we get that either ((r, , .Vj), Z)e R or (Z, Y)e R, a contradiction. 

Case 2. Not z-ip^x.^ 

Therefore r, /tj.v, and (Z, X)c R. If not >' 2 /? 2-2 then j’, p,ri and (T, Z) e R, 
which implies by Dfl that (K, X)eR, which contradicts Xf(P) Y. Therefore 
XiPi-z- If not XiPi)'., then a, Pi ji and (AT, Y)gR, which implies by DH 
that (Z, >') G R, which contadicts Yf{P) Z since ZiPi yi . So we are left with 
the situation that XzP»y 2 P 2-2 ^nd ZiPiA, . If not .ViPiZ] and not a, piji 
then (Z, Y)i R and {Y,X)^R. But then 012 contradicts the fact that 
{Z,X)gR. So we must have X 2 P 2 y 2 P^i and either >’iPi 2 iPiAi or 
"i PiXi Pi .I’l • If .Vi Pi=i PiXi then {Y,X)i R. But by 0(2 ((r^, ja). X)e R 
and by 011 (with A’ being T, Y being (z,,>' 2 ). and Z being X) {Y, X)g R, 
a contradiction. So we must have X 2 P 2 ysP 2 X 2 and z^piXiPiyi. But now 
OT2 implies that (Z, (aj , i’™)) e R and Oil (with X being Z, Y being (Ai , >’ 2 ), 
and Z being (>’ 1 ,^ 2 )) implies that (Z, Y)gR. This contradicts Yf{P)Z, 
which shows that case 2 is impossible. 
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Case 3. Not ZiPiXi 

Thereforeand {X, Z)$Ji.\f not Xipi >^1 then p ^and {Y,X)^R. 
By condition DI2 (with X being Z, Y being X, and Z being Y), (YyZ)^ R. 
Therefore Zf(P) Y, a contradiction. So . If not y^PiZi then yiPiZs 

and (Z, Y)i R. By condition D12 (with X being Y, Y being Z, and Z being X) 
we have that (A', Y) $ R, which contradicts Xf{P) Y. So we must have 
.V, Pi Vi piZi. If not .ViP^z ^nd not XzPzYi then {Y, Z)e R and (X, Y)e R, 
which contradict by DI1 the fact that (A', Z) $ R. So we have either p.^^ P 2 X 2 
or ZzPzXzPzYi- If YiP^sPi^z then (A', Y)e R. By Dll (A", (zj, >’ 2 )) 6/?, 
by Dr2 (with X being (z^ ^>' 2 ) ^ being (z^, Zg), and Z being A”). (A', Z) e R, 
a contradiction. So wc must have XyPi\\PiZi and z^PiX^p^y-i ■ Since 
Yf{P)Z, {Y,Z)eR. By Dll ((jfi,>> 2 ), Z)e/?, and by Dr2 (with X being 
Z, Y being (x, , jfa), and Z being (jc, , y^))^ (A", Z)b R, a. contradiction. 

Q.E.D. 

We summarize the question of existence in 

Theorem 3. For n 2 

(a) If \ A \ 2 fhen there exists an n-person Arrow SWF if ami only 

if Q has a nontrivial decomposition. 

(b) //Ml- 2, say A = {x, ;;1, then 

(i) ifQ-S then there exists an n~person Arrow SWF for ii, and 

(ii) if Q 2’ then there exists an n-person ASWF for Q if and only 
if n . '■ 3. 

Proof. Part (a) is an immediate consequence of Theorem 1 and 2. For 
part (b)(i) for any pair of allocations X, Y ei A^ with .V Y we define 
f{P) to be determined by the unanimity rule if it is applicable. Otherwise 
wc define/(F) to coincide with pi if xp^y and to coincide with pz if ypi-'- ft 
is straightforward to check that this defines a two-person Arrow SWF on A. 
The extension to w-person follows by Theorem 1. To show part (ii) assume 
w.l.o.g. that Q - {p] with xpy. In this case the only possible profile is 
p {p,p,...,p). For n 2 if / is a SWF then (x, y)f{P){ y, x) or 
i y^ x)f(P){x, y). In either case either voter I is a dictator or voter 2 is a 
dictator. For n 3 we define)^ /(F) by (.y, t, x)'(.y, x, 

( .Y, xJ/( y, y, j(:)>( y, x, ;^)>(x, .v, y)/i y, .i’)- ft is easy to check that this 

is a well-defined three-person ASWF. By Theorem I part (a), (ii) holds true 
for every n V- 3. Q.E.D. 


4. Applications 

To show the usefulness of Theorems 1, 2, and 3, we discuss some 
examples. 
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hXAMPLi; 1. Arrow impossibility theorem for private alternatives. 

\l', A ' .'2 and Q - S then Q is dictatorial. 

Proof. Suppose Q is nondictatorial: then Q has a nontrivial decomposi¬ 
tion F - C F fi r. which means that there is (Jf, Y)eC such that (X, Y) e R. 
Since Q 2’ then f [{X, Y)eA^ x A^\ a'i F- y^] and C = ;(A', Kje/’j 
■'s! y-i'i- Therefore by Dll and DI2, (Af, Y)eR implies that for every 
(A', Z) e C also (A', Z) e R. But again by Dll and D12 this implies that for 
every (IT', Z) c C it is also (^V, X) e R, or that R ^ F, a contradiction. 

Q.E.D. 

Examrli: 2. Q contains an inseparable pair of alternatives (.r, t). 

We define the set R w'hich corresponds to /-, the Arrow SWF defined 
in Lemma 3, as follows. R (F (")U J(A', F)e/'i such that .r, .v and 
r, /I, the proof that ii has a nontrivial decomposition is straightforward. 

FxxMPLf. 3. Single-peaked preferences. 

The set of single-peaked preferences is one of the most celebrated examples 
of domains of public alternatives, admitting Arrow SWFs independently of 
the si/e of the set of alternatives (see Black [2J and the other standard texts). 
Therefore the following result is somewhat of a surprise. 

Let and define (he .set of single-peaked preferences relative to the 

linear order q by 

Q„ {pi H' for every three distinct alternatives 
.V, r, r if .Y(7,iY/r then it is not the case that xpy and :py]. 

That Q,, admits an ASWF when A, the set of alternatives, is finite is immediate 
because of Example 2. Even when A is infinite but has two alternatives 
.V, y t A such that for every : e A it is the case of xqyqz (or for every r it is 
zqyqx), is immediate because of Example 2. However, in general, the single¬ 
peak condition does not imply the existence of a SWF for private alternatives. 

Thi:orem 4. If A is a {injinite) set of alternatives and the linear order q 
is such that there is no maximal alternative x {for any other alternative r, 
xq:) and there is no minimal alternative y {for any other alternative w, wqy) 
then admits only dictatorial SWFs. 

Proof Suppose admits an Arrow SWF; then by Theorem 2 it has a 
nontrivial decomposition with an R such that F — CQ RLF. Suppose 
{{a^h),{c,d))p.Rr\C\ then there are four possible cases. That {aqc and 
bqd) or {aqc and dqb) or {cqa and dqb) or that {cqa and dqb). Since the proofs 
for the difTerent cases are almost identical, we assume without loss of gener- 
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ality that it is the case of {aqc and bqd). fn all of the following steps we use 
extensively the assumption of no minimal or maximal alternatives in A. 
Note that F {(J, Y) e y. A^\ jr, ^ Vj} and C ~ {(X, K) e /"! x.^ ----- r 2 l; 
therefore if for some p e Q^x^ py^ />r, then by D11 

(la) {X, Y)^ R implies ({X, (r, ,, 12 )) e R, and 

(lb) {Y,Z)gR implies ((jr, , Z) e R; 

and if for some p t , x.^py 2 p:z then by DI2 

(2a) {Z, X)e R implies (Z, (.v, . jg)) ^ F, and 

(2b) (Z, X) F R implies ((r, , y,). A') e R. 

Step I. Let r c A such cqy, then there exist p, p' e Q,, such that apepy and 
cp'ap'y. Therefore by (la), ((a, b), (<•, d))e implies ((o, b), ( r, d)) f R, which 
in turn, by (I b), implies ((c, b), (y, d)) t R. 

Step 2. Let y, r t:/t such that eqy and zqy (r c). Then there exists 
p fi such that zpcpy and by (lb), ((r, A), (y, d)) f R implies ((r. A), 

( y, d)) r R. 

Step 3. Let r, y e A such that eqy and zqy (z may also be c). Since for 
every r c. A such that eqz or yqv, there exists p c-. such that zpypv. then 

by (la), ((f. A), ( y, d)) c R implies ((r. A), (r, d)) e R. 

Step 4. Let r. .v e A such that zqsqe. There exist re A and peQ^ such that 
rqz and zpvps: then, by (la), ((r. A), (r, r/)) e/? implies ((r. A), (.v, c/)) e/?. 

Steps I, 2. 3, and 4 toghether imply that for every z.xcA such that 
{(z. A), (.V. d)) r C, then ((r. A), (.s, d)) e R. 

Step 5. Let u e A such that hqw, then there exists p t such that dp iiph 
and, by (2a), ((r. A), (.v, d)) e R implies ((r. A), (.v, u)) c R. 

Step 6. Let u, we A such that bqu and bqw; then there exists p e 1?,, such 
that tipwpb and by (2b). ((c. A), (.v, «)) e R implies ((r, w), (.v, »)) e R. 

Step 1. Let x,ue A such that xqb and bqu (or u is A); then there exist 
we A and peQ^ such that xquqw and tipxpw, and by (2b), ((z, m'), (•', //)) e R 
implies ((z, .v), {s, u)) e R. 

Step 8. Let r, t e A: then there exist .v, 11 e A such that xqr, xqt, and bqu. 
By Step 7, ((r, .v), {s, «)) e R. Considering alternative a‘ as the alternative A, 
Step 6 implies that ((z, r), (.v. /)) e /?. 

This completes the proof that for every r, x. t, z e A such that 

((z, r), (.V, I)) e C it is also ((z, r), (.v, t))e R, hence R f, a contradiction. 

Q.E.D. 
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[. Introduction 

This paper defines a class of incentive mechanisms for decentralized 
organizations when communication between the members of the organi¬ 
zation must, a priori, be iterative in nature. Payoff functions for the members 
of the organization are defined and these functions along with the set of 
possible member strategies are viewed as defining an A'-person game. We 
define a solution concept for this game that has the following properties; 
the members of the organization (nontrivially) maximize their payoffs at 
a “solution” and the overall organizational goals are achieved by any 
“solution.” 

Acting in accordance with the behavioral rules of the organization, i.e., 
“telling the truth,” is shown to be among the “solutions” to the game. 
Thus, the members of the organization are shown to have an incentive to 
follow these rules, since doing so is an individually optimal strategy that is, 
in some sense, easy to calculate. 

Arrow [1] has defined the problem of organizational control as consisting 
of two parts: (I) the choice of operating (behavioral) rules, i.e., communi¬ 
cation and decision making rules and (2) the choice of enforcement rules, 
i.e., rules that induce the members of the organization to follow the operating 
rules.’ There is a vast literature in economics concerned with the definition 
and/or analysis of operating rules for decentralized organizations, theoretical 
planning procedures being the most obvious [2, 14, 18].® These various 

* This paper contains results from my Ph.D. thesis submitted to Northwestern Univers¬ 
ity. I want to thank my advisor Theodore Groves for his encouragement and help. This 
paper has benefited greatly from comments by Matthew Sobel, David Nachman, and an 
anonymous referee. All errors, of course, remain my own. 

* Obviously, the enforcement rules defined for a particular organization must be tied 
to individual members' preferences, either directly or indirectly. 

“ The mathematical programming literature contains many different algorithmic proced¬ 
ures whose economic interpretations are as decentralized planning procedures: e.g., the 
Dantzig-Wolfe decomposition algorithm (4]. In addition many economic planning 
procedures arc based on mathematical programming algorithms: for example, Malinvaud's 
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literatures are concerned with normative analyses: Do procedures exist that 
have certain desirable properties.The procedures defined in the literature 
have several important characteristics in common; they inevitably involve 
iterative communication and they generally involve decentralized decision 
making, due to the size of the problems considered. None of these pro¬ 
cedures deal with the provision of incentives (the definition of enforcement 
rules) to ensure that the operating rules are followed; they thus ignore the 
.second part of the organizational design question. 

An important question is thus raised; Are there enforcement rules that 
make compliance with the behavioral rules in the best interests of the members 
of the organization.- If the answer to this question is no, then it is not 
necessarily true that these procedures will lead to a solution of the organi¬ 
zation's overall problem. 

Until recently, very little work has been done on the specification of the 
enforcement rules, referred to in other contexts as the incentive problem. 
The e.xisting w ork has examined the properties of classes of incentive mecha¬ 
nisms [8. 13], investigated incentives in a team [9], and solved the ‘Tree rider" 
problem in a general equilibrium model with both public and private goods 
[12]. in all of this work, communication is noniterative in nature."* 

The model and analyses developed in this paper are in the same spirit 
as the model and analyses of Groves [10, 11] and Groves and Loeb [13]. 
The.se latter models will be referred to as “Groves schemes." Implementation 
of a Groves scheme requires each member of the organization to have suffi¬ 
cient computational, storage (memory), and communcation capabilities 
both to determine the graph of the function it must transmit to the central 
decision maker and to make this transmission (without error) as a single 
message. The informational capabilities of most economic decision making 
units are .severely limited in reality. The purpose of this paper is the explo¬ 
ration of the economic implications of these limitations on the production 
and communication of information. 

As a first step in this exploration, this paper examines the incentive pro¬ 
perties of a particular (rather general) scheme in which communication is 
iterative. This .scheme implicitly reflects some limitations on computational 
capacity, memory, and communication capabilities of the members of the 
organization, ft is only necessary that the members be able to calculate the 


“Procedure Implying Mathematical Programming at the Center” [18] is an inner-lineariza¬ 
tion algorithm for a concave programming problem. For a discussion of some of the 
economic procedures, see [14]; of the mathematical programming algorithms, sec [6], 

" “Nice" properties may be of the following type: efficient use of information, monoton¬ 
icity, feasibility, etc. (see [14]). 

^Groves and Loeb [1.3] use an iterative procedure to reconstruct functions (at least 
locally) by a Taylor scries expansion. Dreze and dc la Vallee Poussin [5] have dealt with 
incentives in a tatonnement-type procedure. 
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value of the function of interest at a particular point in its domain, and com¬ 
municate an associated message. The iterative nature of the communication 
process implicitly captures the fact that the members of the organization 
can do no more than that without incurring real economic or time costs 
that may change the nature of the function itself. This would change the 
nature of the organization's problem, since information production and com¬ 
munication efforts would have to be considered explicitly. 

The results obtained in this paper can be applied to establish the incentive 
properties of some decentralized planning procedures. Malinvaud’s [18] 
“Procedure fmplying Mathematical Programming at the Center” is a case 
in point. The firms in the economy compute and transmit, to a central 
authority, well-chosen points in their production possibilities sets in response 
to well-chosen price vectors sent by the central authority. It is easily shown 
that this procedure is a special case of the procedure developed in this paper 
(.see Cohen [3]). While it is straightforwqrd to contract Malinvaud’s pro¬ 
cedure into a Groves scheme, this action would require the firms to have 
a communicable description of their entire production possibilities sets. 
In practice, however, knowledge of production possibilities is very often 
limited to the ability to determine outputs or an input-output vector for a 
given vector of prices. Hence, the use of an iterative scheme becomes feasible 
as well as prudent. Over an e.xtended period of time. as.suming fixed tech¬ 
nology. it is possible that some firms may have more or less complete knowl- 
ledge of some portions of their production possibilities sets. However, for 
a Groves scheme to be implemented, every firm must have complete, com¬ 
municable knowledge of all of its production possibilities set. 

That the consequences of these informational limitations are not trivial 
is demonstrated by a comparison of the properties of a Groves scheme 
and the iterative scheme developed here. The existence of dominant strategy 
equilibria can be shown for a Groves scheme. In addition, “telling the 
truth” is one such equilibrium. Even though the iterative .scheme developed 
in this paper is under certain circumstances informationally equivalent to 
a Groves scheme, one must settle for weaker results. 

In Section 11, a model of a decentralized organization is defined. Strictly 
for ease of exposition, the analysis in this paper is couched in terms of a 
multidivisional firm that seeks to maximize overall firm profit. 

Given the iterative operating rules, the organizational design problem 
is defined in Section flf as one of finding enforcement rules that lead to 
compliance with the operating rules. We then define (in Section fV) the 
problem for any member of the organization as the choice of messages to 
be sent to the central decision maker (the Center) at each iteration of the 
communication process, i.e., the choice of a strategy. The operating and 
enforcement rules and the set of possible member strategies are viewed 
as defining an N-person (non-zero sum) game in normal form. 
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It is assumed that this game is played noncooperatively. There are two 
possible ways of viewing the game. It could be viewed as a game in which 
payoff can be received only when the communication process has been run 
to its end and terminal decisions have been taken and/or implemented. 
This formulation does not allow us to deal with truncated communication 
and suboptimal decision making. Alternatively, one could view the game as 
one in which decisions can be taken and payoff recieved at any iteration. 

As a first attempt at an analysis of incentives when communication is 
iterative, we view the game as being of the first type. A natural solution con¬ 
cept for such an 7V-pcrson noncooperative game is that of the Nash equi¬ 
librium. From a normative, or design, point of view, just knowing that a 
Nash equilibrium exists is not enough; in addition, one would like to know 
whether such an equilibrium will be attained. Thus, we might ask for the 
existence of a dominant strategy equilibrium that is, in some sense, easy to 
calculate. As was noted above, the iterative nature of communication pre¬ 
cludes demonstrating the existence of such equilibria for the present game. In 
Section V, a “solution” to the game is defined as a Nash equilibrium that 
weakly dominates in the class of Nash equilibria; this definition avoids some 
of the possible ambiguities of multiple Nash points. 

In Section VI, a general class of operating rules is defined, and we demon¬ 
strate the existence of enforcement rules with certain desirable properties. 
It is shown that any “solution” for the game, defined by these operating 
and enforcement rules, leads to a decision solving the organization’s 
overall problem. In addition, a dominant strategy equilibrium is shown to 
exist for a restricted set of player strategies. Moreover, the equivalence class 
of “truthful” strategies is shown to be a sub.set of the class of restricted 
dominant strategy equilibria, as well-^s a subset of the set of “solutions.” 

Finally, in Section VIl, we discuss the applicability of our operating 
rules to existing decentralized planning procedures and mathematical pro¬ 
gramming algorithms. 

11. A Model oe a Multidivisional Firm with ^-Divisions 

Consider a multidivisional firm with N divisions and a corporate center 
(the Center). Each division has a profit contribution function /7,(-), where 
riiix) is the profit contribution by division i given the decisions x.® The 
Center’s direct contribution to profit is denoted by the function 

^ It is not specified, as yet, who makes the decisions. 

^ It has been pointed out that inclusion of the Center's contribution function does not 
preclude the application of a Groves (noniterative) mechanism, and that is indeed the case. 
The purpose of the present work is to investigate the incentive properties of mechanisms 
in which communication must be iterative. The JIo(-) function is included because, es¬ 
pecially in the context of the multidivisional firm, one can envision situations in which the 
Center contributes to overall profit directly. 
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The L-dimensiona! vector x may represent an input vector of resources or 
.Y may be the level of a “public good” used by all the divisions and the 
Center. The total profit of the firm is the sum of each division’s, and the 
Center's, profit contribution; i.e., total profit = S(.i^4(0 f ^o(’)- The 
Center's problem is to choose the vector x, subject to constraints, to maxi¬ 
mize the firm's profit. Formally, the Center’s problem is assumed to be t#^ii 
solve ^ y 


(A) 


Max ^ n,{x) -T n„(x) s.t. .V e X 


where II, : - ► IR is concave for all / 0, I,..., N and X is a con^jj^'^ 

compact set. More realistic models of decentralized organizations woulc 
permit nonconvexities in X and departures from concavity in the !/7,(-)l 
but (A) is a reasonable starting point to develop a theory of control with 
iterative communication. 

Suppose that each division of the firm knows’ its own profit contribution 
function //,(■). but not the functions of the other divisions. Also, suppose 
that these functions are not known by the Center either; however, it does 
know that they arc concave. Only the Center knows that function /7„(-) and 
the set .\'. 

Since the Center does not know the divisions' //,(•) functions, it must 
seek some information from the divisions about them. Once the Center 
has this information, it must make a decision, i.e., choose a “go^d” .y vector. 


In. THH CONIROI, MtCHANISM 

A control mechanism is defined by a complete specification of both 
operating and enforcement rules. These rules are known explicitly by the 
Center. For the iterative procedures considered here, the operating rules 
consist of a message set for the divisions, a message rule for the Center 
for each possible iteration, and a decision rule for the Center.** Thus, an 
itcratire control mechanism for problem (A) is defined by a quadruple: 
The first component is the message set for the divisions; that is, a set from 
which a division at each iteration may select a message to be sent to the 
Center. The second component is a sequence of rules for messages sent by 
the Center, specifying at every iteration the message to be sent to the divisions 
given the messages received from the divisions at all previous iterations. 
The third component is the Center’s decision rule. Given the messages 


’ Where “know" means that for each .v, division i can calculate n,{x). 

" For a discussion of control mechanisms for noniterative procedures, see Groves [10] 
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received from the divisions at all iterations, this rule specifies the Center's 
decision. The final component of the quadruple is an A^-tuple of evaluation 
measures, one for each division. Each division's evaluation, as specified 
by these measures, will depend on its realized contribution 77,, which we 
assume can be observed ex post by the Center, and on the messages of all 
the divisions. This last component of the quadruple implicitly specifies 
the enforcement rules for the control mechanism; i.e., maximization of a 
division's evaluation measure enforces the use of the pre.scribed operating 
rules. 

Formally, an itcrutirc control mechanism C is defined by 

C (-//,!/(•)!;.-, (1) 

where 

(a) .//i'C ; finite-dimensional Euclidean space) is the message set of 
the (lirisions. m,, r-.// is the message of division / at iteration t. 

ntf (f^hi .w-vf), 

/«' {/Hi m,), 

tti/ /H,i. m„). 

(b) r': .//'*' )■ is the message rule of the Center for t 2. 

v' is a given, fixed element of Y. 

(c) ,v: ► T is the Center's decision rule^ 

(d) /T, : IR R is dicision i's evaluation measure. 

Under certain iterative procedures, the Center may be able to take a “good" 
decision after a finite number of iterations. Since .v is defined only for an 
infinite string of messages, it would appear that the control mechanism 
cannot handle situations in which the Center has collected sufficient infor¬ 
mation for optimal decision making after a finite number of iterations of 
the communication process. That is, if (laHlc) are viewed as partially 
defining a (decentralized) nonlinear programming algorithm, what happens 
if the algorithm converges to a solution of (A) in a finite number of iterations ? 
For the procedures considered here it will suffice to assume that the Center 
acts as though the final message of each division has been repeated an 
infinite number of times. Formally, 

.v: X (m, X m, x •••) X. (2) 

A stopping criterion is associated with any iterative procedure: if this criterion 
is satisfied at iteration t, the Center’s decision is x{m\(m, x m, x •••)). 

" is the Cartesian product of .4/ with itself an infinite number of times. 
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It would then remain to be shown for a particular procedure that, if the 
stopping criterion is satisfied at iteration/, the decision jr(m*, (m, x m, x •••)) 
is optimal. 


IV. The Division’s Problem 


Once the control mechanism C has been specified, the problem for each 
division is to decide how to choose the messages m,t e ^ to be sent to the 
Center at each iteration. Each division wants to send messages to the Center 
that induce the Center to take a decision that maximizes the division's 
evaluation. Thus it chooses, for each iteration t, a response rule, or a function 
u,f, that determines at iteration t how it should respond to the messages 

( y' .!•') from the Center (and implicitly to the past messages of the other 

divisions, since each v'. for t /- 2, depends on the messages of all divisions 
for all previous iterations). 

X K - ■(3) 

T I 


A strategy u, is an infinite sequence of response rules, one for each possible 
iteration of the communication process: 


Ui iu„\; 1 . (4) 

Each message of any division can be expressed in terms of the messages 
(and thus the response rules) of all the divisions at previous iterations, 
the response rule of the division at the current iteration, the messages of 
the Center at previous iterations, and the starting point v'. Since associated 
with each control mechanism is a unique starting point and a set of message 
rules !■'(•) for r > 2, a control mechanism C and the V-tupIe of divisional 
strategies u (u, ,..., Uy) uniquely determine the infinite sequence of 
messages that the Center will receive. The available strategies for a division 
to choose among are members of the set 


t/ {the space of infinite sequences defined by (3) and (4)}. (5) 

Given the joint strategy u (Uj ,..., Uy), the infinite string of messages can 
be defined recursively as follows (where the dependence on the control 
mechanism C is suppressed): 


-> ( 6 ) 

where 

m,i(u) ^ Uii(y^), 


mu{u) - M<,( W(«)).— v'(w'-'(«))), 
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and 


m '-. U '' > J/ ', 


where 

i)i'(u) («7,,w,vi(w), /MijCw),..., /M.vaO/), - )- 

The payoff for division /, as a function of the vector of strategies u, is 
division /'s evaluation when the messages are 

Wi[it] ■ Ei(lli(x(mHu))),m'’{u)). (7) 


V. Dl-ilNtTION OF OntMALITY 

The choice of divisional strategies can be thought of in game-theoretic 
terms. The payoff functions and the set of divisional strategies U 

define an /^-person (non-zero sum) game in normal form, which we assume 
is played noncooperatively. 

A vector of strategies u* will be called a “solution" to the game defined 
by the payoff functions 1T,[-] and the set of strategies U if 

u* is a Nash equilibrium and iVi[u*] > iV[u] for any 

other Nash equilibrium «, for all (8) 

An iterative control mechanism will be called optimal if a “solution” 
u* exists and if any “solution” leads the Center to take a decision that solves 
problem (A). Formally, the iterative control mechanism 

r* - (. //\ { y'\-)\r ,, (9) 

is an optimal control mechanism if the following two properties are satisfied: 

Decisiveness: There exists a «* satisfying (8). 

Efficiency: If u* satisfies (8) then solves problem (A). 

At first glance problem (A) might seem limited in its applicability, since 
the only decisions are made by the Center. However, it is easily extended to 


Since each u generates a sequence of messages xi') can be calculated for every 

«, since •■X. 

“ ii is a Nash equilibrium iff lV,[u] ^ fF,•[«/«,] for all ii, t U, for all i. 

** Since, in general, intermixtures (u,, a,,..., un) of Nash equilibria u and 

u* are not Nash equilibria, to avoid ambiguity the divisions should be able to choose 
among multiple Nash points. The solution concept for this game is thus strengthened by 
requiring the existence of a best Nash equilibrium. 
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cover models in which both the Center and the divisions must take decisions, 
when it is assumed that the Center takes its decision first and that the divisions 
take their decisions on the basis of the Center’s decision.(For a complete 
demonstration of this fact, see Cohen [3].) 


VI. Definition of a Class of Optimal Control Mechanisms—“( f* 

In this section a special class of control mechanisms is examined. The 
specification of this class requires a few preliminary definitions: 

\ Hi I Hi : W- R}, 

{//, 1 HiSM’ and //, is concave]. 

A strategy u, was defined as an infinite sequence of functions u,i , where 
"// : Xt^i F a particular type of strategy is one in which m,, •. Y 
for all t and is identical for all t, i.e., m,/ = m,„ for all t, se [1, co). The 
strategy w, is thus a stationary strategy, in the language of dynamic pro¬ 
gramming. 

0 - {Ui I M, 6 U, Ui, : y -► .# and u„ = for all ^ e [I, co)]. 

(The Fth element of the infinite sequence t/,, when w,, for all t, .v e [1, cc), 
will be referred to as «,. Therefore «,(>■') should be interpreted as «„( >•')•) 
The class of control mechanisms considered can first be characterized 
by their operating rules. In the previous work on incentive mechanisms, 
most notably that of Groves [10] and Groves and Ledyard [12], the following 
question is never addressed: How does the Center actually calculate the 
vector .V once it has received the divisions’ reported profit contribution func¬ 
tions. It is implicitly assumed that the Center can find a solution to the 
resultant mathematical programming problem. Under such an implicit 
assumption, it is immediate that the Center can find a solution to its overall 


If the divisions and the Center make their respective decisions simultaneously, the 
Center’s problem will not necessarily be solved by these decisions. Suppose that the de¬ 
cisions were taken simultaneously. It would not necessarily be true that each division's 
decision and the Center's decision would be jointly feasible for that division. If the divisions 
take their decisions first there will not neces.sarily be one decision for the Center that is 
jointly feasible with the local decisions of all the divisions. When the Center takes its 
decision first, local decisions of the divisions and the Center's decision will be jointly 
feasible for all divisions. Sequencing of decision making allows sufficient information to be 
exchanged so that the Center’s problem can be solved. Groves (9) deals with the problem 
of simultaneous decision making by the Center and the divisions as a problem in decision 
making under uncertainty. 
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problem if the divisions report their true profit contribution functions. 
With iterative communication, the calculation of the vector x is an inherent 
part of the control problem. Restriction I merely ensures the existence of 
divisional strategies that will lead the Center to calculate the solution to 
problem (A). 

Rexiriciion 1. Given the iterative control mechanism C, there exists 
a non-empty-valued mapping 

f': Jf' ^ 0 

such that if H, t C .W for ail /, then for any u, 

maximizes ^ //,{.y) ! subject to .v e .V. 

/ t 

A inithful strategy for i will be any it, t 

In order to prove the dominant strategy property of “telling the truth” 
(i.c., reporting true profit contribution functions) the work on noniterative 
procedures requires the Center to be able to calculate the value of reported 
profit at the Center’s decision .\. This calculation is .straightforward since the 
Center knows the entire reported profit contribution function of each division. 
When communication is iterative, the Center can only approximate this 
function. Restriction 2 ensures that when the decision .v(-) is taken, the Center 
has an exact approximation of each division's reported profit contribution 
at .v(-). The rules defined below in Restriction 2 are approximation rules 
for the reported profit contribution functions of the divisions. 

Restrietion 2. Given the iterative control mechanism C, there exist 
rules Pj . X X . - ► R such that 

If w, c W[Hi], where //, e , then for all 

u\u, r >>. //^f.vf/n"( m))), 

where w,,(m) = Uf{y'{m'~'(u))) for all t, and all 

It cannot be assumed that a division will play a particular type of strategy; 
it must be shown that playing this type of strategy is in the best interests 
of the division. Evaluation measures are used to provide the divisions with 
an incentive to play a particular type of strategy. What can be required is 
that the messages sent to the Center by the divisions obey some consistency 
requirements. 

Given an iterative control mechanism C satisfying 
Restriction 1, the infinite sequence of messages (10) 


■ (Ml. U, l, . un). 
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is said to be consistent with given if 

there exists aUiS U such that 

(a) Ui e '{'[Hi] and 

(b) — «,( y') for all t. 

Thus, the sequence of messages m,® is consistent with a concave function 
given { if there exist a concave function //, and a strategy «/ satisfying 

(I0).15.16 

Restriction 3. Given the iterative control mechanism C satisfying 
Restrictions 1 and 2, , w®) - Fj(R,{nj , m“)), where 

1 ^/ f X mf ) i 

if n/,® is consistent with a concave function 
given {y}7.i ; and JTi > Pfxinf ), m,^) 

— CO otherwise 

and : R R predetermined and strictly increasing.” 

Since £,(•) must be defined for all /w“, whether or not the rules of the game 
have been followed, the Pj{-) functions must be defined for all mj'*-. The 
inclusion of the condition that actual profit contributions be at least as 
large as reported profit contribution is not as innocuous as it may seem at 
first glance. This condition creates a discontinuity in the evaluation measure, 
since any deviation (even a small one) downward from reported profits 
will cause the division to have an evaluation of -oo. This definition also 
requires ex post observation by the Center of divisional contribution. Thus, 
given Re.striction 2, these evaluations are a type of “profit .sharing.” Why 
not just define E,(-) to be some fixed fraction of actual profit, i.e., define 
, wj®) (x,{X. 0 < «/ < I ? Evaluations of the type defined 

by Restriction 3 are not dependent upon the local decisions of the other 
divisions. Thus the optimal strategy for division / does not depend on the 
rationality of the other divisions. Profit sharing does not have the inde¬ 
pendence property. Since this model is easily generalizable to situations that 
include divisional decision making, profit sharing is not a viable alternative. 

In general, given {.v'l”,, w,® may be consi.stent with many different H, , some in 
H and some not. It is thus not possible in general to determine if i is playing according to 
some H, e by observing only »i,® and . 

*" If is consistent with a function H, r -Wa for «// sequences . where r‘ c Y, 
then division i must be playing according to the strategy «, e ¥'[//,], where ni,^y') - u,(y‘). 

” It may not be decidable in general whether or not a particular infinite string of messages 
my is consistent with some HX ) given Thus, Restriction .1 implicitly excludes 

mechanisms for which this is not decidable. 


642/22/1-4 
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The class of iterative control mechanisms defined by Restrictions 1-3 
will be denoted by '(< 

* I'C C is an iterative control mechanism 
and C satisfies Restrictions ]-3j. 


VII. Properties oi the Class 


An optimal control mechanism has been defined as a control mechanism 
for which: 

(a) there exists a “best” Nash equilibrium that dominates (in terms of 
divisional payoft') all other Nash equilibria for every division; and 

(b) any “be.st" Nash equilibrium leads to an optimal decision by the 
Center. 

The class of mechanisms * can be shown to be optimal. It is not possible 
to show the existence of a dominant strategy equilibrium. However, if all 
players are restricted, a priori, to playing strategies associated with concave 
functions /I ,, i.e., u, c- 0*, not only does a best Nash equilibrium 

exist, but this best Nash equilibrium is also a dominant strategy equilibrium 
for the restricted class. 

We define the equivalence class of truthful strategies for division / as the 
set of strategies . where 

y/* ^[11, ' c,] for all constants £■,. (11) 

A restricted equivalence class of truthful strategies for division / is defined 
by restricting 7/,( •) to the domain X. If 77, is the restricted form of 77,, then 

’RfTT; • (',] for all constants t ,-. 

The following lemma is immediate from Restrictions 1 and 3 and (11), 
and is given without proof. Unless otherwise stated, the proofs of all sub¬ 
sequent lemmas and theorems appear in the Appendix. 


Lemma I. 
1 and 3, if 


Given any iterative control mechanism C satisfying Restrictions 

u,\ f ^7/* 


then 


Wi[ulUi'^] Wi[ujUi^] for all t4\Uie for all i}^ 




« ( 7 , : (tf, ,..., II , 1 , 


a , . II , n 
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Theorem I. Given a control mechanism Ce'6'*, for all u\u,e 0 *cs.\) 

for all u, e 0* iff u* e Wf. 

Thus, a dominant strategy equilibrium exists when the divisions are 
restricted to playing strategies in U*. Does there exist a strategy in 0* 
that is best against a particular (N - - l)-tuple of strategies that is in 0’* '"^’ 
but not in 0*^^' ? If division / wishes to maximize its payoff, it must send 

messages m,* to the Center that are consistent with a concave function given 
i .r'l,": 1 ; this ensures the existence of a best strategy in 0* for division /. 
The following is straightforward, and is given without proof: 

Lemma 2. Given a control mechanism C for each u m, e i/* '' " there 
exists a particular ii, e 0* such that 

W,[uiu,]> IVflu] 'iuji^U. (12) 

The proof of the (if) part of Theorem I, i.e., the proof that for 
all i/\M, 6 iV,[ulUi] > for all «, r 0*, relies on the following 

two conditions: 

(a) .v(n;''(M/«‘)) maximizes 

n>{ x) ! ^ A/;(.y) t /7„{.v) over A"; (13) 

(b) Pj(x(mHulu*)), nf^Uijiit)) Hj{x{m‘(ulu‘i)))\j. 

If uHi, (f O*'' the conditions in (\3) do not necessarily hold. Therefore 
it is not possible to prove that for any m U/fc C''* " condition (12) holds. 

Theorem 1 establishes the fact that the “truth” is a Mash equilibrium, 
and in addition that the “truth" is the best concave Mash equilibrium. 
Lemma I establishes that there exists, for each particular [N — l)-tuple of 
divisional strategies, a best concave strategy ? (This is the result of the divisions 
sending messages consistent with a concave strategy.) 

fs there reason to believe that the divisions will play the particular Nash 
equilibrium of “truthful” strategies? The answer is in the afliffirmative 
for the following reasons; first, the divisions already know their respective 
“truthful” strategies, and playing one of tlK)se strategies requires no addi¬ 
tional calculation on their part. Second, to play any other Nash equilibrium 
vector of strategies, each division must know what the other divisions are 
doing, in order to calculate the best strategy in the particular situation. Thus, 
the A^-tuple of “truthful” strategies is the only Nash equilibrium that is 
“independent” of the other divisions’ strategies. 

Lemma 3. For any control mechanism C e V* any N-tuple of strategies 
II*, where u* t It- V/, is a Nash equilibrium. 
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Lemma 4. For any control mechanism C e any Nash equilibrium u*, 
where wf e -H/f V/, is a "''solution," i.e., 

^i[u*] V Nash equilibria u. V/. 

Lemma 5. For any control mechanism Ce^6‘*, if a is a ""solution," then 
.x(m"(u)) solves problem (A). 

The major result of this section is stated in the following theorem: 

Tih.orem 2. Any control mechanism C in the class * is optimal. 

fn the previous work that has been done on incentive mechanisms no 
specific assumptions have been made about the Center’s ex post knowledge 
of actual divisional profit contribution. The divisions are assumed to send 
entire profit contribution functions, and it can be shown that the A-tuple 
of “truthful" strategies is a dominant strategy equilibrium. As was pointed 
out above, it is assumed in the previous work that the Center possesses 
some method of solving the mathematical programming problem it receives 
from the divisions. The important point is that theCenter knows each division’s 
entire strategy, and thus can calculate a global solution to the reported 
problem. When communication is iterative in nature, the Center knows 
only a local approximation of the strategies near the decision .v, and is not 
guaranteed a global solution. Thus, if some of the divisions play strategics 
that do not ensure convergence to a solution (i.e., nonconcave strategies), 
the truth may not be the best strategy for the remaining divisions. The lack 
of complete information about strategies ex post leads to a weaker result 
than can be obtained about the “complete information," or noniterative, 
mechanisms. 

Finally, we must give an interpretation of the evaluation measures £,(•). 
One alternative would be to view the functions y?,(-) as providing an index 
number and the transformation F,{-) as translating that number into the 
argument of the division manager's utility function. For example, the manager 
of division / may receive satisfaction from paid vacation days, while the 
manager of division / wants to maximize the probability of receiving a 
key to the executive lavatory. 

Alternatively, the evaluation measures and thus the payoff functions, 
may represent real resource flows, fn that case, one must worry about the 
question of a “balanced budget” at any equiilibrium. 

JV 

Lemma 6. If F,(-) x, /or all i, where 0 < x, < 1 and S.-i *’ 
then, at any Nash equilibrium u. 
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VIII. Applications 

One may rightfully ask the following question: Is the set %* of optimal 
control mechanisms nonempty ? If so, how exclusionary are Restrictions 1 
and 2 on the class of admissible operating rules? 

The answer to the first question is yes; it is straightforward to verify 
that the Dantzig-Wolfe decomposition algorithm [4], as well as Malinvaud’s 
“Procedure Implying Mathematical Programming at the Center” [18] 
satisfy Restrictions 1 and 2 (see Cohen [3]). It can also be shown that two 
simple nonlinear algorithms satisfy the restrictions: an outer-linearization 
algorithm and an inner-linearization (price decomposition) algorithm 
(see Cohen [3]). (Both the Dantzig-Wolfe algorithm and Malinvaud’s 
procedure are special cases of the latter.) 

Restriction I requires only that the operating rules actually define a 
convergent algorithm for solving a nonlinear concave programming problem. 
Restriction 2 limits attention to procedures that calculate the value of the 
objective function at the solution. The inner- and outer-linearization algo¬ 
rithms cited above satisfy Restriction 2, thus leading one to postulate that 
a wide range of algorithms satisfy the restriction. 


Appendix 


For ease of exposition, we make the following definitions: 


.x(ni''^(u)) 

•v(m). 

Afx) 

F, (/7,(.y) ! 'ZPA.x,m/’) 1 /7o(jr)), 

Bfx) 

F, {nix) i X 7/;(.v) ! //o(.v)), 

)/i 

CA-x) 

Pi {n,i.r) i X + ^o(x))- 

Then by definition 

IV,[u] = A,(x(u)). 


(Bars over /4,(-), fl,(')* and C(') denote a bar over /7,(-)). 

Proof of Theorem 1. (If) Lei e ¥^[77,]. From Lemma 1, IF,[M/Mj] ^ 
Wilujuf] for all g#* . We therefore need only prove the theorem for uf . 
From Restriction 2, 


Ai{x{ulut)) = i?,(x(i//i/f)). 
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From Restriction i and Fi{-) strictly increasing, 

B,(a-(m/m*)) > BAx) Va: g X. 

Since ///(.v) /7,(.v) V.ve X, 

BX.\iu!iC)) BXx(ulu*)) > Bi{x) ^ BXx) V.v g X. 

In particular, 

BAxiuluf)) > Bi(x(u)) VUi e U. 

Since Uj c: 0* for all / / /, Restriction 2 gives 

B,(x(u)) - A,(x(u)) Vui G U. 

Therefore for all « u, c: d 

Vm, e U. 

(Only if) Let iJ, g (7* be such that for all g 

W,[uln*\ WXu\ ^Ui G U 

(where tii <: V'[/7,]). 

We must show that i7, c . From the (if) part of this theorem, its proof, 
and Restriction 2 we get 

wXu!u.] BAx{t,la,)) zt,(.v) Vx g x. 

Restriction 1 yields .v(m®(w/j7,)) as the maximizer of 

/7;(.v) 1 Y. ^7„(x) s.t. x G X, 

For the assertion of the theorem to be true for all h\m, associated with concave 
functions, it must be true for all u\ui associated with strictly concave, differen¬ 
tiable functions. If Dn {,v i JlAx) is differentiable) and and Di,^ are 
defined similarly, then concavity of 77,, ff ,, and /7„ implies that 

(a) Dn , D/f , and (where C denotes complement) are all sets 
of measure zero; and 

(b) Du , Dft , and Du^ are each contai ned in the interior domain 
of their respective functions of definition. (See Rockafellar [21, p. 246, 
Theorem 25.5].) 

Therefore, 


(Z?n, n Da, n Duf = ^ u D%) 
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is a set of measure zero. For each x e n Dg, n Dn^ n X define the 
strategies m\m, such that e and 

^ Hj( ) is strictly concave and differentiable; 

}¥l 

^ Z - -'^niix) - vn,^ix). (14) 

l¥i 

(To show the existence of such strategies we need only show the existence 
of the which is obvious.) A necessary and sufficient condition for a 

unique interior maximum of a strictly concave, differentiable function 
/(■) at .Y* is that y/'(.Y*) 0. Since 

V/7,(^) I V ^ iij(x) f \llo(x) = 0 

X is the unique maximizer of /7,(.y) + Xjvi t f7oW I*' addition, 

jc el interior domain of /?/(•)[ and x maximizes Y.i over X. 

Therefore, 

V £ /?,(*) -1 V77„(a) 0. 

i 1 

This gives the result that 

\ft,(x) VII, (X). 

Since functions I^A'h j ^ 4 satisfying (14) can be defined for each xe Dp 
Hr 

Vfli{x) ~ V/7,(x) a.e. in A'. 

Since 7/,(-) and //,(')are concave and defined over all of X, they are necessarily 
continuous over X (see Rockafellar [21, p. 83, Corollary 10.11]). Therefore, 

/?,(x) rJiix) \ Cj for all-v e .Y, where r, is a constant. 

This gives the result that 

I 

Proof of Lemma 3. From the (if) part of the proof of Theorem 1 and 
Restriction 2, for all u, e U 

WAu*] > CAxiuVu.)) - AAx(u*Iu,)) ■- WAu*lu,l I 

Proof of Lemma 4. Let u be any Nash equilibrium. Then for any i 

(1) mlia) is consistent with a concave function given {; and 

(2) 77, > Piix(u), mf(u)). 
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Thus, for ail /, if u- e ^[TI,] for all i, 

C(A-(i/*)) > C(.v(fi)) > Ai(xm «"/[«]. I 
Proof of Lemma 5. Since any u*, such that uf e V/, is a solution, 

W,[u] WXu*] V/. 

Assume .y(m) does not solve problem (A), i.c., that 

X Ifixiu*)) :r X n,(x(a)), 

i-ii 1-0 

where t W[n,]. 

From the proof of Theorem 1, F,{-) strictly increasing. Restriction 1, 
and u a Nash equilibrium (and thus FI, >' mf(u)) for all /) wc get 

■ yV.{u*\ - C,(.Y(i/*)) > C,(.r(«)) > Afm) = W\al 

which is a contradiction. 

Therefore, .v(i/) must solve problem (A). | 

Proof of Lemma 6. Let u be a Nash equilibrium. Then 
77 ,(.v(m)) > /’;(.v(m), V/. 


Therefore 




i 

1 1 

N 

■ X 

1- 1 

[/7,(.v(m)) 1 X 7'>(.y(m), mf-(u)) 

jiti 

f y/„(x(M))] 


N 

r 1 



X 

Y 77j(4m)) 




.j=0 J 



N 




Y. nxxiu)). 1 

I 0 



References 

1. K. Arrow, Control in large organizations. Management Sci. 10, No. 3 (1964). 

2. K. Arrow and L. Hurwic/., Decentralization and computation in resource allocation, 
in “Essays in Economics and Econometrics” (R. Pfouts, Ed.), pp. 34-104, Univ. 
North Carolina Press, Chapel Hill, 1960. 

3. S. Cohen, “Incentive Compatible Control of the Multidivisional Firm with Iterative 
Communication,” unpublished Ph.D. thesis, Northwestern University, Evanston, Ill., 
1977. 



INCENTIVES AND ITERATIVE COMMUNICATION 


55 


4. G. Dantzig and P. Wolfe, The decomposition algorithm for linear programs, Econo- 
mctrica 29, No. 4 (1961), 767-778. 

5. J. Dreze and D. de la Vallee Poussin, A Tatonnement process for public goods. 
Rev. Econ. Stud. 38, No. 2 (1971), 1.^3-150. 

6. A. Geoffrion, Elements of large scale mathematical programming; Parts I and II, 
Management Sci. 16, No. 11 (1970), 652-701. 

7. R. Goldberg. “Methods of Real Analysis,” Chap. 7, Xerox College Publishing, 
Lexington, Mass., 1964. 

8. J. Green and J. J. Laffont, Characterization of satisfactory mechanisms for the 
revelation of preferences for public goods, Econometrica, 45, No. 2 (1977), 427-438. 

9. T. Groves, Incentives in teams, Econometrica 41 , No. 4 (1973), 617-631. 

10. T. Groves, “Incentive Compatible Control of Decentralized Organizations," Working 
Paper No. 166. Center for Mathematical Studies in Economics and Management 
Science, Northwestern University, Evanston, 111., August 1975. 

11 . T. Groves, Information, incentives, and the internalization of production externalities, 
in “Theory and Management of Economic Externalities” (S. Lin, Ed.), Academic 
Press, New York, 1975. 

12. T. Groves and J. Ledyard, Optimal allocation of public goods; A solution to the 
“Free Rider” Problem, Econometrica 45, No. 4 (1977), 783-810. 

13. T. Groves and M. Loeh. Incentives and public inputs, J. Public Econ. 4 , No. 3 (1975), 
211-226. 

14. G. M. Heal, “The Theory of Economic Planning,” North -Holland, Amsterdam, 1973. 

15. L. Hurwicz, Optimality and informational efficiency in resource allocation processes, 
in “Mathematical Models in the Social Sciences” (K- Arrow, S. Karlin, and P. Suppes, 
Eds.), pp. 27-46, Stanford Univ. Press, Stanford, Calif., 1960. 

16. M. Loeb, “Coordination and Information Incentive Problems in the Multi-Divisional 
Firm,” unpublished Ph.D. thesis. Northwestern University, Evanston, III., 1975. 

17. R. D. Luce and H. Raiffa, “Games and Decisions,” Wiley, New York, 1957. 

18. E. Malinvaud, Decentralized procedures for planning, in “Activity Analysis in the 
Theory of Growth and Planning” (E. Malinvaud and M. O. L. Bacharach, Eds.), 
pp. 170-208, Macmillan, London, 1967. 

19. J. Marschak and R. Radner, “Economic Theory of Teams,” Yale Univ. Press, 
New Haven, Conn., 1970. 

20. G. Owen, “Game Theory,” Saunders, Philadelphia, 1968. 

21. R. T. Rockafellar, “Convex Analysis,” Princeton Univ. Press, Princeton, N. J., 
1970. 



JOt/RNAL OF ECONOMIC THEORY 22, 56-66 (1980) 


Intergenerational Preference Differences and Optimal National 

Saving* 

John P. Laitner 


Department of Economics, The University of Michigan, Ann Arbor, Michigan 48109 
Received June 19, 1978; revised January 25, 1979 


This paper investigates the problem facing national planners who realize that 
their successors may employ different social welfare criteria for determining 
economic policies than they do. In such a situation, we show that the present 
planners may want to leave future generations a smaller capital slock than they 
would if they thought the stock would be managed in a way consistent with 
their own preferences. On the other hand, we also identify cases in which the 
opposite is true. We obtain the results by studying an optimal aggregate growth 
model the utility function of which changes randomly from one generation to the 
next. We analyze the model using a system of functional equations in place of the 
conventional Bellman equation from dynamic programming theory. 


Optimal growth models (see, for example, [3, 12]) posit the existence of 
a societal utility function registering a nation’s tastes over possible time paths 
of average per capita consumption. At a given time such a function 
presumably represents an amalgamation of the preference orderings of 
existing citizens, the citizens being able to weigh the benefits of alternative 
levels of present consumption against those of corresponding amounts 
of consumption for future cohorts. 

Cu.stomarily optimal growth models adopt two key postulates: (1) each 
generation’s societal utility function is additively separable between time 
periods and stationary in the Koopmans' [6, postulate 4] sense, and (2) 
all cohorts have the same function. These assumptions ensure that as one 
generation adjusts its aggregate saving to maximize national welfare, it is 
coincidentally behaving exactly as previous generations would have wanted 
it to. That fact enables modelers to use Bellman’s “principle of optimality” 
to define the indirect utility function of each generation with a single recursive 
functional equation, the so-called Bellman equation. The equation often 
provides useful characterizations of society’s best behavior. 


* l am indebted to my colleague Alan Deardorflf and to two anonymous referees for 
many helpful comments on earlier drafts of this paper. 
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The purpose of this paper is to drop the second assumption listed in the 
preceding paragraph, asking instead the following question: ff succeeding 
generations might have different preferences, how should the present one 
behave.- Because a society’s membership changes over time, logically 
national preferences could too. But if they do, one cohort cannot assume 
future societies will consume and save exactly the amounts it would like. 
So, the Bellman equation will no longer be valid. We show that if national 
preference.s change randomly over time, however, we can develop a system 
of two simultaneous functional equations replacing Bellman's single one. 
Employed together, the new equations can determine equilibrium behavior 
for all generations. Under restrictive, but familiar, additional hypotheses 
we exhibit a solution to the system of equations and show that in various 
cases intergenerational preference variability unambiguously raises or lowers 
optimal aggegate saving. 


1. The Model 

The problem of how much one cohort is to save if it knows its descendants 
may have different preferences seems very difficult. In order to make any 
headway, therefore, we make the following assumptions. 

First, we assume each generation's societal (von Neumann Morgenstern) 
preference ordering is a stationary member of the Bergson class: 

U (1) 

t -11 


with 


m(C, b) = b ■ C\ be{- oo, 0) u (0, I ).' (2) 

The variable Q measures average per capita consumption for the present 
generation, Q is average per capita consumption for the next, and so on. 
We will often find a =- a{b) = 1/(1 — b), negative the inverse of the elas¬ 
ticity of marginal utility with respect to current consumption, more con¬ 
venient to work with than the constant b. We require that the subjective 
discount factor h be between 0 and 1. 

Second, we assume a linear technology: if Qi is average per capita output 
at time /, then 

01+1 - A • (01 - C,) (3) 

‘ We omit the logarithmic, or b = 0, case. The Appendix and the discussion in Section 
3 show that b ^ 0 is the dividing line for case-by-case analyses. 
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(provided Qi — Ct 0). In words, Qt — C, is the capital stock bequeathed 
per capita at time t, and the positive constant A is the average productivity 
of capital divided by 1 plus the rate of population growth. 

Suppose, for the moment, that all generations have the same preference¬ 
ordering parameters li and b. Then if v(Q, h, b) stands for the maximum 
possible utility subject to line (3) of a generation with average income Q, 

r(Q, h, b) Max {u(Q - S, b) | h • r(A5, h, b)}. (4) 

In fact, if /jA*' I, 

iiQ,h,b) A-(1/(1 - (Mr))!/-'• (5) 

where A - A(b) A'' (see Levhari and Srinivasan [7]). If iiQ, h, b) gives 
the unique maximizing value of S for the right-hand side of line (4), 

s{Q, K b) =- (hAy ■ Q. (6) 

We will use lines (5) and (6) for comparisons in Section 3. To prevent 
confusion, from this point forward we will name all alternative indirect 
utility functions and optimal saving rules with capital letters. 


2. DriKERiNG Preference Orderings 

We now let every cohort have its own values for h and b. For the sake of 
simplicity we assume that each generation's pair (/i, b) is an independent 
realization from a fixed di.stribution (although we could develop functional 
equations for any case in which pairs are generated by a Markov process). 
We also assume that each cohort makes its consumption-saving decision 
without knowing the parameter pairs which will apply to future generations, 
although each cohort does know the distribution from which all pairs are 
sampled. 

The assumption that the sampling distribution for pairs {h, b) does not 
change over time gives the new model a recursive structure, which we exploit 
as follows. Let (h ,, A,) characterize the preferences of generation t. Let 
h, • R(XSt , h ,, Aj) stand for the discounted expected utility accruing to 
generation t (vicariously) from the consumption of future cohorts (i.e., 
from C, 4 i, C,42.—)• Note that the values of C,+i, C,+ 2 ,... will depend not 
only on the average bequest per capita generation t leaves, St , but also on 
(A,+i,A,+i), {hi^ 2 ,bt,^,.... Because of the stationarity of generation t's 
preference ordering, however, its vicarious expected utility from C(+ 2 » ■>— 

must be Aj® • R{X ■ {Qt+i — Cmi), h, , A,). The function /?(•) needs no time 
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subscript because the time horizon is infinite. So, if gives 

the saving of generation t i 1 when its taste parameters are and , 
the function /?(•) must obey 

i h, ■ E[R(XS{Q, ,,, , iVi). h, , b,)], (7) 

where and h,^i are random variables. Note that the present cohort 
uses h, and bi in all of its utility calculations, although it cannot force sub¬ 
sequent generations to determine their saving rates using the same constants.® 
Generation t -\ 1 determines the function S{-) from its own utility maxi¬ 
mization problem. Assuming it uses h,,, ■ /?(AS’,^, , b,+i) to compute 
its vicarious expected utility from C/,;,,..., we have 

tf{Qt n ^(Qt n ■< bi ti ^ bf If), bi f |) 

i' ^h+^ ' ^(^‘^(0(41 t bfii, h(,j), hf,f , bi , 1 ) 

bt^f) ) blit ■ R(^S, hi,f , hi,f)\. ( 8 ) 

Combining (7) and (8), and streamlining the notation slightly, we have a 
recursive .system of two functional equations, 

R(Q. h, h) E[u(Q - S(Q, ft, h\ /!)] . h ■ E[R{\S(Q, ft, h\ h, b)], (9) 

t({Q - S{Q, lu h), h) \ b - R{XS{Q, b, h), b, b) 

—■ Max {u{Q - S, h) + b • R{XS, b, h)], (10) 

in two “variables,” /?(•) and S(-). 

If b and b are the same for every cohort, the right-hand side of Eq. (9) 
equals the left-hand side of (10). fn that case substitution will reduce the 
system to the single functional equation of Section 1, Eq. (4). If b and b 
can vary over time, however, the right-hand side of (9) and the left-hand side 
of (10) are not necessarily equal, so collapsing the system to one equation is 
not feasible. 

Suppose (R(-),S(-)) solves Eqs. (9) and (JO). Then as shown below, we 
can think of S(Q, b, b) as giving the desired saving for a generation with 


® The present generation uses h, and hi in its calculations because its direct utility func¬ 
tion (see line (1)) depends on C , Gn.If U depended on C, and the utility of future 

generations instead, then the present cohort's calculations in line (7) would depend on 
(^,, 1 , h, ,) and (ft, ,, 12 ), but not (h,,ht). 



Jtuts /' 




i.,„c p:ira;7K'tc-r,s h :inJ h and per ciipil.i nutiomil product (J. if,, 

utility lunciion lor ^uch a eencrution is 


iildirpi 


/ ((), h, h) u{Q S(Q, h, h). h) 

h ■ R(X- S{Q, Jt, b), //, b). 


ill) 


To rule out anomalies, however, such as R(Q, h, b) oo all Q, which satis¬ 
fies lines (9) and (10) if, for example, S(^, h, h) Qjl, we require that to 
constitute a solution for our model, (R( ),S( )) must satisfy the following 
restriction in addition to the two functional equations above; for any 0 ■ 0, 


/m h, h) --- X h‘ • E[u{C,, fi)], (12) 

i ) 

where Q, h, /;„ b, and 0, - ^ ' '^(Qi j . t) and 

(\ 0, S(0,,fi,,B,) all / I. This new restriction comes from line 

(I) and the definition of R( ). 

We could easily modify our functional equations to encompass nonlinear 
technologies and direct utility functions outside of the Bergson class. The 
advantage of making the strong assumptions of lines (l)--(3), however, is 
that, given them, we can often prove the existence of a solution (/?(•), iSC-)) 
to lines (9), (10), and (12), and, as Section 3 shows, we can compare the 
resulting saving (unction 5(-) with .v(-) from section I.® 

To solve the simultaneous equations of lines (9) and (10) let us try a func¬ 
tional form for /?(•) similar to the one used in Section I: 


R(Q, h, b) b- r(h, b) ■ Q\ 
Substituting this into Eq. (10), the optimal saving rule is 


S(Q,li,b) (- 


(h-A- rUi^bW- \ ^ 
1 4-(h 'A- r(h, h)YJ 


(13) 


(14) 


where, as always, a ~ 1/(1 — b) and A M. Inserting (13) and (14) into 
Eq. (9), we find that 


r(b, b) ^ 



-__L 

(ii-A-r(/i, i,)r 



(h ■ A ■ r(/i, 6)y y*' 

J (h ■ A • r(h, h))" ' • 


r(b, b) ■ h • A(b) 


(15) 


“ The general procedure for solving the Bellman equation is the “method of successive 
approximations” (see [I]). That will not work for Eqs. (9) and (10) because the set of finite 
time horizon indirect utility functions generated by the method will not form a monotone 
sequence the way it does in Bellman's problems. 



OPTIMAL NATIONAL SAVING 


61 


(where A - A{B) and & =--■ so that r(-, •) must satisfy 


rdu h) 


_ £-[(1/(1 -r (f, ■ A ■ r(fi, h)r))»] _ 

1 -h- A(h) ■ £[(((A' • A • r(A', b)Y)/{\ i (fi-A- A))*))*-] ' 


(16) 


Equation (16) shows that if a solution function R(-) of the type shown in 
line (13) exists, r(-, •) must have the form 



r(h, b) -- 

fib) 

1 - /; ■ Mb) ■ .jih) • 

(17) 

fib) 

/'(fi ), fi ). A) 

' 1 -ii A fib)ff J 

(18) 

fib) 

Pifi ), fi-). A) 

,}‘l. 

h -A- fib) ' ! J 

(19) 


If we can find a solution pair (^(■),^(‘)) for the latter two equations, then 
the functions of lines (13) and (14) will solve Eqs. (9) and (10). 

The following proposition supplies sufliciency conditions for the existence 
of a solution to lines (18) and (19). 


Proposition. Let all pairs {It, b) be contained in H < B [he , At, ] x 
\bL, bi]. Let a* ct(A,.), he ’ M\ni,rn{A{b)},and0 Af • Max,,(/1(A) j. 
Suppose either 

(i) C (0, 1) and A <. 1, or 

(ii) BC (— CO, 0) anr/A • [(1/ix)”* i I] *''- - A* < I. 

Then Eqs. (18) and (19) have a .solution. The solution defines a pair of functions 
(/?(•), -S(-)) solving Eqs. (9) and (10), and /?(•) satisfies Eq. (12). 

The Appendix provides a proof. 

For those cases in which a solution does exist, the Appendix’s fixed-point 
arguments give few clues about uniqueness. In fact our method of solving 
Eqs. (9) and (10) does not allow us to rule out solutions with functional forms 
other than those of lines (13) and (14) anyway. Regardless of whether a 
solution pair /?(•),-S(-)) 's unique, however, we can interpret it as a Nash 
equilibrium: Suppose (R*(-),S*{-)) satisfies (9) (12). If 5*(-) will determine 
the saving of all future cohorts, lines (1) and (3) and the definition of /?(•) 
show that /?(•) must be uniquely determined for the present cohort. But, 
line (12) shows /?(■) =--= /f*(-)-^ Thus, 5(-) S*(-) will work on the left- 

‘ Note that in terms of the notation we are using here, line(l 2) requires that R*(Q. h, h) 
V’, h' • E[u ((^., h)]. 
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hand side of line (10). So, if all generations except one adopt the saving 
function 5’*(-), the remaining cohort cannot do bettertthan to adopt 5'*(-) for 
itself.® 


3. The Average Propensity to Save 


Section 2 developed a specific class of equilibrium solutions for our eco¬ 
nomy with intergenerational preference differences. Within the class all 
optimal aggregate saving functions are linear. We will now compare the 
implied average propensity to save with that obtained from the conventional 
analysis outlined in Section 1. 

Intergenerational variability of h and b lowers optimal .saving for the 
present generation if for that generation h - 0, and raises optimal saving 
if b < 0. To prove this, for ^■) and^/(-) generated in the proof of our propo¬ 
sition, define 



(Note that ^(6) 0 and ^i(h) ■ 0 all fe in our solutions.) Then Eq. (14) 

shows that 

5(0,/ 1 ,6) - [(hArig(Ah)] Q. ( 21 ) 


Since Section 1 establishes that the optimal saving rule with a constant dis¬ 
count rate h and elasticity a is s{Q, h, b) {hA)” ■ Q, we can compare 5(-) 
and .v(-) by comparing g(hA) and I. 

Differentiating g(') with respect to z we find that g(-) is strictly convex if 
b 0 and strictly concave if b < 0. fn each case g(-) has a single critical 
point, say, z*, and 

g(r*) (<^(6)'/® hif^ibV (22) 


If i is a random variable and G(-) is convex, G(E[S]) < £'[C(5)]. 
Therefore, if x(<^, ifi) = [b • A • ^5)/(I — fi • A • i/i(5))]*, we have 
(£[(!/(! , -r £[(1/(1 I- x)r^] ---= £[1/(1 f *)] and (£[(x/(l t 

•t))'*])’ '■ E[xl(l -! x)]. Thus, lines (18) and (19) show that 


0(/»)‘ '" I ifKhyf" < E [-— 


J__ 



_] 

f- x((f>, if;) J 


(23) 


® Note that for the solutions derived in the Appendix (/?*(■), S*(-)) will be a perfect Nash 
equilibrium. In fact, (/?*(•). S*(-)) also constitutes what Blackorby e/ al. [2], Hammond 
[5], and Peleg and Yaari [9] call a “sophisticated equilibrium,” which is a slightly stronger 
concept than a Nash equilibrium (see [9]). 



OPTIMAL NATIONAL SAVING 


63 


Lines (22) and (23) show that 

g(z*) > «) 1 for />>(<) 0. (24) 

Convexity and concavity then establish 

g{z) > (O 1 for b > (<) 0 all z > 0. * (25) 

So, 

SiQ, h, b) <: (» s{Q, h, b) if b > «) 0. (26) 

The following is an intuitive explanation of the effects of uncertainty 
on the average propensity to save. The definitions of r(-) (see Section 1) and 
V{-) (see line (11)) show that v{Q) > y(Q) all Q > 0: liQ) gives the indirect 
utility of the present generation under the ideal (for it) conditions that all 
future cohorts will behave just as it wants them to.® K(-) < r(-) implies 
/?(•) ' ! p( ) (see lines (11), (10), and (4)). But /i( ) and r( ) have the same 
functional form with respect to Q. Thus, when 6 > 0, variability of h and 
b can lower /?(•) only by making d/t(Q, h, b)ldQ ^ cv(Q, h, b)lc)Q, which, 
in turn, leads to a lower level of saving. On the other hand, if < 0, t'(-) 
and /?(•) are negative so /?(•) v{-) requires f7?(C, h, b) dQ > dv(Q, h, b)ldQ, 

which means saving will be greater in the variable-parameter case. 


4. Conclusion 

Existing papers on the subject of intergenerational preference differences 
deal for the most part with three issues: identifying various behavioral 
strategies given changing preferences—see Strotz [14] and Poliak [11]; 
proving the existence of Nash or “sophisticated” equilibrium solutions for 
such models—see Phelps and Poliak [10], Peleg and I’aari [9], and Blackorby 
et al. [2]; and establishing the Pareto efficiency (or, more likely, the lack of 
Pareto efficiency) of such equilibria or proving the existence of overall 
orderings which could induce sophisticated behavior through time and which 
have “sensible” properties—see Phelps and Pollack [10], Blackorby et al. [2], 
Hammond [5], and Goldman [4]. The present work differs from this literature 
as follows. Although we study intergenerational preference differences, we 
assume the differences appear randomly over time. Thus, at any given time, 
the policymakers in our economy do not have the information-requirement 
burdens of, for instance, their counterparts in the Peleg-^"aari economy: 
when calculating equilibrium behavior in the latter situation, policymakers 


“ We could establish v(Q) > y(Q) all 0 -- 0 rigorously using the inequalities of line (25). 
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know the exact utility functions of all future generations; in our model, 
/makers only need to know the present generation’s utility function 
he distribution function for (h, b) pairs. Our framework also enables 
derive specific comparative static results in Section 3: we show that 
generational preference variability will cause society’s equilibrium 
ge propensity to save to decline (rise) if the present generation's elas- 
of marginal utility with respect to consumption—6 — 1—is between 
nd 0 (is less than - 1). On the other hand, as is the case in other studies 
above, we do not claim (or expect) that our equilibria are Pareto 
nt. 


Appendix 

: following is a proof of the proposition in Section 2. 

H>f. Let f(<^(-),l/'(-))</'*(■)), where 
'*(b) /“(<^(-)^ </'(•), A) (see lines (18) and (19)). 

p 1. Suppose case (i). Let F \(^(•)•.'/'('))• <^(')■>*/'(’) continuous; 

'p{b)e[0, 1] all AefiJ. Note that (^(•),^()) e F implies hA(h)^){b) 

1 all (/?, A) E W X B. 

tine ^z.(-) [I -i (1/(1 - Let y - /i^ • Min,„Bl/l(A)} • s6t(6i;). 

e H') [(l/y)"* 1] *. Then > 0 all be£. Define 

F: ^(b) r'^i.(b), >js(b) }'^lib) all beB]. Then lines 
,19) show f{F*) C F*. 

p 2. Suppose case (ii). Define F —■ U^(').^(‘)): are contin- 

hA{b)ifi{b) < 6* all {h,b)e H x B; and, ^(6), 0(6) 1 all 6efi]. 

0(-),0( ))er and(0*C),0*C)) n0(-),0(-)). Then <f>*ib),i/j*{b) ^ I 

; B (see lines (18)-(I9)). 

0t-'(^) ^'^ [(!/«)"*-1 !]''■ Then 0(6) all beB implies 

0(6) -s 9* < 1 all (6, 6) e H x B by hypothesis (ii). 

fine y* ^ [1/(1 — 0*)]''* and p -- —bj(l — 6/,). Then )Se(0, 1). 

e g{x) 1 + y*x^. Then limj._,c g(x)ix = 0. So, there exists x* ^ 1 
j(.v*) <. .r*. Fix such an .x*. 

fine 0l(6) x*~\ Define F* -- {(0(-),0(*)) e T; 0(6) < 0t/(6),0(6) < 

all 6 6 5). Let (0(-),0(O) e T* and (0*(-),0*(’)) = Then 

19) shows 0*(6) ^0i/(t) all beB. Line (18) shows 0*(6) < £[{1 + 
,(6'))*}- '>l < {1 + y*x*^}-» = { gix*)}-^ < - Mb)- So, F(F*) C F*. 

0 3. In case (i) let F* be defined as in Step 1; in case (ii) let F* be 
:d as in Step 2. Let (</>(•), e F*. Then 0(6), 0(6) >0 all beB 
A(b)i(i(b) < 1 all (6, b)ejH x B. So, if we adopt the uniform norm on 
m «/-(•)). m,^{-))eF* implies 1 (0( ), 0( )) - (^(0, «/!(•)) 1 - 
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Max{supjcj, i (}3{b) — \ 4’(^) — ^5(6)1J-then F{-) is continuous 

on r*. r* is convex. Thus, Schauder’s fixed-point theorem (see Smart 
[13]) shows that F( ) will have a fixed point on F* if FiF*) is contained in 
a compact subset of F*. Each fixed point for F(-) defines a solutions to 
Eqs. (18) and (19). 

Step A. Since (<^(-),</»(•)) eT* implies 4>{b) and \ — hA{b)4i{b) are 
bounded away from 0 for all (A, 6 ) p // x B, for each case (i.e., case (i) and 
case (ii)) there exists a finite constant S .such that | r/>((^(-),i/i(-), 6 )/f 6 !, 

! < b)l(b I < 8 all ((^(•),^(-)) e F* and beB. Then \ b -b*\ < 

e/8 implies !(<^*(^) - <^*( 6 *)!, \4,%b) ~ tfs*(b*)\ < € if (<f,{-),4j(-)) e F* 
and ■■ So, F** — F(r*) is equicontinuous. 

Thus, F*** - Closure (F**) is also. So, Ascoli’s theorem (see Munkres [8]) 
shows F*** is compact. Thus, Step 3 shows F(-) has a fixed point on F*. 


Step 5. Let (</i(-), </<(•)) e T* be a fixed point for F{ ). Use lines (13), 
(14), and (17) to define a pair (/?(•), >5X*)) from (^(•),0(-)). Then (/?(•), >S(-)) 
solves Eqs. (9) and (10). fn terms of the notation of line (12), Eq. (9) shows 
R(Q, lu h) = 1 IP ■ E[u(C, , 6)1 -I- f E[R(C)r ,,. /Vn . ..)] any T > 1. 

Thus, if we can show 6 '^'^ • E{R{Qt^j , I'lrn , ^r+j)] - »• 0 for each ^ ' 0 
as 7’- > 00 , we will have established that i?(-) satisfies line (12). 

Suppose case (i). Then for all {h,b)G H x B, r(h,b) '-0 (see line (17)) 
because <f>{b) 0 and 1 > 6 > 6 •i/>(6). Let ry -- 1/(1 — 6). Then 
() ^: r{h, b) C Ki, all (h, 6) e // x B. Hence, 0 " If '-^ • 6 :[/?(^ 7 -,i. /h- i . 

' i)] '* / • b • tu • ' £’[(/„ • /,. 5 r)*] > A{hy"-\ where 

(^, • /1(5,) • r{r,, , «,))»■/[! -I (^, • A{B,) • r(fi,- , B,))<>•], a, 1/(1 - b,) all 
i 0,..., T. Then s/ e [0, 1), so 0 • E[R(Qr^^ i)] ‘ 

r,,. • Q^. But, • r,/ • - >■ 0 as T 00 for any ^ " 0. 

Suppose case (ii). Then r{h, b) 0 (see line (17)) for all (/?, b) c // ; B. 


Let ru =--MaXh^g (l>uib)l(\ — 6*). Then r(6, 6) rt,- all {h,b)eH :< B. 
Using the definition of i, from the preceding paragraph, 0 • E[/?(P 7 -,.,, 


11 , ^7-)i)] 


fu ■ Q " ■ ^[(^0 


/i-)”] ■ A{by+^ 


'■(' ■ Q^‘ But, 1 0’’ '^ • 6 • • p**! - >• 0 as T -*■ oo for each Q > 0. Q.E.D. 
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I. Introduction 

Inequality measures are really families of indices, one index for each 
population size. The family of Gini indices of relative inequality (the Gini 
coefficient) is the most commonly used family of inequality indices. Like all 
relative indices, members of this family depend on income shares only. For 
each population size, the relative Gini index implicitly defines a class of 
ordinally-equivalent social-evaluation functions; social-evaluation functions 
represent ethical orderings of alternative income distributions. This class of 
Gini social-evaluation functions in turn implies a Gini index of absolute 
inequality' which depends, as do all absolute indices, on income dilTerentials 
only, fn this paper, we present a cla.ss of relative inequality indices charac¬ 
terized by a single parameter which contains the family of Gini relative 
indices as a special case and a corresponding class of absolute inequality 
measures, also characterized by a single parameter, which contains the family 
of Gini absolute indices as a special ca.se. 

The generalized Gini relative and absolute indices of inequality, introduced 
by Weymark [18], contain a subclass, the .single-series Ginis. fn general, 
families of these indices do not satisfy Dalton’s [9] principle of population. 
This principle requires indices of inequality to be unchanged when a popula- 

* During the preparation of this article, Weymark was a visitor at the University of 
British Columbia. 

' For a discus.sion, see Kolm [12, 13}, Blackorby and Donaldson [3,4, 5], and Blackorby, 
et al. [6]. 
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lion is replicated, income by income.- We demonstrate that the only members 
of the single-series classes which satisfy the population principle are the 
relative and absolute single-parameter Ginis, the S-Ginis. Then, we establish 
the conditions which the complete class of generalized Gini inequality 
indices must meet in order to satisfy the principle of population. 

If incomes are ranked in descending order, a generalized Gini social- 
evaluation function can be written as a linear function of the list of incomes, 
where the weights are restricted to be nondecreasing. For an S'-Gini, the 
weights for a population of si/e m arc the first m terms in an infinite sequence 
of numbers while the weights for a population of size n are the first n terms of 
the same infinite sequence. If incomes are now ranked in ascending order, it 
is a simple matter to rewrite the formula for any generalized Gini to reflect 
this change. Mowever, for an m- and w-person A-Gini it will no longer be 
true, in general, that the new weights are drawn from a single inlinite sequence. 
Consequently, we consider a new single-series class of Ginis based on an 
ascending order of incomes and we characterize the class of these indices 
w'hich satisfy the principle of population. 

The Gini indices have many advantages; they are easy to compute, they 
satisfy the principle of population, they accomodate nonpositive incomes 
easily (a common feature of income distribution data), the relative and 
absolute indices imply and arc implied by the same class of ordinally- 
equivalent social-evaluation functions, a relative Gini is bounded by zero 
and one for nonnegative incomes, and they can be decomposed in a simple 
fashion by source of income.'' The Atkinson [2] and Theil [17] relative 
indices are not defined for nonpositive incomes and the coefficient of varia¬ 
tion may exceed one. Hence, among the currently used relative indices, the 
Gini family is the most useful family of indices for data with nonpositive 
incomes. The Kolin Poliak family of absolute indices [4, 13] performs well 
with nonpositive incomes; however, there is no simple family of relative 
indices corresponding to its family of social-evaluation functions [4]. Dis¬ 
advantages of the Ginis include insensitivity (because of their linear structure) 
to changes in the income distribution, absence of any parameter which can be 
varied to incorporate alternative distributional judgements, and nonsepara¬ 
bility (resulting in difficulties with subindices [6]). Our 5-Ginis parameterize 
distributional judgments while preserving all of the Ginis’ advantages. 


- Kor a discussion of indices that satisfy the principle of population, see Kurabayashi 
and Yatsuka [14] and Cowell [8]. 

" If the rank-order of incomes is the same for all sources of income, the absolute Gini 
for income from all sources is the simple sum of the absolute Ginis for each type of income 
while the relative Gini for income from all sources is a mean-weighted sum of the relative 
Ginis for each type of income, where the weights are normalized to sum to unity. Sec 
Weymark [18]. 
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2. Gini Indices and Their Social-Evaluation Functions 


An index of inequality is called ethical or exact if it implies, and is implied 
by, a social-evaluation function. Indices such as the Gini, Theil, Atkinson, or 
Kolm-Pollak are really families of indices, one index for each population 
size. Strictly speaking, for indices such as the Atkinson, fixing the distribu¬ 
tional parameter results in a family of indices while considering all possible 
parameter values yeidls a collection of such families. To be precise, we shall 
refer to a list consisting of one index for each population size as a family 
while collections of such lists are called a class. For each family of indices we 
consider a corresponding family of social-evaluation functions. Letting 
tV”: R" ->■ R, nef be such a family,^ the “equally distributed equivalent 
income," i, corresponding to a given income distribution y e R" is given by 

( 1 ) 


where I is an /i-dimensional vector of ones. Thus, i is that per capita income 
which, if distributed equally, is ethically indifferent to the given distribution. 
We assume that IF" is increasing along the ray of equality and that, for each 
V, I exists; all continuous increasing IF" satisfy these assumptions. Then (1) 
can be solved uniquely for ^ and we write 

( 2 ) 

The function 5" is a particular numerical representation of IF". 

The Atkinson -Kolm-Sen (AKS) [2, II, 16] index of inequality for the 
social-evaluation function IF" is given by 


where 


/"(v) 


1 


^l”{y) 



p”(.v) 


n 



(3) 


is the mean of the distribution y e R". /" is a relative index, that is, it is 
homogeneous of degree zero, if and only if IF" is homothetic. As /x" is 
positively linearly homogeneous, /" is a relative index if and only if 3” is 
positively linearly homogeneous as well. 


* For some indices, the domain of definition for fV” must be the nonnegative or positive 
orthant. / -= (1, 2, 3,...). 
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Another general index of inequality [4] is given by 

A'ir) ^ ^»()’) - i 

- S»(y). (4) 

It is the (dollar) difference between per capita income and the equally distri¬ 
buted equivalent income. is an absolute index, depending on income 
differentials only, if and only if 

: .xl) =-- /!’*(.V) (5) 

for all v t; R. A function /" is translatable if and only if it can be written as 
an increasing transformation of a unit-translatable function A function 
is unit-translatable if and only if 

4"(x i rxl) i <v. (6) 


From (4) (6), it is clear that A“ is an absolute index if and only if S” is 
unit-translatable. Equivalently, A" is an absolute index if and only if W" is 
translatable.® 

The Gini index of relative inequality for;' e R” is 


W(7) 


(7) 


This can be rewritten [16, p. 31] as 

V( V) . 1 - I - [j>, + - /y, + - + "J.l 

- 1 _ ••• + (2/ - l)y,. 


( 8 ) 


+ (2n — l)y„] 




where j is a permutation of ;■ such that > ••• . Thus, Sg"(j) 

and are given by 


‘5'(v"(;’) -- (l/«®)[vi H- ••• -!- (2/ — 1);*, + ••• + (2n — I) j„] 

+ (2/ - 1) j>i + ••• + (2/7 - !)>;„ . . 

■ ■ '1 + - !- (2i - 1) 4-h (2/7 -'!) 

(since the sum of the first n odd numbers is /?*), and 

Wa'%y) ---■ W-[y^ + - + (2/ - 1) j/.- - + {2n - 1) j„], (10) 


° For a discussion, sec Blackorby and Donaldson [4] and Blackorby, et al. [6]. 
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* ,1 
here IV" is an arbitrary increasing transformation. The function Sg" is 

ositively linearly homogeneous and unit translatable. Therefore, the family 

F indices {Ac^, Aa^,...} given by 

Ac'iy) H'Hy) — i Z (2/ - Oi*. (U) 

a family of absolute indices; it is the family of Gini absolute indices. 
The coefficients in (9) seem arbitrary and can be replaced by general 
(efficients. This procedure yields a class of generalized Gini indices,® with 
[ually distributed equivalent income given by 


' t ••• ' ^ n’yn 

^ Oi" I aa" * •" f a,” 

ir-1 


( 12 ) 


e assume a" : - 0, / ^ 1,..., n (the strong Pareto requirement). 5-concavity 
' Sff" (and hence IV.f"), the requirement that S,f" agree with the weak 
^renz quasi ordering, requires 


a-i" < 


(13) 


r all rte /. Without loss of generality, we may set a," -- 1, 'in el. With 
ese assumptions, S.^" and IV^,^" are also quasi-concave. The indices /■:t" 
id /ty" are defined by (3) and (4). 

Let {3c;\ Sf,*,...] be a family of generalized Gini equally distributed- 
juivalent-income functions. A natural restriction on the members of this 
mily is the requirement that the coefficients a,*,..., a„" be independent of n. 

1 other words, the family is characterized by a single nondecreasing sequence 
1 , fla,...) with fli I and o," = a, ,inef. A family defined in this fashion 
a single-series Gini; the class of single-series Ginis is a subclass of the 
meralized Ginis. So, for a family of single-series Ginis, the equally distri- 
Jted equivalent income is given by 


S.i^"(y) 


Qi f ••• -I- a„yn 
Ox ••• + a„ 


(14) 


=- 1, Oi < 02 ■" ^ ^ ■■■■ The corresponding indices ly" and Ay" 

•e defined by (3) and (4). The family of Gini indices is that member of the 
ass of single-series Ginis with a, -= (2/ — 1). 


* For a discussion, see Weymark [18]. 



DONALDSON AND WEYMARK 




1. GiNi Indices and the Principle of Population 

The principle of population for a family of indices requires that the value 
of the //-person index be equal to the value of the 2n-person index if the 
income distribution in the larger population is a twofold replication of the 
•ncome distribution in the smaller population. This is clearly an important 
mnciple since we want to be able to use indices of inequality on sample 
istributions or on grouped data. Formally, wc may state 

The Principle of Population. A family of symmetric functions {//'*}, 
R" R, n e I satisfies the principle of population if and only if 




( 15 ) 


5r all q, n e /. 

The family Ip") satisfies the principle as does liSf/'l; hence, both {/c"} 
nd \Ac'^] do as well. The families {Sgr"} and do not, in general, 

itisfy the principle. Consequently, their inequality indices do not satisfy it 
ither. We wish to identify all families of generalized Ginis and all families of 
ngle-series Ginis which satisfy this principle; that is, we want to find the 
alues of ai",i,nel, and ai,ic-I, so that the principle is satisfied, 
ince {p") satisfies the principle of population, the families {/y”}, and 
(or {Sy], [ly], and {Ay}) must either (a) all satisfy the population 
rinciple or (b) simultaneously fail to satisfy the population principle. To 
mplify the exposition, we restrict our attention to social-evaluation func- 
ons; the extension of the analysis to families of inequality measures is 
.raighlforward. 

We begin with the single-series Ginis. For the family \Sy] we define the 
inction /: {0, /} —► IR by'' 


/(m) : 0, //; 

0 , 


m 

:= Z o,, 

m c /. 

( 16 ) 

1=1 



Oi =/(0 - /O' 

- 1 ) 

( 17 ) 


)r all i e /. We show that if {Sy^} satisfies the principle of population, f 
lust satisfy a simple functional equation. 

T I* 


’ We adopt Eichhom’s [10] convention, a'.~ b means a is defined by the statement b. 
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Theorem 1. The family \Swhere 


.<Ay) 

I” 1 Oi 

LLi Lf d) ~JU 

m 



(i«) 


/(O) (),/(!) - I, xatisfies the principle of population if and only if 


f(q)fin) 


(19) 


for all q, n e 1. 

Proof See the Appendix. 

We now solve the functional equation (19) when /(«) is required to satisfy 
the restrictions in (13). 

Theorem 2. The function f with f (( i ) = 0,/(I) = 1, and 

fin I- 1) -fin) Z fin)-fin - 1)« (20) 

for all n ^ /. satisfies the equation 

fiqn) ■--=fiq)f(n) (19) 

for uH q, n >- / if and only if 

fin) n\ (21) 

where S • 1 is an arbitrary constant. 

Proof See the Appendix. 

The functional equation (19) is similar to the Cauchy equation /(.rv) 
fix)fiy), .Y, V '-0. For /(I) I and fix) nondecreasing, its solution is 
fix) .Y®. 8 > 0 [10, p. 22], Moser and Lambek [15] also considered the 
functional equation (19) defined on the positive integers but relax (20) to the 
requirement that /(/?) be nondecreasing. For /(I) - 1, they establish, using 
techniques quite different from ours, that/(n) n®, S 0, the same solution 
as is found for the domain IR, . ft is also of interest to consider the general 
solution to (19) without the restriction (20); this is presented as Lemma 1 in 
the Appendix.® 

“This is equivalent to (13), r - . 

® Moser and Lambek [15] do not consider the general solution. 
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The choice of the singJe parameter 5 J in (21) is sufficient to determine 
o, for all i and, thus, defines a family of single-series Ginis. This family is 
therefore defined by 


^ I. 


(V) 


(/ - ms ', 

n« 


( 22 ) 


with /fi" and A^" defined by (3) and (4). A family derived in this fashion will be 
called a single-parameter Gini, an 5-Gini. 

The distributional sensitivity of 5/ increases as a 8 increases from one to 
plus infinity. If 8 - I, Sf," is the “utilitarian” rule with 

•=i''(.v) ' i y. (23) 

” I I 

fn this case. /|"(j) Aj'‘{y) 0. If 8 2, S./' and we have the 

Gini indices. If 8 oci. 


^/'(y) - - lim 5/(.v) y,, nnin{.v,|, (24) 

rt - / / 

the maximin rule. The corresponding indices of inequality are 


and 


//'(.!■) 


1 _ juindiil 

ti"(.V) 


(25) 


Ar."(j') M''(y) - miniy,]- 


(26) 


All of the useful properties of the Gini are inherited by the 5-Gini. Again, 
nonpositive incomes are easily accomodated, for nonnegative incomes the 
relative index is bounded by zero and one, and inequality can be decomposed 
by income type if the rank-order of incomes does not vary by source of 
income. The only difference is the added distributional flexibility introduced 
by the choice of the parameter 8. 

We now drop the assumption that each member of our family of indices 
has coefficients drawn from the same infinite sequence. For the family 
we define the function g: / X !0, /} —» R by 


Thus, 


g(/7, /??) : ^ 0, m 0, n e /, 

ni 

: Y. ^ ^ 

1-1 


•5a7"(y) 


L”-1 0 - i - 1)1 

gin, n) 


(27) 


(28) 
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with 7^*' and /iy" expressed analogously using (3) and (4). Since Oi" ~ I for 
all rt e /, we have g{n, I) — 1 for all n e 7. 

Again, the principle of population requires g to satisfy a functional 
equation. 

Theorem 3. The family {•Sy"}, where S,f is defined in (28), gin, 0) - 0, 
vn! gin, I) 1 for all ne I, satisfies the principle of population if and only if 

giqn, qm) -- giqn, q)gin, m) (29) 

^'or all q, net and for all m ^ n, me{Q, 1]. 

Proof. See the Appendix. 

If g is independent of its first argument, we have (19) and the 5-Gini. In 
teneral, we obtain 


Theorem 4. The function g: / / {0, I\ ► R, with gin, 0) 0 and 

tin, I) 1 for all n e [, and with 

gin, m I 1) - gin, m) • gin, m) — g(n, m - 1 )“* (30) 

''or all m, n e I, satisfies the equation 


giqn, qm) giqn, q)gin, m) 


(29) 


for all q, nil I if and only if 


/») 


^im/n) 

ni/n)' 


(31) 


where W is defined on the nonnegative rational numbers with WiO) = = 0 and 
'a) ’P is an arbitrary convex function^^ with Wix) > 0 for x ; > 0 or (b) ’P is an 
arbitrary concave function with Wix) < 0 for x > 0. 


Proof. See the Appendix. 

If, in (31), we pick V^(x) — x*, S 1, then 

he 5-Gini. 


*® This is the requirement that a„”. 

“ For a definition of a convex function which is applicable to this domain, see the proof 
jf Theorem 2 in the Appendix. 
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As another example,’^ let =- r" — ], a - 0, so 


m) 


_ I 


( 33 ) 


In (33) we have constructed a single-parameter class of generalized Ginis 
which statistics the principicjof population. For this class, a,,/' (>»<('« o/«) 

and 




D/ft) 


(34) 


As with £■«", the distributional sensitivity of S^" increases as the parameter 
value increases. If o: 0, 


) ^ i i 

" i 1 


while if a == 00 


(35) 


‘3«”(j’) = lim S'„'‘(3') = = niin (y,). (36) 

The limiting cases of £*.,"(>') are the “utilitarian” and maximin rules, the 
same limits found for 5'^", The Gini indices, however, are not members of 
this new class of functions. This example also illustrates the ease with which 
one can construct single-parameter classes of inequality measures. 

It is apparent from (31) that the principle of population places strong 
restrictions on the coefTicicnts of a family of generalized Gini indices. Further, 
since any social-evaluation function can be linearly approximated at a point 
by a generalized Gini, the result derived here may be of some use in charac¬ 
terizing the restrictions imposed by the principle of population in the general 
case. 


4. ILLFARE-Ranked Measures 

In constructing the class of generalized Ginis (12), incomes were ranked 
in nonincreasing order. We say that y welfare ranked. Alternatively 
incomes can be illfare ranked; y is a permutation of y such that jj < ^2 ^ 
y„ . Then, we can define a class of illfare-ranked generalized Gini indices, 
with equally distributed equivalent income given by 

** Charles filackorby suggested to us that it would be useful to construct an example 
of a family of generalized Ginis which satisfies the population principle, but which is not 
also an 5-0 ini. 
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c- .-rvi - ^".^1 ’ ^2".y2 + ••• -f 

fjn ... 

_ IkMi 

S'Li ■ 

We assume />," 0, / = 1,..., n and require 


(37) 


6i" V' - 


(38) 


for all ne I, so S'/^ is 5-concave. Without loss of generality, we may set 
Aj" - I, 'ins I. 

Now it is clear that the class of social-evaluation functions corresponding 
to this class of illfare-ranked generalized Ginis is identical to the class of 
social-evaluation functions corresponding to the class of welfare-ranked 
generalized Ginis considered earlier. Selecting from both classes those 
members which satisfy the principle of population would preserve this 
equality. 

We may also construct families of illfare-ranked single-series Ginis. Such 
a family is characterized by a single nonincreasing sequence of positive 
numbers {by , ,...} with Aj -- 1. For a family of illfare-ranked Ginis, the 

equally distributed equivalent income is given by 


‘=y'(j) 


L.'” 

*1 I ••• !• h,, 


Z? ^biyi 
. h; ■ 


(39) 


bj 0, 1 by - ’ b« ••• bi.... The class of social-evaluation functions 
corresponding to the class of illfare-ranked 5-Ginis does not correspond to 
the class of social-evaluation functions for the 5-Ginis. Indeed, their only 
common member corresponds to “utilitarianism.” For example, when 
incomes are welfare ranked the Gini is an 5-Gini with weights {1, 3,..., 
(2/ - 1),...]. However, if incomes are illfarc ranked, for the Gini (V, b^) ^ 
(1, 1/3) while (Aj®, ^» 3 ’) ^ ^ (1, 3/5, 1/5). The Gini is an illfare-ranked 

generalized Gini but not an illfare-ranked 5-Gini and applying the principle 
of population, then, will isolate a new class of measures. 

For the family we define the function h: ',0, /) -► IR by 


h(m) 0 , 

m 

Z bi. 


m — 0 , 
ms I. 


(40) 


Thus 


A. =A(/)-A(/-l) 


( 41 ) 
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for all /■ e /. As the proof of Theorem 1 does not utilize the inequality 
restrictions on the coefficients, one merely has to change the notation in 
Theorem 1 to discover the functional equation satisfied by h when {.Sy'} 
satisfies the principle of population. 

We now solve this functional equation when h{n) is required to satisfy the 
restrictions in (38), recalling the as.sumption that 6, > 0, all 


Theorem 5. The function h, with h increasing,^^ /?(0) = 0, h{l) = 1, and 


h{n -t- 1) — h{n) < h{n) — hip — 1)“ 

(42) 

for all ne I, .satisfies the equation 


hiqn) =- h(q)h(n) 

(43) 

for all q, ne I if and only if 


fin) - /l^ 

(44) 


where 0 < ^ \ is an arbitrary constant. 

No proof of this proposition is provided as it is virtually identical to the 
proof of Theorem 2.^® Choosing ^ determines a family of illfare-ranked 
5-Ginis, defined by 

—fl U) - » 

with 0 < P < \. Letting )3 I corresponds to the “utilitarian” rule while 
- 0 is the maximin rule. 

The class of illfare-ranked ^-Ginis has an important property—the order¬ 
ing over the poor is strictly separable from (the incomes of) anyone who is 
richer. The social-evaluation function is, thus, strictly recursive (see (7, 
Chap. 6]). This property is important for the construction of ethical indices 
for the measurement of poverty (see [5]). 


5. Conclusion 

The generalized and single-series Ginis are simple and convenient exten¬ 
sions of the family of Gini social-evaluation functions and the corresponding 

** This ensures 6, • 0. For Theorem 2 it was not necessary to assume/to be increasing, 
as this proi^erty is implied by the other assumptions. 

“ This is equivalent to (38), b„ > b„,i. 

Specifically, h is assumed to be increasing. From (42), A is a concave function, so 
0 < p < I. We eliminate p — 0 since h is increasing. The remainder of the proof is un¬ 
changed. 
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families of inequality indices to a functional form capable of incorporating 
any (linear) distributional judgments. Unfortunately, families of indices 
which are members of these classes do not, in general, satisfy the principle of 
population, the requirement that exact replication will leave the value of an 
index of inequality (or the equally distributed equivalent income) unchanged. 
This important property can be imposed on these families of indices, provid¬ 
ing a functional link between members of the same family defined for different 
population sizes. In the case of the single-series Ginis, the principle of 
population is only satisfied by families of indices which are single-parameter 
S-Ginis. They are characterized by a parameter S which ranges from one to 
infinity. Tor each value of S, the iS-Gini is a separate family of (ordinal) 
social-evaluation functions with two families of inequality indices —a family 
of relative indices depending on income shares and a family of absolute 
indices depending on income differentials. “Utilitarianism," the ordinary 
Gini, and maximin are obtained as special cases by setting B 1,2, and x, 
respectively. Thus, subject to the restriction of its linear form, the class of 
■S-Ginis takes on all possible distributional preferences. 

We hope that these new families of inequality indices and their implied 
families of social evaluation functions will be an important tool in the 
investigation of inequality. There is no index with all possible desirable 
properties, and that is, of course, true of the A’-Ginis. They lack the convenient 
separability properties of the Atkinson and Kolm-Pollak indices but, on the 
other hand, the Atkinson index is only defined for positive incomes and the 
Kolm Poliak index has no corresponding relative index. Furthermore, the 
■S-Ginis represent an improvement in ethical flexibility over the two families 
of Gini indices, and may be as useful as the Atkinson and Kolm-Pollak 
single-parameter families of indices. 


Appendix 


Theorem 1. The family {Sy’"], where 


/(O) - o,/(i) - 1, 


TLi a. 

I"., [/(/) - ./(/ - D] V, 

m 

isfies the principle of population if and only if 
f(qn) ==f(q)f(n) 


(18) 


(19) 


for alt q, n (£ 1. 


642/22/1-6 
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Proof. By the principle of population, 

- S'iy) 


Al f(on) J-' L/■(/;) 


V [JW) - ■ A^a - i))i - ^ rf'U) -f\i- 1 ) 


'Mi-. V "1 V 


This must hold for all v. Consequently, the coefficients of each j, must be 
equal. Setting / 1, we have, given that /(0) 0 and /(I) - 1. 

f{qn)f(q)f{n). (A4) 

This condition must hold for all q, n f /. 

To show sufficiency, the coefficient of v„i .in the left-hand side of 
(A3) is 

[iqm) - fiqjm — I )) f{q) A >^i) -A^)fO > i - D 
" j\qn)~ . mm 

/'(>») -- /0» -- I ) 

- 

the coefficient of y,„ in the right-hand side of (A3). | 


Lemma I. The function f satisfies the equation 


f(qn) =--fiq)f(n) 

(19) 

for all q, n(i I if and only if 


m - 0 V/i G /, 

(A6) 

or 


m 

(A7) 


iel 


where each c, e IR is an arbitrary constant and n,- is the number of times the /th 
prime number, p,, occurs in the unique factorization of n into primes. 

**See Apostol [1, pp. 4 6] for a proof of the unique factorization theorem. The first 
prime number is 2, and thus p, = 2, - 3. = 5, and so on. We employ the convention 

that f" - I for all c f R. 
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Proof. Since/(I) -/(1)/(1) by (19),/(I) - 0 or 1. If/(I) = 0,/(«) - 0 
for all n yielding (A6). If /(I) — 1, write n e / as 

" = n P”i‘' 

*e7 

where pi is the /th prime number. Then by repeated applications of (19), 

/(«) ri/(A)"' (A9) 

le/ 

Setting/(p,) --= c, yields (A7). Sufficiency is easily checked. | 

Theorem 2. The fimction f with /(O) — 0,/(I) == 1, and 


1 

1 

f . 

1 

(20) 

for all II G /, satisfies the equation 


/(7«) 

(19) 

for all q,ne I if and only if 


fin) = n\ 

(21) 

where 8 Z- 1 is an arbitrary constant. 


Proof Since/(I) — 1, we have, from Lemma 1, 


/(«) = n 

(A7) 

iel 


By (20), f(n) is increasing so f(n) >0 for all n, hence c, 
Writing 

> 0 for ail / G f. 

„ In c, 

(AlO) 

we have 



(All) 


tCf 


for all mg/. We want to show Sf -- 8 for all / e /. Suppose the contrary. Then, 
since I has a countable number of elements, there are two real numbers p. a 
with a > p and a disjoint partition of / — (A , such that 


(A12) 


and 


/■ e /j <-+ 8i < p 
ie 8i ^ a. 


(A13) 
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Now choose n , - I such that h, - 0, ie . Then 

/ (ii) ^ /I" 

and 

f{n‘) -■ iV" 

for all / I. For all / . no />, is a prime factor of («' f I), so 

/(«' ; 1) f/V ! I)". 

Combining (Ai5) and (A16), 

/(«' 1^1) 

■ /-rn')'" (n'> 


/II* -j- 1 \ p 

hir -) O'')"-" 


Since a p. 


lin, . 0, 

/■» /(n) 


contradicting incrcasingness of/. Hence 8, S for all / (■ / and 

/(«) - n (p”')* ■ ■ «“• 

i( / 

From (20),/is a convex function.’’' Hence, S ^ 1. | 


(A14) 
(A 15) 

(A 16) 

(A 17) 

(A 18) 

(A 19) 


Tiieorkm 3. The family {S.},"}, where S<-g" is defined in (28), g(n, 0) — 0, 
and g(/i, 1) - 1 for all « e /, satisfies the principle of population if and only 
if 

g((//r, qm') -- g{qn, q)g{n, m) (29) 


for all q, ne I and for all m <n, me (0, /). 

Proof Using the method of Theorem 1, we require 


V r qi) - gjqn, q ji - 0 ) 1 ^ y rgf/?, /) - g(t u i - l)i 

n ^ 9 ") -I /T, ^ flifi, n) J ^J^ 20 ) 

for all V. Given that g{n, 0) = 0 and g(n, I) = 1 for all « e /, equality of the 
coefficients of jv, requires 


g) _ ]__ 

giqn, qn) g{n, n) 


(A21) 


” A function / is convex if and only if f(Xx + (1 — A)y) < A/(a) + (1 — Al/ty) for 
all X, y, A.V + (1 — A)>'€ Domain /, Ae [0,1], 
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g{qn, qn) = g(qn, q)g{n, n). (A 22) 

Thus, (29) holds for all q,ne I when m ^ n. Equality of the coefficients of 
v,„ requires 

g{qn, qm) — gjqiU <i(i» ~ 0) ^ tri) — g{n, m — \) ^^23) 


or, using (A22), 

g(f///, qm) -- g(< 5 fH, < 7 (/H — I)) - = g(^«, q)(g{ft, m) - g(n, m — 1)). (A24) 

Setting m 1 we have (29) for m l. Now assume (29) is true for (m - I) 
and (A24) yields (29). Therefore (29) is proved by induction. Sufficiency is 
easily demonstrated. | 


Theorem 4. The function g: I x [0, /[ >■ U,withg(n,0) Oand g(n,\) 

1 for all n <=: /, and with 

gin, nt 1) - gin, m) gin, m) gin, m - 1) (30) 


for all m, n g /, satisfies the equation 

giqn, qm) ^ giqn, q)g{n, m) 


for all q, nef if and only if 


X(fi ,'») 


r(m/n) 

WM' ’ 


(29) 


(30 


where V' is defined on the nonnegatwe rational numbers with ¥^(0) 0 and (a) 

W is an arbitrary convex function with ^ix) > 0 for x > 0 or (b) ^ is an 
arbitrary concave function with W(x) < Ofor x > 0. 

Proof Since gin, 0) = 0 and g(/i, I) - 1 Vn e I, (30) implies gin, m) > 0 
for all n, m e /. In (29), set m -= n obtaining 

giqn,qn) ^ giqn, q)gin, n). (A25) 




Since gin, n) > 0, nel. 


d) 


gjtin, qn) 
fdn, n) 
cgjqn, qn) 
cgin, n) 


_ C(qn) 

~ m 


(A26) 
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for all n,qel where c is an arbitrary nonzero constant and ^(m) : = cg(m, m), 
m e /. Define y =■■ r{nj, n) as the largest common divisor of m and n, m, 
n fc 1. Then F is komogeneous of degree 1, FiXin, An) = Xr(m, n) for all 
A e I. From (29), 


m) -- g (y , y j 

/ n I / /; m \ 

t{iily) ^ \y ’ y ' 

M „ L 

\ C(nir(n, /»/)) / ^ \ Fill, ni) ' F(ii, m) ) 


by (A26). Define the function A by 


A, . . ^ /_ l{niF (nh n)) _\ 

{ 11 , 111 . y f,((,jjr(n. 111 )), {mlFin, m))) I 


(A27) 


(A28) 


n, m e I. Since F is homogeneous of degree 1, /I is homogeneous of degree 
zero, A{Xn, Xm) ■- A(n, m) for all A e /. Furthermore 

A{iu\) (A29) 

and 


for all m, ne 1. Hence if g satisfies (29), then (A30) is a necessary condition. 
To test for sufficiency of (A 30), 

. ^ . A{qn, 1) 

*(?", V") 

— A{qn, 1 ) A{n, 1) 

A(qn, qj A{n, m) 

s{Vhq)gUum) (A31) 

for all q, ns I and all m ms {0, /}. Thus, (A30) is the general solution 
to (29). Since A is homogeneous of degree zero, we may define the function 
^hy 

W{x) 0, A- - 0, 

:=- 77 -^—r, A'=—, m,nsl (A32) 

A{n, m) n 
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for all nonnegative rational x. Using (A32), (A30) may be rewritten as 


g{n, m) 


W(mln) 

W(]/n) 


(A33) 


for all n, mel. Since ¥^(0) — 0, we have g{n, 0) - - O'inel. 

We now consider the sign and curvature properties of For all ne I, 
¥^( 1 // 7 ) = cg(n, n), so V^Cl/zi) > 0 if and only if c > 0 since g{n, n) > 0. As 
!F(l//i) A{n, 1 ) and A is homogeneous of degree zero, ^(x) > 0 for x > 0 
if and only if c :> 0. Thus, for all positive rational x, W(x) is (a) always 
positive valued or (b) always negative valued. 

We now demonstrate that W is convex when lP(x) > 0 for x > 0. From 
(30), for all q,n,mel and for all p ^in,psl, 


and 

Hence, 

or 


g(n, m + q)- g(n, m) q[g{n, m + 1) — g(n, m)] 
gin, m) — gin, m — p) -: plg(n, m) — gin, m — 1 )]. 

p[gin, m \ q) — gin, m)] q[gin, m) — gin, m — p)] 
pgin, m -r q) + qgin, w — p) > (p + q)gin, m). 


(A34) 

(A35) 

(A36) 

(A37) 


From (A33) and the fact that ¥^(l/«) ; • 0, 


(-/ft) ^ (-4-''-) + (yir)("4/) (-r)- 

Writing im q) = a and (»» — p) ■— b. ipip + q) — ^ and iqjp + 9 ) = 
(1 — A), we have 

A-P 0 H- (I - A) S' (*) ;, ¥- (a 2 + (1 - A) ^). (A39> 


Since m and q Blare arbitrary in (A38) and p m with p e /, we may choose 
a, b, and A arbitrarily in (A39) as long as a, be {0, /} and A is a rational 
number such that 0 < A < 1. As « e / is also arbitrary, is convex. 

When y^(x) < 0 for x > 0, the inequalities in (A38) and (A39) are reversed, 
so is concave. | 
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This paper is an analysis of the concept of consistency in aggregation. This is 
the conjunction of three requirements; (i) for any given partition of the variables, 
two-stage aggregation is consistent, (ii) that each subaggregate and the overall 
aggregate have the same functional form, and (iii) that all partitions of the 
variables are feasible. We show that in the scalar case this results in a quasi¬ 
additive functional form. The generalization to many attributes is however 
shown to lead to few restrictions. 


Introduction 

In both empirical and theoretical economics the use of aggregates is 
ubiquitous. It is often useful, for both computational and analytical reasons, 
to be able to construct such aggregates from subaggregates, i.e., from aggre¬ 
gates of subsets of the relevant variables. To require that this two-stage 
calculation give the correct answer seems minimal indeed. In fact, several 
recent papers have been concerned in part with the two-stage consistency of 
various index number formulas. See, for example, [4, 6, 9-11]. 

A somewhat stronger notion has recently been proposed by Vartia [12-14] 
in the context of index numbers, and is called consistency in aggregation. 
Vartia’s notion is really the conjunction of three logically independent 
requirements: (i) for any given partition of the variables, two-stage aggrega¬ 
tion is consistent, (ii) that each subaggregate and the overall aggregate have 
the same functional form, and (iii) that all partitions of the variables are 
feasible. The first requirement is that the image of a function defined over the 
original set of variables must equal the image of the function defined over the 
^ values of the subaggregates, where each of the subaggregates is a function 
defined over some subset of the original set of variables. Requirements (ii) 
and (iii) are self-explanatory although the second is somewhat difTicult to 
render precisely. 

An example of an index which is consistent in aggregation is the Laspeyres 

* This research was partly supported by the Canada Council. An earlier version was 
A presented at the University of Karlsruhe. We are indebted to them and to Erwin Diewert, 
Rolf Fare, Yiiro Vartia, and the referee for helpful comments. 

87 

0022-0531 /80/010087-12802.00/0 

Copyright 1980 by Academic Press, Inc. 
All richts of renrodiu'tinn m !\nv fnrm 



88 


BLACKORBY AND PRIMONT 


price index. Suppose a set of consumer commodities is partitioned into two 
groups—“food” and “other.” A Laspeyres food price subindex is a weighted 
average of price relatives (ratios of the current price to the base year price) 
where the weights are the expenditure shares of the food budget for each food 
commodity. A Laspeyres price subindex for “other” goods is similarly defined. 
A Laspeyres price index of the two Laspeyres price subindices is defined as a 
weighted average of the two subindices where the weights are the “food” 
and “other” expenditure shares of the total consumption budget. The reader 
may verify that a price index calculated by this two-stage procedure yields 
the same answer as a Laspeyres price index of the set of all prices.' 

If a function is continuous and increasing, condition (i) seems to imply 
that the function be strictly separable^ with respect to the given partition; 
the addition of condition (iii) makes it strictly separable in arbitrary partitions 
and hence completely additive;® the addition of condition (ii) renders the 
function (translated) quasi-additive.' 

However, the Vartia f index [14] is consistent in aggregation, but is not 
separable in any partition of its variables. This puzzle is complicated by 
Diewert [6], who shows that the Vartia I index is exact® only for a Cobb- 
Douglas function which is, of course, completely additive and consistent in 
aggregation. This paper resolves the above dilemma and provides a general 
method for constructing indices which are consistent in aggregation. This 
procedure allows us to construct indices in an implicit manner which depend 
on attributes other than just the one over which we are aggregating. For 
example, we can construct an index of average family income which depends 
upon the size of the family, the number of employed members of the family, 
and the number of children and which is consistent in aggregation. In the case 
of price and quantity indices it is not as clear as in the above example just 
what should be treated as the attributes of prices and quantities. It turns out 
that this question is important for the consistency-in-aggregation issue. For 
example, using Vartia’s definition [14], the Vartia 1 index is consistent in 
aggregation but the Vartia II index is not so. However, if functions of base 
and current period expenditure can be treated as attributes, then many 
indices are consistent in aggregation which were previously not thought 
to be so. We show—in Section 3—that this depends upon what one is allowed 
to interpret as an attribute. We do not pursue in this note the appropriate 
criteria for the choice of attributes but pursue instead the general structure 
of the consistency-in-aggregation problem. In Section 2 we provide necessary 

' See Section 3 for a formal demonstration. 

‘ For the distinction between separability and strict separability see [2]. 

“See [8, Theorem 1] or [3, Theorem 4,]. 

* To be proved in Theorem 1 below. F is (translated) quasi-additive if F{x) = 

(LUm) + (« - 1 )*). 

“ See [S] for a definition of exaetness. 
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and sufficient conditions for an index number to be consistent in aggregation. 
In Section 3 we use this result to establish a rather general sufficient condition 
for consistency in aggregation when there are attributes associated with 
each observation and we present examples to show how our results apply 
to several well-known indices. In so doing, we examine the problems as¬ 
sociated with choosing attributes. 


2. Scalar Consistency In Aggregation 

In this section we show that a continuous, increasing function is consistent 
in aggregation if and only if it is (translated) quasi-additive [1, p. 151]. In 
order to proceed it would seem that we first need to define the notion that the 
aggregator and marco functions have the same functional form. However, 
by first defining weak consistency in aggregation and solving the resulting 
functional equation, a definition of “same functional form” is automatically 
provided in the context of indices which are consistent in aggregation, 
continuous, and increasing. For ease of presentation the argument is divided 
into several lemmas. 

Let A' - ] 1, 2,..., r,...,/?) be the set of the first R positive integers, 

Q’’ — l.v F £'■! .V > Oj, and let .gje) be a collection of R functions 

where g,: is a nonnegative real-valued function of r nonnegative real 

variables for each r f M Weak consistency in aggregation is first defined for 
R 3. A nonnegative index of three nonnegative real numbers, l^: 12® -+• 12' 
is weakly consistent in aggregation if and only if there esists a collection of 
functions G,., such that g;, is symmetric and 

, .Va , .Tj) gaCgif-Yi), gtCv,), g/.Ta)) 

■ : , -Ya), giCVs)) 

- ^iCv,), gaC-Va, :Ya)) ( 1 ) 

for all (.Yi, .Y,, Xa) e 12®. 

Lemma I. Assume that an index, 4:12® ->• 12', is continuous and increasing. 
Then /, is weakly consistent in aggregation if and only if is quasi-Hnear, i.e., 
there e.xi.sts a strictly monotonic function f: 12 ' 12' and constants « and 

.such that 

fix) - - f- '(cy[/(.V,) !- /(.Ya) ; /(Xa)] ^), cV : - 0. (2) 

Proof. Symmetry of and the last two identities in (1) imply [3, Corollary 
4.8.1: 8 , Theorem I] that there exist continuous, increasing functions g and/ 
such that 

hiXi , .Y.a , .Ya) = gi fixft - /(.Y.,) i ./(.Ya)) 

“ g2(.?2(Vi, .Ya), giC.Ya)). 


(a) 
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Set A';, f and invert in its first argument to get 

> V..) J?2(gi(r),g(/{.V,) ■ ,/( Yo) ! f{c))) 

f(.fUt) : /(-v*)), say, (b) 

* * 

where / is defined by the last equality. Let (at, , .v^) (a, h) and invert 

in (a) in its second argument to get 

.‘fiCval KAs-^(ish\g{i\a) ! j{h) \ f(x^))) 

- /{/(xa)), say, (c) 

where /is defined by the last equality. Using (b) and (c) in (a) yields 

.t-C/rv.) = /fv,) ; /(.V 3 )) g/7[/i[v,) : /(.v.,)], 7 [/r.Y 3 )]) 

f(f(7uu\) \ \ (d) 

where the last equality follows from using (b) again. 

Since 1 is symmetric, permute the second and third variables in (d) to get 

/[/(/[/(.V,) ! /(A-,)]) : /(/[/(.Y*)])] 

- /[/(}‘[./'(Ai) -1 /(.V3)]) I /^[/(.Vs)])]. (e) 

Equation (c) implies that 

./■(7[/(-V,) r/(Xa)])-/(7l/(x,) I /(Xa)]) 

- /(.?f/(v2)])-/(7[/(.V3)]). (f) 

Equation (f) is the generalized Sincov equation whose solution is given by 
(see [1, Theorem 1, p. 303]) 

/(7lf(^l) /(-V^)]) -- HXl) 1 //(.Y,). (g) 

Let -Y., b. Then, 

A(vi) /(/[/(a-i) + m]) - h(b) = Mxr)), say, (h) 

where <f> is defined^^by the last identity. Similarly h{x^ ^ (^(/(xj)). Let 
---/(x,), let / =/<’/and put (h) into (g) to get 

J(Zi + Z2) — ^{Zi) }- ^Zg)- 

This special case ofPexider’s equation [1, Theorem 1, p. 142] has the solution: 

j {t) ~ ot 2</, ~ ot -\- d. 
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Thus,/(/(/)) =- fli + 2i/. Then Eq. (g) becomes 

f(f[f(X^)+f{x,)]) . ^(fix,)) !- cf>U(X2)) 

- a(fixi) + /(xa)) 2d 

+ f(xo)) + b, say. (i) 

In particular, 

f[fixi)+f(x2)] =.f-\a{f(xi) f /(.Y.,)) f/>). (j) 

* » 

i, Thus/is symmetric and quasi-Iinear. Put (i) into (f) to get 

«(/(-v..) - fix.,)) -- /(/[/(.V,)]) • - /(/[/(x,)]); (k) 

letting Zf = f(xr) again yields 

/(/(^a)) - /(/(Za)) a(Z2 - Z3), 

which has a general solution 

f(fU)) -- at 4- c. 

* • 

Solving for /'yields 

kf(Xr)) -- f-^(afixr) t c\ r ■- 1, 2, 3. (I) 

Putting (j) and (1) into (b) and (c) yields 

g/xi , X 2 ) =f ‘(«/(x,) 4- af{x2) f b) (3) 

and 

gM --f-Kafix^) \ c). (4) 

Substituting (3) and (4) into (a) yields 

h(xi, X 2 , x-i)f-'[af{f-'[af{xi) \ af{x^ 1 b]) \ af(f-^[af(x 3 ) + c]) + b] 
-= f~\aj{xi) r aj(x 2 ) \-ajix^) I ab \ acb), (5) 

and hence 

hixi, X 2 , X,) = /- -(-/(x^) 4- + P, a > 0, (2) 

■<1. 

where a and ^ = ab + ac 4- b, completing necessity. Conversely 
I suppose 

1 . h(x)^ f-\<y.[f{x,) 4- f{xd 4- /M 4- jS), « > 0. 

tr. 


642/22/1-7 
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Define the functions ^ and by 

gi(.Vi) / Kafixi) f c) 

, X 2 ) -i afix.) + b) 

g.j{xi, X 2 , X;,) ■ / ~Kaf(xi) ! af(xz) + af(Xa) abb — lac), 

where a, b, c\ satisfy (i) a a^ and (ii) jS -- ab -1- ac ^ b. Then 
g-iisAx^), giixs)) -- /-^ la Y. f[f HaJ(Xr) c)] + ab + h — lac 

\ f-=l J 

~ f '^^Y -r lac ab + b — 2ac^ 

-- h(x). 

Next calculate 


g-i(gi(X^ , .Y 2 ), ^i(X3)) 

- /-'(«/[/-K«/(a-i) -1- afix,) + b)] + af[f~\afix,) + c)] + b) 
= f'KaJiXi) -r ajixz) h ajixt) -{■ ab + ac 16) 

f~\x[f{Xi) + /(Xa) ! /(X3)] 4 P) 

h(.x). 


A similar argument establishes that 

gzigiixi), gz(x2 , X3)) = Jaix). I 

The notion of weak consistency in aggregation can be slightly specialized 
to include a “nestedness” property. As indicated by Lemma 2 this has the 
effect of normalizing the function gj so that gi(Xr) = x,. 

The index is said to exhibit weak, nested, consistency-in-aggregation 
if in addition to (1) it satisfies 


hiXi , Xg , X3) = g2(gi(gz(Xi , X2)), gl(gl(X3))), (6) 


for all (xj, Xg, X 3 ) e 
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Lemma 2. Assume that 4: -*■ is continuous and increasing in its 

arguments. Then 4 exhibits weak, nested, consistency-in-aggregation if and 
only if 4 o {translated) quasi-additive function, i.e., there exist f. O'--* O'- 
and a constant b {Eq. (3)) such that 

4(Xi , Xa , Xa) --- f -\f{x^ -f /(Xa) + /(Xg) -f 2b). (7) 

Proof. From (5) and ( 6 ) we know that 

f~\a^[f{Xi)-}-f{x 2 )+f{Xs)] -f ab + ac-\- b) 

" . JC 2 )). (a) 

Substituting (3) and (4) into (a) yields 

^ ah + ac 4- b^ 

= .f-Ha[f{f-Haf[f~W(Xt) -|-/(Xa)l + b)] + c}) 

+ finafif Kaj{x^) + c)} -!• c])] + h} 

= /■' («* [t /C^r)] 4- cPb + 2flc 4- (b) 

This must, however, hold for all (xi, Xg, X 3 ) e and therefore a^ = o® 
and 2b + c 2b 4 2c. Hence a ~ 1 and c - 0 which yields (7). | 

Note that this implies that (3) and (4) can be written as 

^ 2 (^ 1 . ^ 2 ) = f ' Hfixi) + /(xa) 4- b) (3') 

and 

JfiUs) == X 3 . (4') 

An index exhibits weak, nested, consistency-in-aggregation 

if and only if there exists a family of function such that each gT,r ~ K—, 
R, exhibits weak, nested, consistency-in-aggregation and 

/|l(Xi Xr) = gn„(A")). ( 8 ) 

where fl = N^) is any partition of N, the cardinality of jV"* is , 

(Xi xf) = (x\..., x^), where x™ is the /i^-tuple corresponding to N'”, 
and M ^ «m = R. 

Theorem 1. Assume that is continuous and increasing in its 

arguments, i? > 3. Then, Ig exhibits weak, nested, consistency-in-aggregation 
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if and only if is a (translated) quasi-additive function, i.e., there exists 
f : and a constant b such that 

/«(.v, AV) - /-» (e /(X,) + (R - I) a]. (9) 

Proof Lemmas 1 and 2 prove this for R -= 3. Proceed by induction: 
Suppose the theorem holds for /? — 1 > 3. Then, by hypothesis 


/r(a-, A-j,) -- i'i.(g,(Xi), f’R ,(a-2 Xu)) 

"/~M/(Xi) I /[g«-i(.V2,..., X/,)] -f b] 


f ' i./(.v.) -K/ 




■I- b\ 


-n{i. fixr) (R Dft), 

which establishes necessity. To show sufficiency note that (9) can be written 
as in (8), where each 

/ ‘f I /(■V.) + («. ■ \)h] 

're A"* / 

and 

/ '( II(a-”')) I (M - 

\wi-I / 

Given that weak consistcncy-in-aggrcf'ation implies consistency-in-aggrega¬ 
tion and that (9) is consistent in aggregation wc get 


Corollary 1.1. Under the maintained hypotheses of Theorem 1, an 
index Ir is consistent in aggregation if and only if it can be mitten as in (9). 


3. Consistency-in-Aggregation with Attributes® 

Many price indices are weighted averages of price relatives and, as such, 
are not symmetric functions of the price relatives. Viewed in this way, they 
are not consistent in aggregation within the narrow framework of the last 
section. The arithmetic mean is an elementary example of this phenomenon. 
It is a symmetric quasi-linear function but is not consistent in aggregation 
since the mean of a set of numbers is not in general equal to the mean of 

* This is a generalization of Vartia's [13, 14] characterization of this problem. 
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group means. An additional piece of information is required in order to 
compute the overall mean using group means—the cardinality of each group. 
That is, each observation is associated with a single characteristic or attribute. 
We now generalize to the case of many attributes. For example, an index of 
income inequality could depend on a number of household variables, which, 
in addition to household income, might include location, the number of 
children, or the number of working adults. 

Suppose that each observation jf,., r 1,..., R, is associated with a vector 
of A attributes, z,.. - (z^i z ^,,,..., z,.^). The associated matrix is 



■'■‘I- 

vJ 


The column vector of attribute a is z.„ — (z,„,..., Zg„y'. Again, let A' 

. N'’] be a partition of N {I,..., R] which induces a partition of 

(Z, x) so that 


(Z, .V) 


Z' .v^ ^ 


The index of x'" for group m will depend on (Z'", x'") and is denoted by 
jc’"). In addition, we wish to construct an index for each attribute in 

group m; these are denoted by h'"' /f""‘./i""'. Then, the overall index 

is to be computed using each group index /'"(Z'", x'") and its associated 
vector of attribute indices (/i"'S..., h”'^). 

Assume that there exists a family of quasi-additive attribute aggregators 

. H^\ whose images are /j“ - //*(-.„) = 

Each of these computes the aggregate amount of an attribute. The amount of 
attribute a in group m is (using quasi additivity) /i'"'* = 

Having aggregated elements within the partition N leaves us with a new set of 


observations. 

-f,n . 

../,1a . 

.. 1,1 A 

/'(Z', .y‘) - 

G 

fjml . 

.. /,«.« . 

.. /,.« .< 



jjMl . 

.. . 

../jMA 



where each x”') is implicitly defined by 

/"'(Z'", .v'")) I /(-r.. .V,). 
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We define an index to be consistent-in-aggregation given attributes if there 
exists a function / such that 

/■f/i',...,/i^/(Z, v)) 

r 1 
M 

fi'*, f(G)) ~ Y, .X”')), 

1 

and 

/(Z, .v) HG), 

where 

( I 

Mn- 1 ^ 

One may interpret /i“ as the aggregate amount of attribute a computed 

from the M group aggregates, h'* ./r’'". Quasi additivity of the attribute 

aggregators implies that fi" h". a - A. ff quasi additivity of the 
attribute aggregators is assumed then any function /defined on which 
is increasing in its last argument will satisfy the condition of consistency-in¬ 
aggregation given attributes given in the above definition. 

We now give some examples of indices which are consistent-in-aggregation 
given attributes. The simplest is the Laspeyres price index for which the 
required attribute is expenditure on the commodity (or group of commodities) 
and the function / is defined by f{a, b) - ab. The Laspeyres price index, 
L -V”, P\ X^), may be implicitly defined by 

(/>" • .\ ") /. - Y (PrXf^) (-~f] 

r-l ^ Pr 

where P" • .V“ Xr i pA/. The Laspeyres index is an index of price 
relatives Pr^jPr^, r - 1,..., R. Associated with each price relative is the base 
period expenditure, p/.x/. The Laspeyres index, 7."', for group m is calculated 
implicitly by 

L'« Y. ( ^V), 

rsN" Pf 

where 

PJXJ Y /’."V,.". 

r^N”' 

At the second stage, L is implicitly defined by 

(po ■ .T») L = Y 

m^\ 


where Xw-i Pm^n?- Clearly L L. 
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Although it seems quite natural to think of expenditure on a group as 
being an attribute, it is not always so clear. We illustrate this by examining 
the Walsh [15] and the Walsh-Vartia indices; Vartia [13, 14] has shown 
that the latter is consistent in aggregation while the former is not. Let 


iv’ - p,*AV>, - pAv.", = I IV", - X iv'. 

The Walsh index is 

log I (P^ P®) -- y - _log 

log , Z' 1 1 ^ (tV«/v*)’^- ® ^ Pr" ' 


and the Walsh- Vartia index is 


log IUP\ 


f (tv" • ^V‘)‘ '^ 

A . yiyfi 



We can rewrite these implicitly as 



where 

and 


/„.(o, b) a log b 
b, c) - (abV'^ log c. 


If the geometric mean of expenditures in base and current period is viewed 
as an attribute then is consistent while is not. On the other hand if 
base and current expenditures are themselves attributes then is consistent 
while I,, is not. A similar distinction can be made between the Vartia T and IT 
indices. See [14, pp. 124]. Thus, unless there is some a priori notion of how 
the attributes are defined, this generalized consistency-in-aggregation notion 
does not seem helpful. 


4. Concluding Remarks 

ff an index is a function of n observations and if each observation is a 
.scalar then the index satisfies the condition of scalar consistency-in-aggrega- 
tion if and only if the index is a (translated) quasi-additive function of the n 
real variables. In this simple case, the index is completely additive and the 
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notion of “same functional form” is a direct consequence of the other two 
consistency requirements. 

However, most index number formulas in economics are more complicated 
than the above simple case. Even the simple Laspeyres price index falls into 
a more general category since it is a function of both price relatives and of an 
associated attribute, viz., base period commodity expenditures. We have 
generalized the consistency-in-aggregation definition of Vartia using the 
notion of attributes associated with each observation. This does not in 
general place many restrictions on the acceptable class of index numbers. 
Consistency in aggregation, however, is only one possible condition that 
might be imposed on an index. The addition of other desirable properties 
would delimit the class of acceptable indices.^ 
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I. Introduction 

In an earlier paper [2] I analyzed a distortion game in which agents can 
misrepresent their utility functions in order to gain a strategic advantage. 
The underlying game is the Aumann-Kurz fl] income redistribution game 
in which agents pretend to have characteristics which will maximize their 
payoff in terms of the true utility. That is, if m, is the true utility function of 
agent (, he may exhibit a utility function r, in order to end up with a better 
consumption bundle relative to u,. The strategy space U from which an agent 
selects his strategy v, is defined in the following way; i’,(.y) f (/ if 

(i) {’((.y) is increasing, concave, continuously differentiable at positive 
values of .Y, and continuous on the boundary, 

(ii) iv(jc) > 0 for all .v 0, .y 7 - 0, 

(iii) r,(0) 0 for all I. 

Now restricting y to be a one-dimensional real variable which is inter¬ 
preted as "income,” we have the following result: 

Theorem (Kurz [2]). If i.s one dimensional then i't(x) - yx, y ;> 0 for 
all I, is the unique dominant strategy in U resulting in a unique Nash Equilibrium 
in the distortion game. The implied income tax function is linear with a marginal 
tax rate of 50 %. 

* This work was supported by the National Science houndation Grant SOC75-21820 
at the Institute for Mathematical Studies in the Social Sciences, Stanford University. 
1 wish to thank Professor Sergiu Hart of Stanford University and my students Haruo 
Imai, Martin Osborne, and Akira Tomioka for stimulating conversations on the subject 
of this paper. 
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The generalizability of this result was left open. Thus, suppose the economy 
has / commodities with Ui defined over what are the strategies in U 
that would constitute a Nash equilibrium in the distortion game? Also, what 
are the characteristics of the equilibrium strategies? The results here are as 
follows: 

(i) In / dimensions the distortion game can be defined in two different 

ways. 

(ii) The dominant strategy of all agents in the distortion game is to 
select appropriate utility functions which arc always homogeneous of degree I 
in commodity bundles and result in indirect utility functions which are 
linear in income for each fixed commodity price vector p. 

(iii) The implied income tax remains linear with a marginal rate of 50%. 


2. The Model 


A market M consists of; 

(i) A measurable space '6) of agents with a a-additive, nonnega¬ 
tive measure p onwith p{T) 1 (the population measure). 

(ii) An integrable function e from 7', the set of agents, to Q, the 
consumption set which is taken to be RJ. (e(t) is the initial endowment 
density of t.) We shall assume c{t) e for some vector e for all t. 

(iii) For each t a utility function on ii where e U, the admissible set. 

Given a market as above, Aumann and Kurz fl] introduce a strategic 
game r{M) called a redistribution game which is defined as follows: T, '6, 
and p are the same as in the market but the strategy spaces are defined with 
respect to coalitions. Thus for any coalition S there exists a strategy space X-^' 
and for each strategy a e A'-^’ and t in there exist payoffs to S and T\S. 
In this game critical assumptions are made about certain strategies contained 
in the sets X^\ These can now be stated: 

(i) If S is a majority with (i.e., p{S) > i) then there exists o-gA'-^ 
which will threaten to expropriate any part of the endowment of members 
of the minority coalition T\S. 

(ii) The counterthreat of the minority is to be found in the minority's 
ability to “strike" against the majority and refuse to make its endowment 
abailable for taxation by simply destroying it. 

The bargaining between any majority and miiority coalitions results in a 
compromise defined by the Nash bargaining solution and leads to a valuation 
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of each coalition 5. Aumann and Kurz [1] then select the Harsanyi-Shapley 
nontransferable utility value as a solution concept. They show that the charac¬ 
terization of the solution x can be made in two different ways: 

a. Commodity Redistribution Scheme 

There exists a pair (X, p) of a measurable function X from (7’, '6) to R and 
a price vector p such that x is a solution to the redistribution game if and 
only if it is efficient with (X, p) as the associated efficiency pair and 

x(/) u,{\{t)) - Mr(x(r)) iJi(dT) - /)(e(/) - xCr)). (1) 


b. Income Redistribution Scheme 

There exi.sts a price system p and an income redistribution scheme y such 
that if u,'' is the indirect utility function of agent t at price p then 




4- y(n pe(t) i- f 

Ti 


» r"(y(T) ) 

M^'fyfr)) 


tt'idT). 


(2a) 


(2b) {p, x) is a competitive equilibrium relative to the distribution y. 
Theorem B in [I] shows that the two schemes result in the same allocation. 
In the development here 1 use this theorem in an essential way.^ 

r turn now to the distortion game. When an agent selects the strategy 
v, I- 6' it results in two possible outcomes depending upon which scheme one 
considers: (i) an Aumann -Kurz Commodity vector \(t) satisfying (1) with 
V, replacing u ,, (ii) an income y(r) relative to the equilibrium price p and a 
vector z(/) which is optimal consumer allocation. 

ff there is no distortion of preferences then by Theorem B of Aumann and 
Kurz [1] it follows that z(/) - x(/). However, given that the main thrust of 
the distortion game in a market economy is to gain income, one way of 
defining the distortion game is to let the strategy v, determine the income 
redistribution y but then permit agents to .select their consumption bundles 
z(/) to be optimal relative to the true u, rather than the distorted v,. 

The opposite view insists that in selecting a false utility function r, an 
agent should be required to select his demand to be consistent with v, and 
the associated budget constraint. The argument in support of this view is 
based on the idea that the opponents can “audit" the consumption pattern 
of the agent and by inference decide if the strategy v, is credible. 


’One notes that in [1] condition (2b) is required to hold a.e. In the present paper 1 
assume This to hold for all t. 
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The distinction made above gives rise to different games: A distortion game 
without consumption audit and a game with consumption audit. I give formal 
definitions now. 

A distortion game consists of a measurable space (T, %) with a population 
measure p. as in the market M. The strategy spaces of the agents are X* and 
they are all the same: 


X' =-- U all r e 7'. 

To define the payoff of the game let the true demand correspondence of 
agent t be defined by 


ViiP- .1’) ' X maximizes u,(x) s.t. px . I'l 

(3) 

and the distorted demand correspondence be defined by 


y/'(/>, v) fv e ; .V maximizes r,(.v) s.t. px r}. 

(4) 

Obviously y,(p, y) y,"(/), >■)• 

The final allocation x in a distortion game with an audit is defined in terms of 
an equilibrium price system p* and income distribution scheme y* such that 
if I'l c 7/ is a strategy of t then 

\{t)ey,^p*, y*(0). 

(5a) 

, y*(r) --- pMt) -i f uidr) 

r;''(y*(t)) ' y ^ ^ Jr rf(y*(r)) 

(5b) 

f x(t) pidr) ^ f e(T) pldr). 

• T Jt 

(5c) 

The final allocation \ in a distortion game without an audit is defined in 
terms of an equilibrium price vector p* and income distribution scheme y* 
such that if t’, e t/ is a strategy of t then 

x(t) e ytip*, y*(0). 

(6a) 

T.'-fynt)) ^ .. . * . ) f t'/(y*(r)) 

(6b) 

x(t) pidr) = e(T) pidr). 

(6c) 


The difference between (5a)-(5c) and (6a)-(6c) is found in (5a) and (6a). 
Note that for any set of strategies VfE U, teT an allocation x can result 
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from the application of the Aumann-Kurz Commodity Redistribution 
scheme defined earlier without reference to prices or markets. However, 
since this redistribution is attained relative to the false utility functions r,, 
it can be shown that it results in an allocation which is equivalent to the one 
in the distortion game with an audit. The proof of this result is omitted. 


3. Nash Equilibria 


The two theorems here will cover the two cases presented in Section 2. 

Theorem 1. Let the distortion game be played without an audit. Then 
Vt H, is a dominant strategy leading to a Nash equilibrium in the distortion 
game, where //, is an arbitrary function which is homogeneous of degree 1 with 
Hi c U all teT. 

Proof. Let w, be a Nash equilibrium strategy in the distortion game without 
an audit. Since there is no audit, consider only the income tax equilibrium. 
To do this let v,’’ be the indirect utility function induced by V, . By [1, 9.16] 
and the definition of equilibrium, a solution (x*. p*, y*) must satisfy 


£/(y _*({_)) 
rj’XyH'O) 


{■ y*(t) p*fdt) 


rii 

Jr r'' 


'(y*(T)) 


(y*(T)) 


r 


x*(t) e yiip*, y*(t)), t e T, 


x*(t) p-idr) ■■ e(T) /x(c/t). 


(7a) 

(7b) 

(7c) 


But since Vi is a Nash equilibrium in the distortion game it follows from the 
“no audit” provision that vf is a Nash equilibrium strategy in the one- 
dimcnsional distortion game. This means that the basic theorem of Kurz [2] 
applies and one can conclude that in the one-dimensional game the dominant 
strategy in a Nash equilibrium calls for a linear indirect utility function, i.e., 

= hip)y, h{p) > 0. 

Note now that indirect utility functions are homogeneous of degree 0 in prices 
and income, so that 

hikp) ky = h(p)y for all k > 0. 


h(kp) ^ k ^h{p). 


Thus 
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We thus find that h{p) is homogeneous of degree —1. It follows from 
[3, Theorem 1] that 

Hi{x) 

for some function //, which is homogeneous of degree I. The equilibrium 
price vector/>* is not unique hut the Nash equilibrium strategires are indepen¬ 
dent of the value of /?*. 

Corollary 1 . In a Nash equilibrium of the distortion game without audit, 
the income tax function is linear with a marginal tax rate of 50 %. 

Proof. If - //( is homogeneous of degree 1 then the indirect utility 
function is h(p)y and therefore 

<V'’(y*(0) _ ft tip) y*U) ^ 

V';'(y*(t)) ‘ Mp) " ^ 

On the other hand (6b) implies that 

2y*(0 - p*e{t) t- y*(T) pidr) = p*(e(0 f e) 
or 

y*(t) lp*(c(t) -I- e), 

and since the tax density of t is Tax* •■= p*e{t) — y*(t) we have 

Tax, ==• i-p*€(t) — lp*e 

and thus the marginal tax rate on endowment income is 50%. 

I turn now to the analysis of equilibrium with audit. I shall use below the 
notation (p*, y*) for price vector and commodity and income allocations 

resulting from the distortion game without audit. 

Now define a “homogeneous fit of ui at x*" in the following way: 

I A function in U which satisfies 
(1) Hf* is homogeneous of degree 1, 

(2) V//r U.,. Vm, I,.,.. 

Figure 1 shows how to construct Hf*. At x*(r) the functions m, and Hf* are 
tangent and Hf* represents homothetic preferences. However, at r the 
gradients of Hf* and m, are not the same since Ut may not represent homo¬ 
thetic preferences. Note also that it follows from the construction that at 
(p*, y*iO) the demands a:*(/) induced by «, and Hf* are the same. Thus 

A'*(0 e ytip*, y*it)) = yf (p*, y*(t)). 


m 
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Theorem 2. Let the distortion game be played with an audit. Then 
Vt -- ///'* is a dominant strategy leading to a Nash equilibrium where //f* is a 
homogeneous fit of Ui at x*(0. 

Proof. Since , a function in U, is homogeneous of degree 1 it follows 
from Theorem 1 that if equilibrium prices p* prevail then the outcome of the 
income redistribution game is y*. However, since at (p*, y*(t)) by construc¬ 
tion x*(0 e yf y*(0) it follows that (p*,y*,x*) does constitute a 
competitive equilibrium. 



Corollary 2. In a Nash equilibrium of the distortion game with audit 
the income tax function is linear with a marginal tax rate of 50 %. 

Proof. The same as in Corollary 1 since the indirect utility functions are 
linear in income in both games. 


4. Final Remark 

In my earlier paper [2] 1 argued that the main interest in the distortion 
model is to be found in its striking prediction that all agents will distort 
their preferences in the same way and thus the tax function will apply uni¬ 
formly to all. The two theorems presented in this paper demonstrate that 
the Nash equilibrium strategy of exhibiting linear utility functions does not 
hold in the /-dimensional case but the results regarding the equilibrium tax 
functions do hold in the multidimensional case. This 1 find as an important 
supporting evidence in favor of the proposed theory. It appears to me that 
revelation of preferences in social bargaining rarely occurs and whenever 
revelation matters, the bargaining results in the distortion of preferences. 
Here f have exploited the distortion to explain why income tax schedules are 
uniforrri rather than personal. 
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1 

The simplest version of the multiplier shows changes in income and output 
that follow changes in, say, government purchases. A feature of the literature 
is that as the level of complexity increases, the multiplier is usually, though 
not always, lowered. For example, when the price of output is allowed to 
vary freely, Dixit [1 ] has shown that the output multiplier may not necessarily 
exceed unity. He writes, “The problem is that the increased government 
demand raises the price of commodities, and this decreases the quantity 
demanded by the consumers” [1, p. 252]. 

On the other hand, consumer credit rationing has almost always been 
ignored (for an exception, see Flemming [2]). Consumer credit rationing 
has the important feature that, unlike the life-cycle planner of the Dixit 
model (see Section ff), the credit-rationed consumer behaves myopically. 
This type of behavior affects the size of various multipliers and therefore 
ought to be incorporated into the analysis. 

In this paper, consumer credit rationing is incorporated into the analysis 
by adapting the temporary equilibrium model employed by Dixit. We 
introduce into the analysis a consumer who is credit rationed and examine 
his plans together with those of other agents. This examination of micro¬ 
behavior that is consistent with temporary equilibrium is carried out in 
Section 11 whereas in Section HI the multipliers are derived and are compared 
with those originally obtained by Dixit. The last section contains a few 
concluding remarks. 


II 

In Dixit’s model, there is one representative consumer, one representative 
firm, and a government. There are two periods and a temporary equilibrum 
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is assumed to exist for the first period. Agents therefore, form expectations 
concerning the state of second-period markets and these expectations are 
held with subjective certainty. The goods market clears by price adjustment 
and the labor market clears by rationing. 

We shall consider an economy with a single consumer, one firm, and a 
government, but in two possible states, the one without and the other with 
consumer credit rationing. We shall then compare the two states. 

Micro heluivior: The Dixit Consumer 

The [Dixit Consumer is endowed with stocks of money and his employ¬ 
ment is constrained at e,, in the first period and is expected to be constrained 
at e.,t in the second period (the first subscript denotes the time period and 
the second denotes consumer type, I being the Dixit Consumer and 2 the 
credit-rationed consumer). He faces price 4/, for consumption good x and 
after tax wage rate r, for labor e in the first period and prices q.^ and , 
respectively, in the second period. We shall retain the Dixit assumption 
that the rate of interest is equal to zero and also the assumption that m,, , 

, and l oC^i are such that he expects fnin i fVn) • Assuming 

that the direct utility function, w, is strictly concave, the consumer saves 
a positive amount in the finst period for second-period consumption purposes. 
The consumer’s utility level and his first-period demand for commodities 


is also defined by the expenditure function, 

£Uh 1 <k » . ‘'-21 ’ W) =" "'ll I '’it'll + "2^21 • (0 

Then the first-period consumption, Xu , is given by 

.V|, = £,(<7, , 92, eii , Czi , u), (2) 

where £, denotes the partial derivative of E with respect to its /th argument, 
/■ = - 1, 2,..., 5. Total differentiation of (1) and (2) yields 

(/.Y]i :■ -- /fji c/qi I" Bii -f r [j t/i’j -|- dmii , (3) 

where 

-An - (txi - £i -^) + (£,2 - E2 4f) 

Bn - {En “i C' l - E,) + (£„ + (''2 “ E,) -^) e:jen), (5) 

( 6 ) 


( 7 ) 
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The derivatives q'iiqx), and denote the assumption that 

expectations are based on respective current market experiences. The Dixit 
assumptions on signs of various terms are J ^ 0, > 0, < 0, Ey, < 0, 

£i., > 0, i;’,4 > 0, (f, - E^) > 0. (r, - E,) > 0, Bn : 0. A,] > 0, 
> 0, e 2 i(e„) > 0, and v.i{vj) ;> 0. 

MicrobehaviorThe Credit-Rationed Consumer 

We assume that the preferences of this consumer are the same as that of 
the Dixit consumer and also that they both expect the same present-value 
income (earned income plus money holdings). We shall a.ssume that this 
consumer borrows in order to smooth out his consumption and given the 
rest of the assumptions of the model, this is tantamount to assuming that 
^*12 i'll ’ ^*22 '■ i ’21 '”12 : ■ As a crude approximation to the real- 

life feature that lending to consumers is usually myopic, we shall write the 
debt limit that consumer 2 faces as 


aviCiz. 0, a, a constant, (8) 

so that the debt limit depends on current earned income only. More realistic 
debt limits can be introduced but the one we have adopted is simple and 
captures the feature that lending is virtually not carried out with reference to 
present-value income. 

The first-period demand of consumer 2 is given by 

9 iVi2 t’iC,. 2 (l - x) I /ni 2 , (9) 

so that 

dxi2 I ^12 i r,, c/ty + J 12 (/rtfi. — C 12 f/i (10) 

where 


21,2 

Obviously, Ay^ , By ,, Fy, , J,, , and C,, are all positive. 

Microbehavior'. Firms and the Government 

There is one representative firm. We shall adhere to the Dixit assumption 
that if the first-period price of the consumption good increases, then the 
resultant changes in the firm’s demand for this input is given by < 0, 
and in the demand for labor by tfi > 0. Finally, the government, among 


By, 


% 


<’l(l - *) 
<ll 

— Cj 2 


Cl2(> - X) 


p __ M2V< 

7 j 2 — — 

Qi 


ih 


(II) 



no 


ANUP SHAH 


Other activities, purchases amount x„ of commodities and 4 of labor in the 
first period markets. 

Equilibrium 

In state I (without credit rationing) the equilibrium conditions are 


/), - ^1 - ?! , (12) 

r, U-, - fi, (13) 

-'■'ll r A',; -1' Vi -= , (14) 

cii-Ai + 4,, (15) 


where /i, is the price faced by the producer for commodities in period 1, 
/i is the lax rate on commodities in period 1. w’, is the wage rate paid to 
labor by the firm in the first period, r, is the tax rate on labor, is the com¬ 
modities endowment of the producer, and Vj is the commodities currently 
demanded by the producer, /,, is the producer’s current labor demand and 
4 is given by 4, . 

In state 2 (with credit rationing), the equilibrium conditions are (12), 
(13), and 

Vp. --Vc, : .Vi - Xi, ( 16 ) 

^42-1-4.,, (17) 

where the producer's current labor demand is given by and 4 is given by 
4-1 ■ 


HI 


In order to draw meaningful comparisons and isolate the role of credit 
rationing, we follow Dixit [1, pp. 250-251J and derive the following multi¬ 
pliers: 

In State 1 (without credit rationing). 
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and in State 2 (with credit rationing), 
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Clearly, therefore, the difference that credit rationing makes to the multi¬ 
pliers depends on the differences between and , and /In and , 
and if > ^12 < Bjj then ( 20 ) and ( 21 ) are respectively greater 

than (18) and (19). 

First, in order to show that A 12 < A ^, from (4) and (II) we need to 
demonstrate that 


-^11 





But since each of the two terms on the right-hand side is nonpositve, 
Xn > (xi 2 lci^){ErjEiz) will suffice. This implies that we require .Vn 
as by homogeneity of E and E^a > 0 we have giEj^, < £ 3 . Now given our 
assumption that present-value incomes are the same for both types of con¬ 
sumers, it must be true that .Vn > .v,,. Thus wc have good reasons to assert 
that Ai 2 < All • Also note that as n increases, x„ — x,, becomes larger 
as well. 

fn order to show that fija > £it, from (5) and (11) we need to demonstrate 
that 

" > (^13 + (I'l - t’ 3 ) + {Eu 1 (‘-2 - E^) ) e'^^icii). 

When e'ii^ei^ ■ 0, using < £ 3 , our requirement becomes 



But since « < 0, £13 < E^iEiJEs) will suffice. In other words, if the sub¬ 
stitution effect of Cii on x^ is smaller than the income effect and the elasticity 
of work expectations is zero then £,2 > B^ . However, note that as the 
elasticity of work expectations rises, the positive difference, £,2 — £„, 
becomes smaller. 

Thus, provided the economically meaningful conditions that we have 
isolated are satisfied, Ai^ < A^ and £,2 > £„ so that credit rationing 
increases the Keynesian output and employment multipliers. 


IV 

Dixit has integrated the general equilibrium with the income expenditure 
approach in order to study the theory of public finance. However, his model 
abstracts from a number of real-life features, incorporation of some of which 
must te a priority task. In this paper, wc have introduced consumer credit 
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rationing into the analysis and shown how this alTects the size of the two 
multipliers. In particular, we have isolated the conditions under which the 
multipliers turn out to be larger than the original Dixit multipliers. Thus 
we hope to have given the model another element of “Keynesianism” 
and thereby to have complemented the work of Dixit. 
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Readers of Patel and Subrahmanyam’s recent note [4] may be interested 
in two articles apparently unknown to them. While the first duplicates their 
note’s thesis entirely and adds a bit more, the second is a significant extension. 

Kwang’s article [3], though written 13 years earlier, repeats Patel and 
Subrahmanyam’s theorem that indivisibilities can lead to convexity m the 
utility of wealth function even when the utility function is concave in com¬ 
modity space. Additionally, he extends this analysis by suggesting that the 
greater prevalence of gambling among the lower classes may be due to the 
possibility that they face more indivisibilities with their low incomes than 
do wealthier classes. (Note of course that Kwang's derived utility curve and 
the original Friedman-Savage utility curve [2] imply that the very poorest 
do not gamble, a thesis supported by Pryor’s discussion [5] of the strong 
empirical evidence for Friedman-Savage utility curves.) 

Even more interesting is an article by Flemming [I], who argues that while 
indivisible goods are exceedingly rare when time is taken into account, a 
similar result can be obtained for the utility of windfalls (e.g., from gambling) 
when the buying and selling prices of durable goods differ. Moreover, 
Flemming provides a number of valuable extensions, discussing the effects 
of time horizons, the possibility of a number of “dents” in the utility function, 
and the implications for cost curves. 

This last point, suggested but not developed by Flemming, is of particular 
interest, ff transactions costs, the prestige associated with (for example) 
a new building, or labor training costs lead to a divergence between the 
buying and selling prices of factors, then a firm would be reluctant to make 
a temporary large change in output. An increase in output would be made 
by using existing factors more intensively until the extra cost from depre¬ 
ciation and overtime was greater than the price divergence involved in 
purchasing more production factors. An unexpected permanent change in 
demand would enable the firm to avoid these inefficient periods just as a 
windfall gain enables an individual to Jump over transactions costs to better 
consumer durables and higher utility. The firm might therefore engage 
in “gambling.” 
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Figure 1 

Figure 1 shows what these cost curves might look like. As Flemming 
explains [1, p. 66] these curves do not have “the normal short-run/long-run 
distinction; first there is nothing temporal about it [the distinction they do 
have], second it does not depend on the existence of one fixed and one 
flexible good in addition to financial assets.” 
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The use of least concave utility functions describing a given concavifiable 
preference relation is suggested for determining the complementary vis-i-vis 
substitute nature of a pair of commodities. 


Let ^ be a preference relation defined on an open convex subset K of 
/?" such that ^ is representable by a twice differentiable concave utility 
function u. The commodities / and J, i y- j, are said to be ALEP comple¬ 
mentary at X if oht{x)lbXi exj > 0. (This definition is due to Auspitz and 
Lieben [2, p. 482], and was adopted by Edgeworth [6, p. 117n] and Pareto 
[11, Chap. rV and Appendix, Sects. 12-13, pp. 505-507]—hence the term 
ALEP definition.) It is well known that this definition was criticized by Allen 
[1, p. 171n], Hicks and Allen [9, p. 60n], and Hicks [8, pp. 42-45] on the 
grounds that the condition o^u{x)lcXi <)Xj is not invariant under monotone 
(increasing) transformations of the utility function u and so is not an intrinsic 
(ordinal) property of the preference ordering >, In fact, this condition is not 
invariant even under the more restricted class of strictly monotone trans¬ 
formations preserving the concavity (or even the strict concavity) of the 
utility function. Quite the other way around: the more concave the utility 
function representing the given preference relation the less apt are / 
and j to be ALEP complementary at x, at least if ^ is monotone (compare 
also [12]). For, let F be a twice-differentiable function of a single variable 
with F'{t) > 0 for all t, and set v(x) ■- F{u{x)). Denoting partial derivatives 
by subindices, we find that 

i;,.,(x) = r(M) [woCv) i --^7|^«,(.Y)i/;(.v)]. (1) 


*This work was partially supported by National Science Foundation Grant SOC- 
7825734 ajt the University of Minnesota, Minneapolis, Minn., and Office of Naval Research 
Grant N()0014-77-C-0518, at Cowles Foundation in Yale University, New Haven, Conn. 
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If i/ is assumed to be sufficiently monotone so as to satisfy Ui{x) 0 for all 
1 : / - , n, then, choosing F^u^x)) sufficiently negative, we can make 

negative even if w,j(.v) ; - 0. 

We have seen thus that in the interesting cases every pair of commodities 
can be made to be ALEP substitutes at any given point x, by a suitable choice 
of a concave utility function. On the other hand, it was proved recently by 
Chipman [3] that ALEP complementarity does affect, in an invariant way, 
the behavior of the demand function (it was observed earlier by Georgeseu- 
Roegen [7] that complementarity influences the shape of the indifference 
curves of >). In view of all this, we are led to consider the class of least con¬ 
cave utility functions for the given preference ordering >. Least concave 
(alias minimally concave) utility functions were introduced by de Finetti 
[5]; their existence was proved by Debreu [4], and several ways of computing 
them were given by the author in [lOj. The concave utility function u{x) 
representing the preference relation > is said to be least concave if every 
concave utility function v{x) representing > is given by <>(.x:) ^ F(u(x)), 
where F is a strictly monotone and concave function of a single variable. 
(Note that least concave utility functions are unique up to translations and 
multiplications by positive constants.) We read off(l) that if a least concave 
utility function « is twice differentiable, if / and j are (ALEP) complementary 
at a certain x when a certain twice-differentiable utility v is considered, and 
if the preference relation ^ is monotone, then w,Xx) must also be positive. 
If, however. w,X.v) < 0, then for no concave utility function (representing ^) 
is it going to happen that Vij{x) : • 0. (Note that the sign of Uij(x) is the same 
for all least concave utility functions representing >.) 

These facts suggest that we consider the sign of the mixed derivatives 
of least concave utility functions (if the latter are sufficiently smooth) in 
defining complementarity, and adopt the following. 

Definition. The commodities / and./, i / ./. are said to be complementary 
at X if Uij{x) > 0 for a least concave utility function u representing the pre¬ 
ference relation > of the consumer, and are said to be substitutes if m,;(x) < 0. 

Remarks, (i) If the least concave utility function is not twice differen¬ 
tiable at X, one could still define i and j to be complementary if 

lim inf [m(.y -|- /je. -j- ke,) -f i/(.v) — w(.v 4 //e,) - m(.v 4 /ce,)]/(/i/f) > 0, (2) 

w,A.’ ’0 

where e; and Cj are the unit vectors in the /th and yth directions, respectively. 
Similarly, i and j are substitutes if 

lim sup [m(x f hci 4 ke,) 4- m(.y) — u(x -4- /le,) — u(x 4 kej)]l{hk) < 0. (3) 

h,k~>0 

If Uij(x) — 0 then i and j are said to be (ALEP) independent. Note that if u 
is not twice differentiable, then it might happen that the lim inf in (2) is 
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negative while the lim sup in (3) is positive. Such a case may be termed 
indeterminate. It is doubtful, however, whether this case is of importance 
in the economic applications. 

(ii) The following example might illustrate the ideas presented here. 
Let K - {(xi, Xg): x, > 0, Xj > OJ and let (xj, .w,) > (ji, if and only 
if x^Xo .I’l V 2 • Commodities 1 and 2 appear to be independent (everywhere) 
if one chooses the separable (concave) utility function Inx, f- Inxj, and 
appear to be substitutes everywhere if the concave utility function — 1 /(XjX^) 
is chosen instead. Considering the least concave utility function (x^Xa)^^*, 
we see that commodities 1 and 2 are indeed complementary everywhere, 
according to the definition suggested here. 

(iii) The argument of this note lends further credibility to the selection 
of least concave utility functions as cardinal utilities (compare [4, 10]). 
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I. Introduction 

Modern Walrasian economics (as presented, for example, in Debreu’s 
“Theory of Value” or Arrow and Hahn’s “General Competitive Analysis”) 
provides an analysis of the decentralized economic coordination problem 
under the hypothesis that prices are publicly quoted and are viewed by 
economic agents as exogenously given. If we regard this as the Hypothesis 
of Perfect Competition, then modern Walrasian economics is a theory of 
perfect competition only in the sense of examining the consequences of the 
Hypothesis but not in that of giving a theoretical explanation of the Hy¬ 
pothesis itself. It is the latter line of enquiry which will interest us here. 

The received body of economic doctrine abounds with theories of perfect 
competition (see Stigler [19]). The 19th-century contributions of Cournot [2] 
and Edgeworth [4] are remarkable cases in point. It was precisely in order 
to explain perfect competition (in terms of the insignificance of individual 
economic agents) that they, respectively, invented the concepts that modern 
game theorists call Noncooperative Equilibrium and the Core. 

Under the impetus of the rediscovery of the Core concept by game theorists, 
Edgeworth’s theory of perfect competition has been subject to extensive and 
rigorous elaboration in the last two decades (see Hildenbrand [9] for a 
presentation of the current state of the theory). Nothing of this sort has 
happened with Cournot’s equilibrium concept. Although his partial- 
equilibrium example is widely known and highly attuned to the ways econom¬ 
ists informally think about competition, it has proven resistant to generaliza¬ 
tion. This situation is beginning to change. In the last few years, several 
papers have laid the groundwork for what we shall call the Noncooperative 
Theory of Perfect Competition (e.g., Gabszewicz and Vial [5], Hart [7], 
Novshek and Sonnenschein [11], Shubik [18], Shapley [17], Dubey and 
Shapley [3], Jaynes et ah [12]), and to them we shall now add the contribu¬ 
tions Jo this Symposium issue of the Journal of Economic Theory. 

The Symposium was conceived as a vehicle for the joint publication of a 
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number of papers already extant. It has not therefore developed from an a 
priori specified research agenda. The papers presented here arc nonetheless 
all related and bear upon one another in diverse and interesting ways. Thus 
it was hoped that a useful service would be provided by bringing them out 
together. 

One could distinguish three progressively more specific senses in which the 
notion of noncooperative equilibrium is understood when applied to the 
analysis of markets. At the first, most general level, noncooperation means 
simply that economic agents cannot rely upon any agreement being binding 
on other agents. A concomitant notion of noncooperative equilibrium follows. 
The second level is associated with noncooperalive game theory. The trading 
process is formalized as a game where economic agents have well-defined 
strategies and trading outcomes depend on those strategies in a precisely 
specified manner. Then a noncooperative equilibrium (sometimes called a 
conjectural equilibrium) is a combination of strategies with the property 
that no agent has an incentive to modify the given conjectures he has on 
the reaction of other agents. The conjectures of primary interest to us are 
the stationary ones, i.e., every agent takes the strategies played by others 
as given. They were used by Cournot and are of great theoretical importance, 
(fn fact, they are the sole meaningful ones in noncooperative game theory.) 
It has been suggested (by Shapley) that a good term for the noneooperative 
equilibrium in this second sense (i.e., when a game is explicit) would be 
strategic equilibrium. At the third level of specificity, it is understood that 
the noncooperative strategies are of the same nature as in Cournot’s own 
work, i.e., quantities demanded or supplied. 

The game theoretic notion of Noncooperative Equilibrium (see Harsanyi 
[6]) is rich in possibilities. In particular, it allows for the explicit analysis of 
cooperation. In a static model the contrast between cooperation and non¬ 
cooperation is sharp. As indicated in the last paragraph, noncooperation 
(resp. cooperation) means that binding agreements are not (resp. are) 
possible. However, in a dynamic situation (an infinite repetition of the static 
model, for example) the distinction is blurred. Dynamic strategies allow for 
actions contingent upon past histories and therefore it may be possible to 
enforce agreements noncooperatively by the use of deterrence strategies. 
Thus, the noncooperative equilibrium of the repeated situation provides a 
useful analytical tool to determine the prevalence of the cooperative or 
noncooperative mode of behavior in the static situation. 

As might be expected, the size of the market relative to individual agents 
will be a key explanatory variable for the tendency of noncooperative 
behavior to approximate perfect competition. Directly or indirectly, every 
paper in the Symposium bears upon this central theme. It could also be argued 
that the number of agents plays an even more fundamental role. Just as 
Walrasian economics demands an explanation of its basic hypothesis and 
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noncooperative theory provides a framework for it, the latter demands an 
explanation of the maintained noncooperative hypothesis. It accords with 
intuition that the number of agents will be a crucial consideration. As 
a research project, this goes well beyond Cournot although, as was 
pointed out in the last paragraph, not necessarily beyond general non- 
cooperative theory. The papers by Green and Radner in the Symposium 
represent a beginning in this direction. 

At least as instructive as the positive theoretical results obtained are the 
new cases of market failures identified in various Symposium contributions 
(e.g., Roberts, Hart, Makowski). Indeed, a familiar characteristic of perfect 
competition research does not fail to appear here: the closer one examines 
the concept of perfect competition the stronger are found to be the conditions 
for its validity. The horizon of perfect-competition prerequisites seems to be 
ever receding. Surely, the central position the concept of perfect competition 
has enjoyed since the 18lh century is not about to falter. But the emphasis 
should be on its centrality as an organizing concept and certainly not as an 
innocuous descriptive category for the real world. 

Almost every paper in the Symposium looks explicitly at perfect competi¬ 
tion as a limit case of imperfect, or monopolistic, competition. Unfortunately, 
a powerful theory of the latter subject is still missing, but perhaps one can 
hope that some of the methods developed in this Symposium will take us a 
step closer. 

A traditional requirement of perfect competition is the “transparency of 
markets,” i.e., some appropriate form of perfect information about market 
conditions. The general tenor of the Symposium papers is to accept this 
requirement without close scrutiny and to embody it at the modeling stage. 
Imperfect information as a source of imperfect competition has been extensi¬ 
vely investigated (Rothschild [16] is still a useful reference). 

The Symposium papers can be classified into three general categories: 

(i) The papers by Green and Radner analyze the noncooperative 
equilibria of repeated games for partial equilibrium models which closely 
resemble Cournot’s original example. Thus, these papers study the robustness 
of Cournot’s result when the choice of cooperation vs noncooperation is 
made endogenous. 

(ii) The papers by Dubey, Dubey, M as-Colell, and Shubik, Gabszewicz 
and Thisse, Hart, Novshek, Novshek and Sonnenschein, and Roberts are 
concerned with static noncooperative equilibria in general equilibrium models 
with large numbers of small agents. 

(iii) The contribution of Ostroy and the two by Makowski seek to 
characterize the domain of validity of the Hypothesis of Perfect Competition 
by a deepening of the complementary notion that monopoly power is absent. 
They provide a noncooperative theory of perfect competition which does not 
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rely on the number of agents in any explicit way and which has its intellectual 
roots more in the marginal productivity theory of distribution than in 
Cournot. In spite, or because, of this their papers interact in subtle and 
pervasive ways with the other contributions to the Symposium. 


2. COOPERAIION VERSUS NONCOOPERATtON 

Suppose that a number N of firms produce a homogeneous good and 
face a given demand function. With the quantity produced as the strategic 
variable, the static cooperative (i.e., cartel) solution involves producing a 
quantity that maximizes the sum of profits, while the noncooperative solution 
is the classical one described by Cournot. Which outcome is more likely 
will depend upon many particulars of the market being studied, but surely 
two relevant circumstances are; (i) the number of firms, and (ii) the coordina¬ 
tion possibilities open to firms. The theory of repeated games provides a 
method for modeling their impact. Indeed, suppose that the market game 
will be repeated M times. Then firm production strategies for the M periods 
are specified in advance and can be made contingent on past histories. Thus, 
a potentially large (depending on M) amount of bargaining moves can be 
embodied in the independent specification of strategies. 

Radner and Green each discuss instances of such repeated market games. 
Of course, there are many differences between their models. A particularly 
important one is that the payoff criterion of Radner is the average profit 
over the M periods, while Green adopts a discounted sum of profits (payoffs), 
the discount rate being positive but perhaps very small. 

In the context of a linear example, Radner examines the following intuition: 
for a fixed number of firms N the larger is M the more numerous are the 
coordination possibilities available and therefore the more stable the cartel 
agreement will be. On the other hand, for a fixed A/ < oo the larger is N the 
more difficult it is to coordinate, and, therefore, the more likely it is that 
noncooperation prevails and that the outcome will resemble the Cournot 
equilibrium which, being N large, will in turn be close to the Walrasian 
Equilibrium. The first thing needed for a rigorous analysis is a solution 
concept. Suppose we were to adopt as such the (perfect) noncooperative 
equilibrium of the repeated game. It turns out then that the first part of the 
intuition is incorrect. Only if A/ = oo can the cartel agreement be non- 
cooperatively enforced. If Af < oo, a familiar backward recursion argument 
yields the conclusion that the only possible equilibrium outcome is the 
repeated sequence of stationary Cournot productions. Thus, the coordination 
possibilities embodied in M come to naught. While the discontinuity at 
Af ~ 00 is rather disconcerting it is not at all clear that it is of economic 
importance since it crucially depends upon individual agents’ sharp percep- 
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tion of a last period. Radner establishes that if we instead adopt as a solution 
concept his notion of c (perfect) noncooperative equilibrium (which he has 
developed in the context of a wider research program), then the discontinuity 
disappears and, in a precise sense, the informal intuition given above holds 
true. 

In Radner’s approach, if A/ oo then the cartel agreement can be enforced, 
whatever the number JV of firms. If we leave aside a subtle point (i.e., the 
issue of perfectness), this enforcement can be accomplished by the adoption 
by firms of the following reprisal strategy: Every firm will produce the cartel 
output as long as all other firms do, but if any deviates, each firm will increase 
production to the Cournot output and maintain it thereafter. 

Green reexamines this conclusion when account is taken of a realistic 
characteristic of markets, namely, the imperfection of information. In parti¬ 
cular: (i) markets are anonymous in the sense that only a summary statistic 
(for example, price) of the firms’ strategies is publicly known, and (ii) markets 
are noi.sy in the sense that demand, at a given price, is random. Green 
exhibits an example where the cartel agreement of an infinitely repeated 
anonymous market is still enforceable for any finite number of firms (if 
there were a continuum of firms, then anonymity suffices for the collapse of 
the cartel). The equilibrium strategies are of the following form: If any 
departure of market prices from cartel prices is observed, then coopera¬ 
tion slops. These are rather farfetched strategies. They require that agents 
have the ability to discern prices perfectly and that they react discontinuously. 
Green proceeds to show that if in addition demand is noisy a different result 
emerges. When the number of firms is large, the noncooperative equilibria 
of the infinitely repeated noisy markets he considers yield production levels 
which are close to the stationary Cournot ones (and are, therefore, almost 
Walrasian). Strictly speaking, this result is established for noncooperative 
equilibria with stationary strategies, but it seems plausible that the result is 
true more generally. Also, discounting is important here. If, as in Radner, 
the payoff criterion were the long range average profit, then it would appear 
that the cartel outcome would be enforceable even with noise. 


3. Noncooperative Equilibria in Economies 
WITH a Large Number of Agents 

Consider a noncooperative game superimposed upon a given market 
economy. If the game is intended to model market transactions, then it 
should be expected that, with a relatively small number of economic agents 
(consumers and firms), the Walrasian solution will not generally emerge as a 
noncooperative equilibrium of the game. Indeed, at such solutions agents 
will have incentives to exploit monopoly power. Even more, if a non- 
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cooperative equilibrium exists, we will not expect it to be Pareto Optimal 
at all. In order to properly relate a specific noncooperative theory to Walrasian 
economics and the Hypothesis of Perfect Competition, we should ask if the 
noncooperative equilibria are Walrasian (or almost so), and therefore Pareto 
Optimal, when agents have no monopoly power. If this is not the case then 
we have a market failure (which, for reasons to be made clear later on, we 
shall designate Type 1). A classical embodiment of the notion that monopoly 
power is absent is the hypothesis that individual agents are negligible or, more 
specifically, that a very large number of them, in the limit of a continuum, 
are present in the marketplace. 

Two broad lines can be distinguished in the current research in Cournotian 
general equilibrium theory: 

(i) the first, inagurated by the quantity setting model of Shubik [18] 
(see also Shapley [17], Jaynes, Okuno and Schmeidler [12], and Dubey 
and Shapley [3]), emphasizes trade and treats all agents (buyers or sellers) 
symmetrically. In this Symposium it is represented by the Dubey et al. [20] 
and Dubey [21] papers. 

(ii) the second, inagurated by the quantity setting model of Gabszewicz 
and Vial [5], stays closer to Cournot’s original partial-equilibrium example. It 
maintains the distinction between firms and consumers and views the non- 
cooperative game as being played among firms, the consumers adapting 
passively (i.e., as price takers) along an endogenously determined demand 
curve. The papers of Hart, Gabszewicz and Thisse, Novshek and Sonnen- 
schein, Novshek, and Roberts fall broadly into this category. The models 
of Hart, Roberts, and Novshek and Sonnenschein have quantities as strate¬ 
gies while the model of Gabszewicz and Thisse has prices and that of Novshek 
has location and prices. 

The approach taken in the Dubey et al. [20] paper is axiomatic and it 
is developed primarily within the framework of a continuum of agents. 
It deals with a class of abstractly given market allocation mechanisms which 
satisfy a number of axioms (convexity of the strategy set, anonymity, aggrega¬ 
tion of strategies, continuity of payoffs) intended to be characteristic of well¬ 
functioning markets. The conclusion can be phrased as asserting that, under 
the axioms, every noncooperative equilibrium is Walrasian relative to the set 
of “open” markets, where “open” means that, as far as the market is con¬ 
cerned, it is possible for individual agents to change slightly their trade. This 
set of open markets is endogenously determined. In fact, in some of the 
prototypical examples, the set of open and active (i.e., those where trans¬ 
actions take place) markets coincide, and it is possible (for somewhat 
degenerate reasons) to obtain equilibria for any a priori specification of non¬ 
active markets. Thus, in those examples market failure (of Type I) is not 
only possible but even typical. 
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It is also shown in the Dubey et al [20] paper that (under the axioms), 
the noncooperative equilibria (with all markets open) of market games 
with a finite number of agents may fail to be Pareto Optimal for some 
specification of agents’ characteristics. One may feel that it should be possible 
to go much further, i.e., to assert that except for coincidental cases, they 
never will be Pareto Optimal. This is accomplished in Dubey’s paper for a 
particular quantity-setting example. But note that the issue is more subtle 
than it appears at first sight. Indeed, the incentive compatibility literature 
(see the recent Review of Economic Studies [13] Symposium) has taught us 
that it is possible to design mechanisms yielding Pareto Optimal noncoopera¬ 
tive equilibria. In essence, Dubey establishes that, if to the axioms we add a 
key dimensionality condition on the set of strategies, then generic Pareto 
inefficiency obtains. 

The Symposium contribution of Novshek and Sonnenschein is a continuing 
step in the research initiated in their previous paper [II]. Here they work out 
the Walrasian Equilibrium Theory and the Welfare-theoretic propositions 
of the limit continuum model whose finite number of traders approximations 
are the basic models of their noncooperative theory. The economy they con¬ 
sider has a continuum of firms, each with bounded (but “nonzero”) non¬ 
convexities in their production sets (i.e., relatively small efficiency scale). 
From the Novshek-Sonnenschein point of view, small nonzero efficiency 
scale is the cornerstone of the theory of perfect competition. They pay special 
attention to the existence problem and to the two fundamental propositions 
of Welfare economics. They emphasize that the validity of the second (on 
the sustainability of Pareto Optimal states as equilibria, modulo an appropri¬ 
ate redistribution of wealth) is not affected by the presence of externalities 
and is therefore unrelated to the convexity or not of the aggregate production 
set (individual production sets are always nonconvex but because the non¬ 
convexities are bounded and there is a continuum of firms, the aggregate 
production set will be nonconvex only if externalities are present). A complete 
perspective of the status of the two fundamental propositions in the Novshek 
and Sonnenschein noncooperative theory of competition will be obtained by 
combining the results of this paper (on the relation between Pareto Optimality 
and Walrasian Equilibrium) with the conclusions of the earlier one (on the 
relation between Walrasian Equilibrium and Noncooperative Equilibrium). 

The papers by Hart and Roberts can be regarded as studies in market 
failure for related quantity setting models. Suppose there is a finite number of 
firms and a consumption sector. The actions or strategies of a firm consist 
in choosing a feasible input-output vector. Equilibrium prices are determined 
so that the aggregate input-output vector is absorbed by consumers acting 
as price takers (there is a well-defined profit distribution rule). For matters 
to be well defined, there should be available a priori a selection from the 
correspondence which assigns equilibrium prices to aggregate input-output 
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vectors. Once actions have been taken, the profits of firms are determined. 
Under the hypothesis that firms are aware of the dependence of price on 
actions and that they maximize profits (see Hart [8] for a justification in a 
similar model) we have a notion of noncooperative equilibrium and we can 
analyze its properties. It is then relevant to ask if there is an absence of 
(Type I) market failure, i.e., if the noncooperative equilibria tend to become 
Walrasian as the size of the economy relative to individual firms increases. 
The technique used by Hart and Roberts to expand the economy is replication 
of the number of firms and consumers without limit. 

Roberts proves that there will not be market failure if (under other standard 
conditions) the price equilibrium selected depends continuously on the 
(mean) aggregate input-output vector (Gabszewicz and Vial [5] and Novshek 
and Sonnenschein [11] also have results of this type). He exhibits examples 
where price discontinuity leads to market failure. It is possible to give an 
intuitive Ju.stification of his conclu.sions. Absence of market failure is tant¬ 
amount to every agent (firms as well as consumers) becoming a price taker as 
the size of the economy increases. Now, it is reasonably clear that this will 
happen if individual production sets are suitably bounded and prices depend 
continuously on the mean aggregate input-output vector. On the contrary, at 
a discontinuity point of the price function it is very likely that the isoprofit 
surfaces of individual firms will not become hyperplanes and so the economy 
may remain stable at one such point even if it is very far from being Walrasian. 
This is a significant case of market failure because the price continuity 
hypothesis is by no means a mild one. It essentially imposes two strong 
requirements; (i) a price equilibrium exists for every feasible aggregate 
input-output vector, (ii) it is unique. 

An important instance of this variety of market failure appears in the 
paper by Hart. He shows that, unless we resort to economically quite strong 
smoothness and convexity hypotheses (which imply a form of substitutability 
among commodities), it is possible that no continuous selection of equilibrium 
prices exists at points with zero production of several goods (the existence 
of such a selection is an implication of his Simultaneous Reservation Price 
Property). For example, homogeneous production and utility functions which 
are not linear have discontinuous gradients at the origin. The economically 
significant reason for this lack of continuity is the presence of complementari¬ 
ties. Thus, think of goods that should be consumed (or used as inputs) in 
fixed proportions or, more generally, of goods which are indispen.sable in the 
sense that a positive amount is required in order get any output (or utility). 
The consequences are quite damaging. For example, if there are several 
indispensable goods, there is no hope of guaranteeing an efficient outcome 
in a completely decentralized manner, since any of them, produced alone, 
will command a zero price. Matters should be so coordinated that all goods 
are produced at once. Otherwise, it may well happen that the economy gets 
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locked up ill a situation with the “wrong” set of active markets. (Interestingly, 
the market failures in the Dubey et al. [20] examples are also of this 
sort but (he failure here is less degenerate.) Hart discusses a number of 
instructive and quite unsuspected examples. It should be emphasized that 
these market failures do not arise because of divergence of private and social 
incentives. In Hart's model, the cost-benefit analysis associated with a 
sinf’lv firm is (asymptotically) identical whether we take the private or the 
social point of view. 

The message of Hart's paper is to emphasize a crucial qualitative difference 
between iictive and nonactive markets which does not come through in 
conventional Walrasian economics. What wc have called the Hypothesis of 
Perfect C'ompctition has two parts: price quoting and price taking. For active 
markets prices are embodied in transactions and so, there is no particular 
mystery about their origins. But for nonactive markets, Walrasian prices 
are more in the nature of a theoretical construct. It is indeed a very strong 
hypothesis to postulate that prices are universally quoted even for nonactive 
markets. It implies, for example, that every agent is perfectly informed about 
the set of possible commodities. If, as Hart does, we take the limited point 
of view that quoted prices are available only in active markets, then the 
sort of decentralized coordination that Walrasian prices are supposed to 
achieve will come about only if the theoretical clearing prices are well 
approximated by the prices obtained in a decentralized manner. Or, in other 
words, only if the Simultaneous Reservation Price Property (i.e., the possibility 
of continuous extension of the price function to multiple zero-production 
levels) holds. Otherwise, the usual Walrasian picture may be quite misleading. 
The Invisible Hand may have to work hard and coordinate extensively if the 
right set of commodities is to be made available. It is interesting to observe 
how entirely parallel are Hart’s conclusions to the ones obtained by Makowski 
in his Symposium paper on innovation, itself based on a different approach 
to perfect competition. 

Up to now, market failure has meant that noncooperative equilibrium 
does not yield full Walrasian equilibrium. There is a second type (Type II) of 
market failure, namely, when a Walrasian equilibrium of a limit continuum 
economy fails to be the limit of a sequence of noncooperative equilibria for 
approximating .sequences of economies with a finite number of agents (or, 
more generally, when a Walrasian equilibrium is not a noncooperative 
equilibrium in some appropriate sense). The interpretation of such failure is 
clear: that particular Walrasian equilibrium should not properly be regarded 
as a decentralized equilibrium. 

Type II market failures are also studied by Roberts. LTnder smoothness 
and convexity hypotheses on preferences and production sets, he is able to 
rule them out for Walrasian equilibria which are regular in a strong sense. 
By regular he means that some relevant Jacobian determinants do not vanish. 
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A crucial implication of regularity is the existence of a locally continuous 
price equilibrium selection function (a property which was already exploited 
with a similar objective in Roberts and Postlewaite [14]). In the context of 
his model, the standard result in the theory of regular economies holds, i.e., 
regular economies are generic (in other words, nonregularity corresponds to 
pathology). This is a satisfactory and reasonably general result. It would be 
hasty, however, to dismiss the significance of Type II failures. There are 
important directions in which Roberts result does not extend. Suppose there 
are some purely intermediate goods. Then, market failure seems to occur 
generically. Indeed, if demand equals supply it will always pay for a demander 
of the intermediate good to understate his demand slightly, thus creating 
excess supply and bringing the price to zero. Note that no locally continuous 
selection of equilibrium prices exists in this case. In fact, the presence of 
purely intermediate goods seems to present an as yet untackled modeling 
problem. In another direction Novshek and Sonnenschein [11] have estab¬ 
lished that in the presence of setup cost (even if very small), the availability 
of a locally continuous selection of equilibrium prices does not even generical¬ 
ly suffice to rule out Type II failures. One also needs a multidimensional 
analog of the downward sloping demand curve condition. 

As formulated in the previous paragraph, the absence of Type II failure 
implies the existence of noncooperative equilibria for all large number of 
agents’ economies near the considered limit. It is, of course, well known that 
existence (i.e., consistency) failures are a major difficulty for the use of the 
noncooperative equilibrium concept in the analysis of market situations 
with a fixed finite number of traders (see, for example, Roberts and Sonnen¬ 
schein [15]). The results of Roberts and Novshek and Sonnenschein [II] 
indicate that the problem becomes more tractable as the economy nears 
its continuum limit, but even then it is quite subtle. Thus it may be worthwhile 
to explore the usefulness of approximate noncooperative equilibrium concepts 
(the plural is important—there is more than one and which one is picked may 
make a difference). A beginning in this direction is to be found in Hart’s 
paper. This may be a good point to remark that the existence question also 
obscures somewhat the analysis of Type I failures. Indeed, a given model 
may be “free” of them simply because the noncooperative equilibria fail to 
exist! 

The paper by Novshek carries out a careful and penetrating analysis of a 
prototypical simple differentiated commodity model in the hereditary line of 
Hotelling [10]. No useful service would be performed here by a detailed 
description of the model and results. The Abstract and first pages of his 
paper are quite self-explanatory. It should be emphasized however that it 
contains a full treatment of the existence question (so, narrowing down the 
analysis to a simple, but still rich, model pays off in this case) and that a 
number of interesting and instructive points arise: (i) in order to get existence 
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of noncooperative equilibrium (in location and price strategies) the Cournot 
stationary conjectures must be modified in a most sensible way, firms will 
no longer expect others to remain put if an effect of their strategies is to take 
away all the demand of a competitor; (ii) with no set-up cost for firms (and, 
of course, a number of other assumptions) a suitably defined noncooperative 
equilibrium will exist; (iii) with .setup costs and the possibility of exit and 
entry there may be no equilibrium, but if the setup cost is small and an 
unlimited number of firms ean, in principle, enter, then a noncooperative 
equilibrium will exist and, moreover, will closely approximate the Walrasian 
equilibrium. The Novshek and Sonnensehein [11] paper provides a far 
reaching generalization of this latter feature. 

In their contribution GabszewiczandThisse analyze a numerically specified 
example of price (rather than quantity) competition among firms offering 
a spectrum of differentiated products. In the example there are two free 
parameters: the number of firms and the degree of substitutability between 
commodities. Roughly described, the result states that, for a fixed degree 
of substitutability, the noncooperative equilibrium approaches the Walrasian 
equilibrium as the number of (potential) firms increases. But this also happens 
if the number of firms stays fixed (but is larger than one) and the degree 
of substitutability increases. Of course, this is in line with Bertrand’s classic 
^ counterexample [I], showing that if strategies are prices, then the perfectly 
competitive duopoly is a possible noncooperative outcome. Does this mean 
that the role of the number of agents as a fundamental explanatory variable 
of perfect competition is limited to quantity setting models? The answer is no 
to the extent that the number of agents may explain the prevalence of non¬ 
cooperation over cooperation. 

A final but basic observation is that, ideally, the choice of strategy space 
(price, quantities, supply functions,...) or conjectures should not be exo¬ 
genously given but should be determined from economic considerations. 
This appears to be a wide open field of research. Intuitively, it seems clear 
that factors such as the timing and the irreversibility of decisions regarding 
H location, choice of technique, or scale of production are relevant as is, more 
generally, any factor which affects the strategic precommitment possibilities 
of firms. It may be that a static timeless approach is too limited for this 
analysis and that a multistage specification is required if conceptual fuzziness 
y is to be avoided. 

it' 

^ 4. Perfect Competition as the Absence of Monopoly Power 

1^ Until now the emphasis has been on justifying the Perfect Competition 
Hypothesis. The contributions of Ostroy and Makowski can be viewed as 
analyses of its inner structure. Ostroy’s paper concentrates on the exchange 
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case, while the first by Makowski extends the theory to a production, firm- 
oriented setting. 

0.stroy and Makowski both begin by defining a Walrasian equilibrium as 
perfectly competitive if agents are justified in treating prices as given in the 
specific .sense that the Walrasian prices are .still equilibrium prices if the 
individual agent is dropped from the economy. This test is devised to capture 
the notion of individual agents facing an infinitely elastic demand curve and 
therefore enjoying no monopoly power. Observe that, under the standard 
general equilibrium hypotheses on preferences and production sets, perfectly 
competitive Walrasian allocations have these two properties: (i) they are 
Pareto Optimal or, in their words, every consumer obtains maximum utility 
given the utility level of the other consumers, (ii) every group formed by all 
agents but one is able to protect their utility levels in the sense that no loss of 
utility need occur for any remaining agent as a result of dropping a single 
agent from the economy. In other words, at the given allocation no single 
agent can possibly succeed in bargaining for a higher level of utility with the 
rest of the economy since he has already succeeded in extracting all “surplus” 
accruing to the other agents as a result of his participation in trade. Oslroy 
defines allocations satisfying properties (i) and (ii) as no-surplus allocations 
and proves a simple but basic result, namely that an allocation is a no-surplus 
one if and only if it is Walrasian and perfectly competitive. Thus, a price-free 
characterization of the latter concept is obtained. 

Ostroy’s theory provides a general equilibrium and purely ordinal extension 
of the classical characterization of competitive equilibrium in terms of 
“marginal productivities.” Indeed, an allocation is perfectly competitive 
(i.e., no-surplus) if and only if every agent receives exactly its “marginal 
contribution.” It might also be pointed out that there are interesting relation¬ 
ships between the no-surplus concept and some of the cooperative game 
theoretic notions that have been used to analyze perfect competition (i.e.. 
Core, Shapley Value). But the theory remains very definitively a non- 
cooperative one. It is a basic hypothesis that every agent bargains for surplus 
in isolation and that no collusion for that purpose is possible. The idea of a 
no-surplus equilibrium does not require the explicit structure of a game for its 
formulation. Nevertheless, it makes some sense to say that the idea is not 
based on stationary conjectures. Rather the contrary, every agent expects 
that the rest of the economy can and will, as a group, do everything possible 
to protect their levels of utility. 

In his first paper Makowski shows that this no-surplus theory includes a 
theory of profits. Indeed, he sets up a model of individual production where 
the role of agents as producers (i.e., entrepreneurs) and consumers can be 
separated, and he proves that, in a precise sense, at a perfectly competitive 
outcome, profits measure the entrepreneurial contribution to “total surplus.” 
Thus, for example, zero profit is equivalent to the redundancy of the entre- 
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preneur. One of the contributions of his second paper is an extension of the 
theory to the joint ownership case. It takes this form; At a perfectly competi¬ 
tive equilibrium, (i) every owner of the firm agrees on the profit maximization 
criterion, and (ii) profits measure the surplus contributed by the firm. 

It is possible for no-surplus allocations to exist for economies with a finite 
number of agents. For example, if the initial endowments allocation is 
Pareto Optimal it is also no-surplus (and, one might add, there are no gains 
from trade). As another instance, presented by Makowski, suppose that 
at the Walrasian Equilibrium every active firm has an inactive double. Then 
firms have no surplus to extract and are, therefore, perfect competitors 
(thus, in a market with two identical firms and constant average cost no-sur- 
plus theory agrees with the Bertrand solution). But such situations are rare. 
Typically, if there is only a finite number of agents, no surplus allocations 
will fail to exist, a reflection of the all-pervasive presence of at least some 
extent of monopoly power. In contrast, it accords with general intuition 
that in a continuum of agents situation monopoly power vanishes and we 
should expect Walrasian allocations to be no-surplus ones. Thus, consider 
the exchange case and assume all the necessary differentiability. Then prices 
represent precisely the welfare contribution of the marginal unit of commodi¬ 
ties brought and sold, but if individual agents are infinitesimally small, all 
their transactions take place at the infinitesimal margin, and so, they contri¬ 
bute no surplus. Ostroy investigates this issue rigorously in the context of a 
replicated economy. There it takes the form of determining the conditions 
under which the Walrasian allocations will become approximately no-surplus 
as the number of agents increases (i.e., asymptotically no-surplus). He 
shows that the key condition is the existence of a unique (normalized) 
vector of efficiency prices for the given Walrasian allocation. This is a very 
weak condition since it can be violated only with extreme forms of (what 
else?) complementarities. If these are present, then Walrasian allocations 
may not be asymptotically no-surplus (i.e., we have a kind of Type II failure). 
Examples can be found in Ostroy’s paper. 

The second paper by Makowski, which is also firm oriented, explores the 
ramifications of a sensible ammcndation to the perfect-competition concept 
as it has been discussed so far. The latter captures well the notion of agents 
not being able to influence prices. But it says nothing about prices quotation. 
As Hart does in his paper, Makowski hypothesizes that prices are quoted 
only in active markets. Therefore, when a firm is considered unable to 
influence prices, this is in reference only to prices that would be quoted at 
the feasible production plans of the firm or, for short, the prices “faced” 
by the firm. Note that, since they are unobservable, nothing is said here 
about the possibility to affect prices faced by other firms. Thus, as Makowski 
notes,'a type of pecunary externality is compatible with perfect competition. 

For Makowski, an allocation is perfectly competitive if: (i) there are prices 
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for marketed commodities which put the consumers in price taking equilib¬ 
rium, (ii) firms cannot influence the prices they face. The precise definition 
of this is analogous to Ostroy’s and to the first Makowski paper. Essentially, 
the economy can do as well without the particular firm and at the same prices. 
Makowski is able to show that, in a precise sense, profits, at a perfectly 
competitive allocation, measure the contribution to social welfare of the 
particular firm, firms profit maximize and there is unanimity among joint 
owners on the profit motive. 

Perfect competition in the sense of Makowski provides a theory of innova¬ 
tion and endogenous determination of marketed commodities. Indeed, 
finding the “right” set of commodities becomes a real issue. In particular, 
complementarities (Makowski emphasizes the ones connected with chains of 
intermediate products) may lead to inefficient perfectly competitive equilibria 
where there is no private or social incentive (remember that here they coin¬ 
cide) for any single firm to change its production plan (offering a new 
product, for example). The analytical conclusions are entirely analogous to 
Hart’s. In fact, Makowski’s model, which is more general, provides a useful 
perspective on Hart’s analysis. The role of a large number of agents in the 
latter is simply to make the noncooperative equilibrium approximately 
perfectly competitive in the sense of the former. 
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In a game of a finite number of repetitions of a Cournot-type mode] of an 
industry, if firms are satisfied to get close to (but not necessarily achieve) their 
optimal responses to other firms’ sequential strategics, then in the resulting non- 
cooperative “equilibria" of the sequential market game, (1) if the lifetime of the 
industry is large compared to the number of firms, there are equilibria correspond¬ 
ing to any given duration of the cartel, whereas (2) if the number of firms is large 
compared to the industry’s lifetime, all equilibria will be close (in some sense) 
to the competitive equilibrium. 


1. Introduction 

In 1838 Augustin Cournot introduced his model of market equilibrium, 
which has become known in modern game theory as a noncooperative (or 
Nash) equilibrium [1]. Cournot’s model was intended to describe an in¬ 
dustry with a fixed number of firms with convex cost functions, producing a 
homogeneous product, in which each firm’s action was to choose an output 
(or rate of output), and in which the market price was determined by the 
total industry output and the market demand function. A Cournot -Nash 
equilibrium is a combination of outputs, one for each firm, such that no 
firm can increase its profit by changing its output alone. 

Cournot thought of his model as describing “competition” among firms; 
this corresponds to what we call today the “noncooperative” character of the 
equilibrium. He showed that, if the number of firms is regarded as a parameter 
of the market, a larger number of firms would lead to a larger industry output 
and a lower price (in equilibrium), and that as the number of firms increased 
without limit, the corresponding equilibria would converge to the situation 
he called “unlimited competition,” in which marginal cost equaled price. 

If there are at least two firms, then they can make more profit than in the 
Cournot-Nash equilibrium (CNE) by forming a cartel in which the total 
industry output is chosen to maximize total industry profit, and this profit 
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is shared equally among the firms. This corresponds to what would be 
called a cooperative solution of the game. 

What determines whether there will be a cooperative rather than a non- 
cooperative outcome in the market situation ? If the market situation were 
repeated a number of periods, then, even in the absence of some institution 
(such as regulation) to enforce cooperation, it would seem that the firms 
would have opportunities to signal their willingness to cooperate. Further¬ 
more, the larger the number of periods, the greater would be the relative 
loss due to defection from the cartel and a reversion to the CNE outputs 
and profits. On the other hand, the larger the number of firms, the greater 
would be the difficulty of holding the cartel together, at least according to 
conventional wisdom. 

If the market situation is repeated, say T times, then this gives rise to a 
game in which the strategies available to the players (firms) are sequential. A 
sequential strategy is a sequence of functions, one for each period, each of 
which determines the output in that period as a function of the outputs of all 
firms in the previous periods. One can show that every perfect Cournot-Nash 
equilibrium of the T-period game results in each firm producing its one- 
period CNE output in each period.' (For this result, one assumes that each 
firm’s objective is to maximize its average, or total discounted, profit over 
the T periods.) 1 should emphasize that this property of T-period perfect 
CNE’s is satisfied for any finite T, no matter how large. On the other hand, 
one can show that if T is infinite, and each firm’s objective is to maximize 
its long-run-average profit, then there is a perfect CNE of the (infinite- 
period) game that results in indefinite survival of the cartel.’' The result for 
infinite T goes part of the way towards confirming our intuition about the 
determinants of cooperation, but has the un.satisfactory feature that the 
infinite case is not well approximated by the case of large but finite T. 
.Another unsatisfactory feature of the result is that it holds for any number 
of firms, no matter how large. 

In this paper 1 explore the consequences of weakening the strict rationality 
of the Cournot- Nash equilibrium concept, so that each player is satisfied 
to get close to (but not necessarily achieve) his best response to the other 
players’ strategies. Formally, an epsilon-equilibrium is a combination of 
strategies, one for each player, such that each player’s strategy is within 
epsilon in utility (e.g., average profit) of the maximum possible against the 
other players’ strategies. 1 shall show that, for any fixed positive epsilon, 

' A perfect equilibrium of a sequential game is defined in Section 3. As will be seen 
there, the restriction that the equilibrium be perfect excludes equilibria based on un¬ 
convincing threats. The statement in the text is no longer correct if one eliminates the 
condition that equilibria be perfect. 

‘ Thi^ is a special case of a more general theorem on perfect equilibria of infinite super- 
games, due to Aumann and Shapley (unpublished) and Rubinstein [5, 6]. 
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any given number of firms, and any integer k, there is an integer such 
that, for all T exceeding To, there is a perfect epsilon-equilibrium of the 
r-pcriod game in which the cartel lasts exactly k periods. In choosing To , 
it is sufficient to make (To — k) larger than some number that depends on 
epsilon and the number of firms. In particular, one can (approximately) 
achieve any desired fraction, kj'T, by taking T large enough. 

The effect on perfect epsilon-equilibria qf varying the number of firms 
depends on the relationship between the industry demand function and 
the number of firms. (The latter is a parameter of the game.) Suppose first 
that, as we compare markets with different numbers of firms, the demand 
price is the same function of the average industry output per firm', call this 
the replication case. This would be the situation that would obtain if, when 
we doubled the number of firms, we also duplicated the population of con¬ 
sumers. In the replication case, one can show that, for every fixed positive 
epsilon and T, as the number of firms increases without limit all perfect 
epsilon-equilibria approach competitive equilibrium (Cournot’s “unlimited 
competition") in the following sense. For every positive e, T, and JV(>1), 
there is a number B(e, T, N) such that, in every perfect c-equilibrium of the 
T-period game, each firm’s output and total industry output at each date 
are all within B(e, T, N) of their corresponding one-period CNE values. 
The bounds fl(e, T, N) can be chosen so that, (1) for every e and T, the ratios 
B(€, T, are uniformly bounded in N, and (2) for every T and N, 

B(e, T, N) approaches zero as c approaches zero. One can further show 
that, for fixed e and T, as N increases without limit, at every date (1) average 
output per firm approaches the competitive equilibrium output per firm, 
(2) market price approaches marginal cost, and (3) every firm’s relative 
share of total industry output approaches zero. Finally, under the same 
conditions, the difference between each firm’s profit and its one-period CNE 
profit is uniformly bounded in N, and approaches zero as € approaches 
zero. 

Leaving the replication case, suppose now that the industry demand func¬ 
tion is fixed as we compare markets with different numbers of firms; call this 
the fixed-demand case. In this case, one can show that, for any fixed number 
of periods, T, there is a number B (depending on epsilon and T) such that, 
in all perfect epsilon-equilibria of the r-period game, the outputs and profits 
of all firms, total industry output and profit, and market price are all within 
B of their corresponding one-period CNE values, uniformly in the number 
of firms. Furthermore, the bound B tends to zero as epsilon tends to zero, 
with T fixed. This implies that, in the fixed-demand case, for any fixed 
number of periods and small epsilon, all perfect epsilon-equilibria are 
“close” to competitive equilibrium in terms of outputs, profits, and prices, 
for a sufficiently large number of firms. 

Note that the effect of increasing the number of firms on reducing the 
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possibilities for cooperation is observed in the replication case, but not in the 
fixed-demand case. In both cases, reducing epsilon reduces the possibilities 
for cooperation (i.c., keeps all perfect epsilon-equilibria closer to the CNE), 
and increasing the number of firms brings the CNE closer, of course, to the 
competitive equilibrium. Thus, for the replication case, one can paraphrase 
the results of this paper as follows: if firms are satisfied to get close to (but 
not necessarily achieve) their optimal responses to other firms’ strategies, 
then in the resulting noncooperative “equilibria” of the sequential market 
game, (1) if the lifetime of the industry is large compared to the number of 
firms, there are equilibria corresponding to any given duration of the cartel, 
whereas (2) if the number of firms is large compared to the lifetime of the 
industry, all equilibria will be close (in some sense) to the competitive 
equilibrium. 

Although the replication case is the one of central interest here, 1 shall use 
the fixed demand case (Section 5) as a stepping-stone in the analysis of the 
replication ca.se (Section 6). 

As will be seen below, several alternative definitions of perfect epsilon- 
equilibria may be reasonably considered. 1 shall begin the analysis with the 
simplest one (Section 4). A more satisfactory definition, is introduced in 
Section 7. An important behavioral implication of this second definition 
is that cooperation will tend to break down as the industry approaches the 
horizon T. In Section 8, 1 discuss some alternative interpretations of epsilon. 

The entire analysis in the present paper is carried out only for a special 
model, in which the market demand function is linear, and all firms have the 
same linear homogeneous cost function (average and marginal costs are equal 
and constant). However, the analysis can be extended easily to the case in 
which each firm has a fixed (setup) cost of production, and in which there is 
free entry. In this case, the number of firms in the industry is endogenous.® 
This extension will be discussed in a forthcoming paper. 


2. The One-Period Cournot Game 

Consider an industry producing a single homogeneous product, with N 
firms. The cost to a single firm of producing a quantity Q is yQ. If firm j 
produces quantity Qj , the market-clearing price P is determined by the 
industry demand function 

( 2 . 1 ) 

j=i 


’ For this situation, Cournot-Nash equilibria in the one-period game have been studied 
by Novshek [2] and by Novshek and Sonnenschein [3]. 
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if this is positive; otherwise it is zero. The profit to firm i is therefore 


PQ, - yQi PI (?>) e, - yQ, 

- - y - ^ I Q,) Qi - PQ,^. 

j/i 

Assume that ^ y, and define 

Qi Qi , 8 r ^ (X — y; (2.2) 

then firm /’s profit can be expressed as 

piQ^, Qd (S - PQd Qi - PQi^. (2.3) 

Equations (2) and (3) define a game with N players, in which the pure strategy 
of player / is a nonnegative number Qj, and his utility is p(Qi , Q'^. 

It is easily verified that, given Q'^, the Qi that maximizes I’s profit is 

if this is nonnegative, 
otherwise. (2.4) 


^-IQL 

r(Qd 2 ^’ 

0 , 


1 shall call r{Qi) firm <'s best response io Q'i. If the best response is positive, 
firm j’s corresponding maximum profit is 


gm 


(s - 

4^ ’ 


(2.5) 


otherwise it is zero. A Cournot-Nash equilibrium (CNE) is an A'-tuple (0,) of 
outputs such that, for each /', Qf is the best response to Qj. In other 
words, a CN E is a solution (Qi) of 


/•(l Qt) - Qi^ /V. 


It is easily verified that the unique CNE is given by 


Qi Qs 


(N+\)P’ 


i - 1,..., N, 


( 2 . 6 ) 


and the corresponding CNE profit per firm is 

piN + ly ’ 


(2.7) 
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Note that the total industry CNE output is 

N8 

{N+l)r 

and the total industry CNE profit is 


(N+ \Yp- 


( 2 . 8 ) 


(2.9) 


Therefore, as N increases without bound, total CNE industry output ap¬ 
proaches S/^, total industry CNE profit approaches zero, and CNE price 
approaches a — 8 y (i.e., marginal cost), all of which conditions charac¬ 
terize a competitive equilibrium. 

If the industry acts as a cartel to maximize total industry profit then the 
cartel output is (S/2j9), and the corresponding cartel profit is (S®/4j3). If the 
cartel output and profit were divided equally among the firms, then the 
corresponding cartel output per firm would be 


Q 



and the cartel profit per firm would be 


8 ^_ 

4pN' 


( 2 . 10 ) 


( 2 . 11 ) 


Note that if N > 1, then the cartel profit per firm is strictly greater than the 
CNE profit per firm, so that (from the point of view of the firms) the CNE is 
not Pareto optimal. 

If the capacities of the firms are sufficiently large, then no coalition of 
fewer than N firms can guarantee itself more than a zero profit. That is to say, 
for any output of the coalition, there is an output of the other firms such that 
the coalition’s profit is not greater than zero. Hence in this case, the core is 
the set of all nonnegative allocations of the cartel profit among the firms.^ 
Given the symmetry among the firms, the equal division of the cartel profits 
is a “reasonable” target for cooperation, and in any case is the one to which 
attention will be given in this paper. 

In what follows, I shall simplify the formulas by taking j3 1 and S -- 1, 
unless notice is given to the contrary. This normalization will not entail any 
essential loss of generality. 

* For a characterization of the core with arbitrary capacities, see Radncr [4], 
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3. The Several-Period Cournot Game 

Consider now a sequential, T-period, game in which the one-period game is 
repeated T times (T finite). The resulting utility to a firm is assumed to be the 
average of the T one-period profits. Let Qu denote the output of firm / at 
date t(l 'C. t < T), i.e., during the /th one-period game. A pure strategy for 
firm / is a sequence of functions, or,-,, one for each date t; the function for 
date t determines /’s output at t as a function of the outputs of all firms at all 
previous dates. A Cournot-Nash equilibrium of the T-period game is a 
combination of strategies, one for each firm, such that each firm’s strategy 
is a best response to the combination of the other firms’ strategies. 

The concept of perfect equilibrium of the T-period game has been intro¬ 
duced by Selten (1975) to rule out equilibria in which players use threats that 
are not credible. For every data /, let Hi denote the history of all the firms’ 
outputs through /, i.e., the array of outputs Qu, , / - - I,..., N, k ■■= 1,..., t. 
For any sequential strategy o-, for firm /, any date t and any history //j_i 
let cr,[/, Ht_i] denote the continuation of from date t on, given the history 
1 . A strategy combination (o-,) is a perfect CNE if, for every date t and 
history //f_i, the strategy combination //<.,]) is a CNE of the sequential 
game corresponding to the remaining dates t,..., T. Note that in the definition 
of a perfect CNE one must test, for each r, whether the combination of 
continuations is a CNE for all possible histories , not just the history 
that would be produced by the strategy combination ((?<). 

It is easy to verify that in every perfect CNE of the T-period game, each 
firm produces output Q* at each date, where (7* is given by (2.6). This can be 
seen by “working backwards,” since at the end of period t the firms face a 
(T — /)* period game. The resulting utility to each firm is, from (2.7), 
1/(A 4- 1)^ (Recall that /3 r. 8 = 1.) 

On the other hand, if each firm were to produce its cartel output Q at 
each date (see (2.10)), then the resulting utility to each player would be 
1 14N. Since there are several periods, the firms have the opportunity to react 
differently to cooperative and noncooperative moves by the other firms. 
For example, consider the following strategy: firm i produces output Q in 
each period as long as every other firm has been doing the same; thereafter 
firm i produces Q* in each period. Call this strategy Cr • Formally, define 
Di as follows: 

— 00 , if Qjt - Q for all t and all j ^ i, 

Di ' (3.1) 

= min{/: ^ Q for some j /}, otherwise. 


The pure strategy Cj is defined by: 
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More generally, for any integer k between 0 and T define the pure strategy C* 
by: 


= 0 if f < min(Z),, k\ 

— Q* if t > min(Z)i, A:). 


(3.3) 


Note that if i uses the strategy , then he always produces the CNE output 
Q*. 

The strategy C* is a special case of a slightly more general class, which I 
shall call trigger strategies of order k. Let D,- be defined again as in (3.1) and 
let be some output. If /), > k, then 


If Di k, then 


- Q if t < k, 

Qit = G® if / ^k -\ I, 

■ Q* if f^--k Vl. 

-0 if / 

Qit 

== Q* if t > Df. 


(3.4) 


(3.5) 


One might call the defection output, which / uses once only if all other 
firms have stayed with the cartel for (at least) k periods. 

Suppose now that all firms other than / use the same trigger strategy of 
order k >Q, with some defection output > Q. I shall show that /’s best 
response is a trigger strategy of order (fe — 1), with a defection output equal 
to 

(5-r[(^- 1)!?] = (3.6) 


Note that Q is the best one-period response to a total output of {N — \)Q 
by all the other firms, and yields a one-period profit of 


{N V D* 

16 fV 2 ' 


(3.7) 


To prove this, first observe that if at some date t any firm i produces an 
output different from Q, then at all subsequent dates all firms other than / 
will produce Q*, and it will be optimal for firm / to do the same. Hence 
firm I’s best response has the property that 

Qh ^ Q fo^ ^ome j implies 

Qit’ = Q* for oil t' > t. 


(3.8) 
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It follows that firm /’s best response to the given trigger strategies of order k is 
a trigger strategy of some order «. It is straightforward to verify that if n <k 
then the optimal defection output is Q, with resulting total profit 


f, (N i- If , T-n-\ 
4N '■ 16/^2 ' (N + 1 )* ■ 


(3.9) 


If n = k, then the optimal defection output is r[(N — \)QQ^], and the 
corresponding total profit is 


k 

AN 


+ g[{N - 1) e®] + 


T-k - I 
(N^ if • 


(3.10) 


Finally, if n > k, then /’s defection output is irrelevant and the corresponding 
profit is 

4^ -1 P[Q. (N -- I) 0") + ■ (3-11) 

In (3.10) and (3.11), if k - T, then it is to be understood that the final term in 
the equation is zero. Since 0“ • Q, 

(“dr )' ■ - '> ~ 


Hence since (3.9) is increasing in n, it follows that i's optimal response has 
n (A- — I). This completes the proof that I’s optimal response to a trigger 
strategy of order k > 0 with defection output Q'^ > Q is a trigger stragegy 
of order k — 1 with defection output Q. The resulting average profit for i is 




{N + 1)== 


]■ 


(3.12) 


Note that neither i's optimal respon.se nor his resulting average profit depend 
on the other firms’ defection output. 

In particular, if all firms j{^i) use the trigger strategy Cy, then i's best 
respon.se gives him an average profit of 



(3.13) 


whereas if all firms use Cy, then every firm’s average profit is (1 jAN), which is 
the cartel profit (per firm). The difference between (3.13) and the cartel profit 
per firm is 



(3.14) 


Hence, as T increases without limit, the advantage to any one firm of defecting 
from the cartel one period before the end of the game approaches zero. 
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4. Epsilon-Equilibria 

I n the previous section it was noted that, in the T-period game, all perfect 
Cournot-Nash equilibria have the property that each firm produces the 
one-period CNE output in each period. On the other hand, the advantage 
to any one firm of defecting from the cartel approaches zero as T gets large, 
provided the other firms use trigger strategies of order T. 

The.se considerations suggest a weakened form of the Cournot-Nash 
equilibrium concept. For any positive number e, an e-equilibrium is an 
iV-tuple of strategies, one for each firm, such that each fiirm’s average 
profit is within e of the maximum average profit it could obtain against the 
other firms' strategies. In this and the following sections I shall explore 
some of the properties of epsilon-equilibria in the T-period Cournot game. 
I do not, however, have a complete characterization of epsilon-equilibria 
in this game. 

The first candidate for an epsilon-equilibrium is the situation in which 
each firm uses the trigger strategy C* (with defection output Q*). From (3.10) 
and (3.12) we see that the difference in average profit between the best 
response and , for an individual firm, is 

- T^] ^' (-f )(^;-) • 


Hence the /V-tuple (Ca.) is an e-equilibrium with ^ > 0 if and only if 



(4.2) 


Note that (4.2) is independent of k, so that either (C*) is an e-equilibrium for 

all k 1. T, or for none. Note, too, that for fixed c, (4.2) is satisfied 

uniformly in N for sufficiently large T. Of course, (Q) is a Cournot-Nash 
equilibrium, so it is an e-equilibrium for all e. 

The concept of perfect CNE can be extended to epsilon-equilibria as fol¬ 
lows. A strategy combination (o-y) is a perfect e-equilibrium if for every date 
t, every history , and every firm i, the continuation of I’s strategy from 
date 1 on, given the history , is within e of being the best response to the 
corresponding continuations of the other firms’ strategies. In this definition, 
the utility of a continuation of a strategy is the average of the profits in all T 
periods. (For an alternative definition, see Section 7.) 

It is easy to verify that (4.2) is a necessary and sufficient condition for the 
combination (C*,-) of trigger strategies to be a perfect e-equilibrium. Hence, 
for any e > 0 there is a such that, for all and all k =-- 0,..., T, there 

is a perfect e-equilibrium in which each firm produces its cartel output for 
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exactly k periods. Furthermore, one can take T, to be independent of the 
number of firms. 

An examination of (3.9)-(3.11) shows that one can get similar results for 
;V*tuplcs of trigger strategies that use defection outputs other than Q*, and 
even for iV-tuples of trigger strategies that differ among firms in both the 
orders of the trigger strategies and the defection outputs. No attempt will be 
made here to characterize all such perfect epsilon-equilibria, but it is clear 
that for fixed e, the larger T is the larger, in some sense, is the set of perfect 
e-equilibria. 

In the rest of this paper, ail epsilon-equilibria are to be understood as per¬ 
fect, unless specific notice is given to the contrary. 


5. Large Number of Firms: The Fixed-Demand Case 


In the last section I considered how the set of (perfect) e-cquilibria varied 
with 7, the number of periods, with the number of firms fixed. In this section 
1 consider the effect of increasing N, the number of firms, with the horizon, 7, 
fixed. I first analyze the case in which the total industry demand function 
remains fixed as the number of firms varies. The results for this case will be 
used to analyze the more interesting, but slightly more complicated, replica¬ 
tion case (Section 6). 

To begin the analysis of the fixed-demand case, first observe that, by 
(4.2), for fixed 7, there is no (C*) e-equilibrium (Ar 5; 1) for e sufficiently 
small. 

I shall prove, in addition, a result that is in some ways stronger. Roughly 
speaking, I shall show that if e is small then all e-equilibria are close to the 
CNF, uniformly in jV. To be precise I shall show: for every e > 0 and 7 ■ 1 
there is a number B(e, 7) such that for every N V • 1 and every e-equilibrium 
the following are all bounded by 5(e, 7): 

1 Qit ~~ Qn I> 


.V 

I Q.t 

I 1 


nq: 


(5.1) 


p (Qo , I Q.) 


1 


(A^+ D* 


for i 1,..., N, t 1,..., 7. In addition, for every 7 

lim fl(€, 7) = 0. (5.2) 

t >0 

The first line of (5.1) is the difference between firm I’s output in period t and 
CNF output; the second line is the difference between total industry output 




t 
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in period t and industry CNE output; and the third line is the difference 
between firm i'a profit in period t and CNE profit per firm. It follows that, 
for any positive number d, and any horizon T, there is a positive e such that, 
for all N and all c-equilibria of the T-period game with A firms, industry 

outputs and market prices in all periods t = 1. T will be within d of their 

corresponding one-period CNE values (note that e does not depend on N). 
In particular, as N increases without limit, the corresponding one-period 
CNE values will converge to their respective competitive equilibrium values, 
and hence any corresponding sequence of c-equilibria will approach the 
“neighborhood” of competitive equilibrium defined by the distance d, with 
respect to total industry output and price. 

To prove (5.1) and (5.2), I shall first do the one-period case, and then 
make an induction on T. For the one-period case, an c-equilibrium is an N- 
tuple ( 01 ,..., Qn) satisfying 

. I <?,) 0/) - . N. (5.3) 


4 


Define new variables Xi and x\ by 


Qi Qs ~~ Qi yvTj.. ] 

x'i Y. • 

Mi 


Using (2.3) and (2.5) one easily verifies that (5.3) is equivalent to 


(5.4) 






(Xt -1 (x'J2)r < €, / - 1 . N, 


or to 

1 

Xi f X. 1 < 2/f, i 1,..., N, 


where 

X. Y Xj, h - {ey/'K 

Ml 

(5.5) 

Summing the inequalities (5.5) one gets 



, , ^ 2NIi . 

(5.6) 

this and (5.5) imply 

2i2N i- D* 

\Xi\ ^ A 1- 1 

(5.7) 


2(3A+ l)h 
' ' ' A + 1 

(5.8) 

. 
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Lemma. If x , ■ ' h and , x'. ■ h, then 

p[Q' : xAN~ DpC f ! 2h\ 

(5.9) 

Proof. The inequality can be verified using (2.3), (2.6), and (2.7). 

Note that the right-hand sides of inequalities (5.6)-(5.8) are all dominated 
by 6//. Hence, by the lemma, one can take 

BU,\) max[6/»,-^-~- ' 2(6/))*^]. (5.10) 

For c sufficiently small ((«)' "- ! 1/18), the right side of (5.10) is 6 /j 6 (e)' 

Now make the induction hypothesis that the main result is true for any 
number of periods up to and including T. Fix c, and consider any (7’ j I)- 
period e-equilibrium. Given the initial outputs , / I./V, the re¬ 

maining /'-period strategies constitute, a fortiori, a /’-period, e'-cquilibrium, 
where 


Let i be any particular firm, which will remain fixed for the time being, let 
Q Q,t be /'s output in period L and let S denote the strategy that / 
follows during periods 2 through (T I I). Given the strategies of the other 
firms, one may denote /'s average profit as 

S) 7r{Q,S). (5.12) 

where Q' is the total output in period one of all the firms other than /. 
The induction hypothesis is that all of the quantities in (5.1), for i 1,..., 

N and / 2. T \ I, are bounded by b B(t\ T). Actually, I shall 

strengthen the induction hypothesis to add the following inequalities: 


I - I)^* 


h. 


i - 1,..., N, 


r-2,..., T -M. (5.13) 


The definition of epsilon-equilibrium implies that 

jriQ, S)^ M — 


M max rt(q, .r). 


where 


(5.14) 
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(In the definition of M, {q, s) ranges over all {T -f- ])-period strategies for 
firm i, holding constant the e-equilibrium strategies of the other firms,) 
This last is equivalent to 


or 


P(Q, Q’ ) 
r f 1 


H HQ,S) 


M — e. 


PiQ, Q') ('/' I 1 )[M - e - V(Q,S)l 

By the induction hypothesis, 

iTh\)m,S) 1 ^ 

T ' {N f 1)2 ' • 


To get a bound on M, note that 


(5.15) 


(5.16) 


(T f 1)A^ :^;g(^') ! r/n, 

where 

m ma\ mm { piX. Y): \ Y - (N - \) Q* 1 •' b). (5.17) 

One easily verifies that 

ni *[(/v - I) e; + !>] ’ T ■ (5 '« 


Putting together (5.15)-(5.18), one has 


where 


P(Q, Q')>g(Q')~e\ 


. m I 2)6 

' (^"i 1) 


(T^ 1) e. 


(5.19) 


The inequality (5.19) holds for all firms /. In other words, in a (T I I)- 
period e-cquilibrium, the first-period outputs constitute a one-period €"- 
equilibrium, where e" is given by (5.19) and 

h b[^ ^ r]. (5.20) 


Hence, by the one-period case, the quantities in (5.1) and (5.13), with / = 1, 
are all bounded by 


h' 


6 ( 6 ')V 2 6 


r TiN + 2) b 

I (bf+\) 


nl /2 

4- (r 4- 1) e] , 


(5.21) 
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provided that c"*/- 1/18. If we take 

BU, r t- 1) - maxfi', 5(€, T)\ (5.22). 

then the induction step is completed, as far as the inequalities (5.1) and (5.13) 
are concerned. F-'urthermore, (5.20)-(5.22) determine a recursion formula for 
the bounds B(e, T), which with the formulas (5.5) and (5.10) for 5(e, 1) prove 
(5.2), i.e., that 5(e, T) tends to zero as c tends to zero, for fiyed T. 


6. Large Numbers oe Firms: The Replication Case 


In the replication case, the demand function depends on the number of 
firms, so that corresponding to (2.1) we have 


P 


- a 


13,G 
N ’ 


( 6 . 1 ) 


where Q is the total industry output, P is the demand price, and j8, is a 
parameter that is independent of N, the number of firms. One may motivate 
this formulation in terms of replicating an industry. Consider an industry 
with 1 firm and a given population of M potential buyers, whose demand 
function is given by 



The iV-fold replication of this industry is made up of N firms, together with a 
population of NM potential buyers with the same per capita demand at 
any price as the original population. The resulting demand function is then 

Q (X -- P 

which is equivalent to (6.1). Without essential loss of generality, I shall take 
Pi 1 and S .X — y - 1. 

Corresponding to the formulas of Section 2, one has the following for¬ 
mulas, obtained by everywhere replacing j8 by l/M Firm /'s profit function is 


P(G, ^ G.') 




Us optimal response to Gi's 

N - g : 

kg;) 2yv- 

0 , 


(6.3) 


if this is positire, 
otherwise. 


(6.4) 
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and its corresponding profit is 


g(.Qi) 


(N - 
4N 


(6.5) 


if this is nonnegative, and zero otherwise. 

The one-period CNE output and profit per firm are given by 


> (6-6) 

(6.7) 

The one-period cartel output and profit per firm are 

Qs = h ( 6 . 8 ) 

p[0iv,(^-l)!^A:l-i. (6.9) 


E'irm /’s best response if each other firm produces the cartel output is 

r[(N~ 1)0^] =.^-±1, (6.10) 


with corresponding profit 

( 6 . 11 ) 


Turning to the T-period game, one easily verifies that the strategy combi¬ 
nation in which each firm has the trigger strategy C* (cf. Section 4) is an 
e-equilibrium if and only if 



( 6 . 12 ) 


compare this with (4.2). Hence, as in the fixed-demand case, for every e and 
N, every (C*) strategy combination is an e-equilibrium for all sufficiently 
large T. However, in this case one gets the result that, for fixed c and T, 
no (Cfr) strategy combination {k > 0) is an e-equilibrium for sufficiently 
large N. In other words, for my fixed e md number of periods, the cartel 
cannot survive at all if the number of firms is large enough. 

Corresponding to the rest of the analysis in Section 5, one has the following 
results. For every e, T, and jV(> 1), there is a number 5(e, T, N) such that, 
in every e-equilibrium, the following quantities are bounded by J5(e, T, N): 


1 Qit - I. 
iQu-NQs 


(6.13) 


642122/2-3 
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for / I,..., A' and / = 1,..., T; the bounds B{e, T, N) may be chosen so that, 

for every c and T, 

uniformh hounded in N , (6.14) 


and for every T and A^, 

lim fi(€, T, N) - 0. (6.15) 

It follows from (6.6) that average output per firm approaches 1, and market 
price approaches 1 - n ■- y (marginal cost) as N increases without limit. In 
addition, in every period every firm /’s relative share of total industry output, 
which is 

Qi>_ 0/(V) ai_ 
liM'tjQjr 

converges to zero as N gets large. Finally, one can show that, in every period, 
every firm /'s profit is within 

B(e, r, /V) , 2[B{c, r. N)f 

“a'TI''- W - 

of the one-period CNF. profit, which is NjiN ■ 1)^ and this bound is uni¬ 
formly bounded in N, and goes to zero with e. 

Thus, in these various ways, for large N, €-equilibria are close to competi¬ 
tive equilibrium. 

I shall omit the proof of these results, which parallels the argument in 
Section 5. The key facts are that, for the one-period case, Eqs. (5.5)-(5.8) 
are still valid, but with 

/, = (yVe)>« (6.17) 


and in the Lemma of Section 5, the right side of (5.9) must be replaced by 


h , 2h^ 
N + I N ’ 


which is less than h for 


6 




2{N r 1) ■ 

In particular, for the one-period case one can take 

B(e, (^r€)»/^ 

provided that 




N 


l2iN + 1 ) ’ 


(6.18) 

(6.19) 

( 6 . 20 ) 

( 6 . 21 ) 


J 
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7. An Aliernative Definition of Perfect Epsilon-Equilibrium 

As an alternative to the definition of perfect epsilon-equilibrium given in 
Section 4, one can take the utility of the continuation of a strategy to be the 
average of the profits in the remaining periods, rather than the average of the 
profits in all T periods.® This change leads to a definition of perfect epsilon- 
equilibrium that is more restrictive, in the sense that, for every positive 
epsilon, the set of perfect epsilon-equilibria is smaller. Results analogous to 
those of Sections 5 and 6 can be derived for this definition; I omit the details. 
However, the results in Section 4, on trigger strategies, are changed in an 
intere.sting way. For a fixed positive epsilon, and a fixed number of firms, 
the combination (Q.) of trigger strategies is a perfect epsilon-equilibrium 
for all sufficiently large horizons T and all k not too close to T, namely, if 
and only if 



Thus, for this alternative definition of epsilon-equilibrium, a carte! held 
together by trigger strategies will break down as the industry approaches the 
horizon T. 


8. Interpretations of Epsilon 

Why should a firm be satisfied with a less-than-optimal response to the 
strategies of other firms ? One type of answer refers to the various costs of dis¬ 
covering and using alternative strategies, and alludes to the possibility that a 
truly optimal response might be more costly to discover and use than some 
alternative, “nearly optimal” strategy. In this interpretation, the “epsilon” 
for a particular firm represents a judgement of the firm that the additional 
benefits from improving its strategy would be outweighed by the additional 
costs. (In the present analysis, all firms were assumed to have the same 
epsilon, but this simplification is not strictly needed for the results.) It 
would be consistent with the .spirit of the model for this judgement to be 
in part subjective, rather than necessarily based on some precise calculation 
of benefits and costs. 

A second interpretation of epsilon might be based on the supposition that 
the firms realize that strict optimization of each firm’s response to the other 
firms’ strategies would lead to a breakdown of the cartel. This approach is 
intuitively appealing, but I am not aware of any satisfactory formal model of 
rational behavior on which it could be based. 

Recall that, in the model of the present paper, it is assumed that each firm 
uses the criterion of average profit per period to compare strategies; thus 

® This altemative was suggested to me by Sanford Grossman and Robert Rosenthal. 
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epsilon is measured in “dollars per period.” This scale of measurement 
would be consistent with the cost-of-decision interpretation of epsilon- 
equilibrium. In a more general treatment, epsilon would be measured in 
units of utility. However, epsilon-equilibria would not be invariant under 
transformations of the utility functions of the firms that change the unit of 
measurement of utility. For example, if the preferences of a firm were scaled 
in terms of a von Neumann-Morgenstern utility function, then epsilon- 
equilibria would not be invariant under all transformations of the utility 
function that leave the firm’s preferences invariant. A solution to this last 
problem would be to adopt a “canonical” utility representation for each 
firm, and then to interpret epsilon with reference to those canonical utility 
functions. This would be equivalent, for each firm, to interpreting epsilon 
as a given percentage of the difference in utility between two reference profits. 
Within this framework, the interpretation of the results of the present paper 
is straightforward, with the proviso that, for those situations in which the 
number of firms increases without limit, some condition of “similarity” 
of the epsilons of the difierent firms would have to be satisfied (as would 
naturally occur in the replication case). 
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1. Introduction 

In “Researches into the Mathematical Principles of the Theory of Wealth” 
[1 ], Cournot founded the theory of oligopoly. His contribution can be divided 
into two parts. First, he proposed a static noncooperative equilibrium concept 
for a situation of dynamic inter-firm conflict. Second, he showed that this 
equilibrium solution coincides with perfect competition in markets where 
there are many agents. 

Cournot’s solution for oligopoly has come under heavy criticism for its 
static nature. Is it really plausible, the critics ask, that the commitment of 
each firm to a long-term level of production brings an end to strategic inter¬ 
action in a market? A strongly opposing view has been put forth by Stigler, 
who suggests (in [9]) that firms in an oligopoly maintain a monopolistic price 
by threatening defectors with retaliatory actions. Such retaliation presup¬ 
poses a dynamic equilibrium in which each firm observes the ongoing 
behavior of its rivals and makes decisions over lime contingent on that 
behavior. The prerequisite for collusive equilibrium of this type is not 
necessarily that each individual firm should be capable of significantly alTecting 
aggregate output, but only that each firm’s action (whatever its scale relative 
to the industry) should be visible to its competitors. On this account, it has 
been suggested that even some very large markets may fail to be competitive.* 


* Financial support for this research was provided through a grant from the Sloan 
Foundation to the Princeton University Economics Department. 1 would like to express 
my appreciation to Edward Prescott, who drew my attention to the problem studied here. 

I am grateful to Robert Anderson and Hugo Sonnenschein for discussions and suggestions 
which have greatly improved the paper. 

‘ For instance, it has been suggested that markets for the services of doctors and other 
professionals are not competitive, despite the presence (at least in large cities) of many 
sellers. The presence of legal barriers to entiy in these markets may explain why profes¬ 
sionals earn more than they would in alternative employment, but it would not by itself 
account for the observation of price discrimination by professionals. An equal-profit 
condition would be satisfied in static equilibrium, because professionals would bid away 
from their colleagues those types of client whom it was particularly profitable to serve. 
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In the present paper, Cournot’s proposition that large markets are competi¬ 
tive will be reconciled with the possibility of equilibrium involving strategic 
interaction among firms. It will be shown that, except when extraordinarily 
precise information is available, firms in a market with many agents are not 
visible enough for the equilibrium described by Stigler to be sustained. This 
result will be proved by studying two formal representations of markets with 
many agents. 

One of these representations involves initially choosing a particular market 
(with finitely many participants), and then forming a .sequence of increasingly 
large markets by adjoining at each stage a new copy of the original one. The 
resull of this procedure is called a sequence of replica markets. All of the 
markets in the sequence have the same statistical characteristics (e.g., the 
ratio of firms to consumers is constant), and they all share the same competi¬ 
tive market-clearing prices. Thus, it makes sense to ask whether the non- 
cooperative equilibria of the markets in the sequence converge to competition. 
We will say that the limit principle is satisfied in situations where this conver¬ 
gence takes place. 

The other representation of markets with many agents exploits the fact 
that, if counting measure on the set of agents in a market is normalized to 
make the set into a probability space, then a description of agents’ charac¬ 
teristics and actions is mathematically a random vector defined on the sample 
space of agents. An analogous random vector defined on a nonatomic sample 
space may be substituted for a large finite market as an object of investigation. 
Such a random vector, called a nonatomic market, is natural to study because 
one occurs as the limit of a replica sequence of markets. We will say that the 
inclusion principle is satisfied in a situation where every noncooperativc 
equilibrium of a nonatomic market is competitive.’* 

The outline of the paper is as follows. A dynamic noncooperativc equilib¬ 
rium concept will be developed in the next section. Then, in Section 3, a 
sequence of replica markets will be defined, each of which has a noncoopera¬ 
tive equilibrium which supports the monopoly allocation at every time. This 
example refutes the limit principle for dynamic equilibrium. An example is 
also given in which, if each firm can observe the output level of every other 
firm, then a collusive noncooperative equilibrium exists for a market with a 
continuum of firms. Thus the most general form of the inclusion principle 
is refuted as well. Together these examples suggest that, even when there are 

° Representations of markets with many agents have been used extensively to study 
the core of an economy. A standard reference for this work is [5]. Although results for the 
core arc not very sensitive to which representation is used, there are substantial differences 
between the conditions which are sufficient to ensure the limit principle and the inclusion 
principle for noncooperative equilibrium. This matter is discussed in [2]. The term “in¬ 
clusion principle," rather than “equivalence principle,” is used here because of the issues 
raised in [6]. 
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many firms, the potential for collusion envisioned by Stigler may still exist. 
In the remaining sections of the paper, the special nature of such potentially 
collusive markets will be shown. 

In the counterexample to the inclusion principle, firms are required to 
have exhaustive non-price information about their competitors. In Section 4, 
it is proved that all equilibria which violate the principle require such informa¬ 
tion. This is done by interpreting dynamic markets within an abstract theory 
of repeated games, and providing a sufficient condition for all Nash equilibria 
of a repeated game to be constructible from Nash equilibria of the static 
game on which it is based. This condition yields an inclusion theorem for 
dynamic markets in which agents have information only about price and 
other market aggregates. 

The inclusion principle derived in Section 4 sheds light on the failure of the 
limit principle. The principle must fail because there is information about 
individual producers which the price mechanism conveys in every finite 
market, but not in a nonatomic one. In fact, in a finite market, price informa¬ 
tion can reveal to a firm that a competitor has disregarded its strategic 
threat, although the identity of the violator is not revealed. If the price 
varies because of random demand, its informativeness about the supply 
side of the market should be reduced. As the scale of an individual producer 
becomes arbitrarily small relative to market demand in a sequence of replica 
dynamic markets, any .stochastic demand disturbance should make strategic 
threats unenforceable in the limit. This is proved in Section 5, again in an 
abstract game-theoretic context, ft yields a limit theorem for dynamic markets 
with demand uncertainty. 

In Section 6 some concluding remarks are made concerning the relevance 
of the present results to industrial organization. 


2. Noncooperative Equilibria Which Support 
THE Monopoly Allocation 


The first inclusion and limit theorems were derived by Cournot in a static 
partial equilibrium setting. These will be reviewed in this section, and counter¬ 
examples to their dynamic versions will be given in the next. These results 
may be reformulated in a general equilibrium setting. The positive results of 
this paper are immediate consequences of game theoretic results which 
apply straightforwardly to the general equilibrium version. 

First, static and dynamic markets are defined. Intuitively, a static market 
consists of a set of firms, each of which supplies the market good at a total 
cost which depends on the quantity it produces, and an inverse demand 
function which determines the price as a function of mean supply. Implicitly, 
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this inverse demand function is determined by the actions of price-taking 
consumers. The question to be investigated is: are profit-maximizing firms 
also price-takers when there are many firms ? 

A (stationary) dynamic market is a static market which operates repeatedly, 
its times of operation being indexed by the natural numbers. Firms maximize 
the discounted present value of their profits.® The.se definitions are now 
presented formally; 

Definition. A cost function is an element of the set y ---- {./ I/: >?,.-> 
R^ u {oo},/is continuous}. A normal inverse demand function is a continuous 
function D: R+u {co] -* R^ with Z)(qo) - 0. A static market is an ordered 
4-tuple <^K, fi, }>, D/ where K is an abstract set of firms, /z is a probability 
measure on K, y: K —>■ Y k a. measurable function (Y may be considered 
discrete) which specified the cost function of each firm, and D is a normal 
inverse demand function. A (stationary) dynamic market is an ordered 5-tuple 
<A’, /i, y, D, of which the first four components specify a static market 
and j88(0, 1) is the market discount factor. Let A/ be a market (static or 
dynamic) with measure space <A. /z> of firms. A supply vector for A/ is a 
bounded /z-measurable function q: K~f R, . 

Given a supply vector q for M, mean supply will be lt^q{k)dp. and the 
market price will D(Jje<y(k) dp). If a firm k e A has cost function y{k) — /, 
then a supply vector determines a net profit level for k. This net profit will be 
denoted by 7r/,(9), and satisfies the equation 

irk{(i) qik) D (£,9(0 ~ f((i(f<))- (I) 

In selecting its output level, either a firm may accept the market price as an 
exogenous parameter of its decision problem, or it may recognize its own 
influence on the market price. A price-taking equilibrium results when all 
firms act in the former way, and a noncooperative equilibrium results when 
they act in the latter way. 

Definition. A price-taking equilibrium of the static market (K, p, y, D} 
is a supply vector q such that, for almost all (w.r.t. p) ke K, 

TTkiq) = max [rD (£ q{i) dp^ - (>-(k))(r)]. (2) 


’ The present formulation of dynamic markets is restrictive. For instance, it does not 
allow for the holding of inventories. The inclusion theorem (Theorem S) to be proved 
here generalizes straightforwardly to apply to richer models. I am confident that the limit 
theorem (Theorem 6) is also robust. 
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A price-taking equilibrium of the dynamic market </l, jj,, y, D, j8> is a 
sequence <9/>,6 jv of supply vectors such that, for aImo.st all keK, 

=--■ max j Y. [f<Z) qt(i) clp^ - iy(k))(rS^ j W/t.n e 

( 3 ) 

A noncooperative equilibrium of the static market (K, p, y, Z)> is a supply 
vector q* juch that, for almost all ke K, 

TTkiq*) -= max ^q{k) D q(i) dpj - (j’(/c))( 9 (k))], (4) 

where Q ---= | ^ is a supply vector and q{i) = q*(i) for all / ^ k}. 

To define noncooperative equilibrium for a dynamic market, the notion of 
a strategy must be introduced. A strategy of a firm is a rule which, at each 
time, determines an output level for the firm as a function of information 
which is available to the firm at that time. A strategy vector is an assignment 
of strategies to firms. Thus, if 5 is the space of strategies, a strategy vector is a 
measurable function f: X ->-S. A noncooperative equilibrium of a dynamic 
market is a strategy vector /such that 

(a) for almost all k c K,f(k) yields as high a discounted present value 
of returns (given that the other firms are using the strategies assigned to 
them by /) as would any other strategy seS, and 

(b) Clause (a) will continue to hold at every future time for almost all 
keK, regardless of firms’ information at that time.* 

This rather informal definition of dynamic noncooperative equilibrium 
will be adequate to verify that the strategy vectors to be discussed in this 
section are equilibria. A more explicit definition will be given in Section 4. 
In the remainder of this section, straightforward generalizations of Cournot’s 
theorems for static markets will be stated. The statement of the inclusion 
theorem requires no further preparation. 


* Clause (b) ensures that a firm will not base its initial output decision on an expectation 
that, at a later time, it will produce at a level which from the perspective of that time will 
seem suboptimal. In the next section, equilibria will be studied in which firms in a market 
maintain collusion by means of mutual strategic threats. Although these threats will not be 
exercised in equilibrium, they will not have a deterrent effect unless it would be in the 
firms’ interest to exercise them in the event that deviation from the cartel did occur. This 
explains why (a) must hold even conditional on firms having received information which 
they in fact will not receive in equilibrium. Condition (b) was introduced (in [8]) by Selten, 
whose concept of perfect Nash equilibrium is equivalent to the dynamic NCE defined 
here. 
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Theorem 1. Every noncooperative equilibrium of a nonatomic static 
market is a price-taking equilibrium. 

To facilitate the statement of Cournot’s limit theorem, the notion of a 
sequence of replica markets is introduced. Intuitively, such a series is formed 
by starting with a finite market, and at each stage adding a new “twin” of 
each of the original market agents (firms and consumers^. This is done 
explicitly for firms, but must be done implicitly for consumers. Since there are 
n times as many consumers of each type in the «th market as in the first, aggre¬ 
gate demand in the //th market at any price is n times what it is in the first. 
However, since the inverse demand function is defined formally in terms of 
mean quantity rather than of aggregate quantity, and since there are n firms 
in the wth market for every one in the first, all markets in the sequence 
should share the .same inverse demand function. As replication continues, the 
members of the sequence should resemble the nonatomic representation of 
the market in their equilibrium behavior. The sequences are now defined 
formally, after which Cournot’s limit theorem is immediately stated. 

Dei-iniiion. a sequence of replica (static or dynamic) markets is an 
infinite sequence M,,' ,„ s of markets such that the following hold for some 
finite .set K, y: K -* Y, j3g( 0, 1) and normal inverse demand funetion D. 
For all tu M„ ^ E„ , p.„ , v„. D,fi\ where 

Kn A'x{0 •••/!} (5) 

for all B C K„. (6) 

(That is, is normalized counting measure.) 

.v„«A', m' ) y(k) for k e A, m < n. (7) 

The market M, <A' x [0, 1], t^-x: , y* , jS is the nonatomic representa¬ 

tion of the sequence if 

pfB) - Y. ^ [O’ 1]! <A-, r> e B}) for all BCK\ [0, 1]. (8) 

kf K 

(That is, is Lebesgue measure on the copies of [0, 1] in .) 

yA\ft, f)) y(k) for all <A:, r'eA^. (9) 

Theorem 2. Suppose that <A/„. is a .sequence of replica static markets., 

that the supply vector q„ is a noncooperative equilibrium of M„ for every n. 
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and that Home subsequence of , yn'}„eN converges in distribution;''' Then 
the subsequence has a limit (q ,^, yf/, and q^, is a price-taking equilibrium of 
the nonatom ic representation A/„ . 


3. Noncooperative Equilibria Which Support 
THE Monopoly Allocation (continued) 


Counterexamples to the analogs of Theorems 1 and 2 for dynamic markets 
are constructed by exhibiting noncooperative equilibria of large markets, in 
which the monopoly price is maintained by mutual strategic threats among 
the firms. The existence of these equilibria in markets with finitely many 
firms was first pointed out by Friedman [4]. A counterexample is provided 
to the analog of Theorem 2, simply by noting that such an equilibrium may 
exist for every market in a sequence of replica dynamic markets. Such a 
sequence is easy to construct. It requires only one type of firm {K is a single¬ 
ton \k\) with a production function >'(A) -=/described by 


f(r) 0, if 

-r-L if r J. 

Price is specified by the inverse demand function 

D(r) --=\ - r, if f < 1 

- 0, if r > 1. 


( 10 ) 


( 11 ) 


The discount factor for the sequence is ~ 0.9. The counterexample to the 
limit principle is now presented. 


Theorem 3. There exist a sequence of replica dynamic economies 
and a double sequence of supply vectors (q„i'/„j^_„ such that 

(a) For each n, the sequence of supply vectors <r/„,' (ev is determined 
{in the sense that q„i specifies firms' output levels at time t) by a noncooperative 
equilibrium of M„ , and 

(b) For each t there is a supply vector q,i such that lim„^s q„, ■■=--- q^, 
in distribution, but 

(c) (q<x I'■’leN is not a price-tak ing equilibrium of the nonatomic representa¬ 
tion M t of the sequence. 

■' Let Z be a metric space. A .sequence of probability measures converges weakly 

to a probability measure if, for every bounded continuous function /: Z * R, lim„.,'» 
izfthn * {zfd'n- ff , p»>ii6Jv >s 3 scqucncc of probability spaces and 'Q, /i> is a probabil¬ 
ity space, and if z, : ->■ Z for every n, then r : ii -*■ Z in distribution if, 

when the measures are defined by p ®}) for all Borel sets BQZ (and 

ij is defined analogously for z), then <i 7 b> -► weakly. 
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Proof. Let be determined by the conditions that K - 

>’(A) — / defined by (10), D is determined by Eq. (11), and /8 = 0.9. Recall 
that a strategy for a firm in a dynamic market is a rule which, at each time, 
determines an output level on the basis of information then available to the 
firm. The double sequence uj^n will specify the output decisions of 
firms which follow the strategy 

(d) Produce at level 1 (the monopoly level) at time 0. 

(e) If =- 1. Then produce at level 

i at time l. 

(f) If the condition of (e) is not satisfied at /, then produce at level § 
(the output level corresponding to the unique noncooperative equilibrium of 
the static market /K„ , ix,, , y„ , D. ). 

By induction on t, g„, : - i for all n and /. Therefore condition (b) is 
satisfied with .( for all t. Condition (c) is also satisfied, since 

- I while firms have zero marginal cost. Condition (a) is 
equivalent to the statement, proved below as Lemma 1, that for all firms to 
follow the strategy defined by (d), (e), and (f) is a noncooperative equilibrium 
ofA/„. Q.E.D. 

Lemma 1. For all firms to employ the strategy defined by (d), (e), and (f) 
above is a noncooperative equilibrium of the dynamic market M „. 

Proof. Intuitively, each firm makes a strategic threat to the others. It 
announces: “Initially, we will participate in a cartel in which all firms produce 
equal shares of the monopoly output nl2. We will do our part to maintain 
this cartel, as long as there is reciprocity. However, if at any time a lowering 
of the market price indicates that another firm is exceeding its production 
limit, we will thereafter protect ourselves by acting as static Cournot oligo¬ 
polists.” 

Consider the prospects of a potential deviant firm, if all other firms make 
this threat. Suppose that it were to adopt a strategy which would lead it, in 
this environment, to select an output sequence \r,'.',^N . It will be shown that 
r, ^ ?, for all t is optimal. Because the strategy (d), (e), (f) produces this 
sequence if all other firms follow (d), (e), (f), part (a) of the definition of non- 
cooperative equilibrium for a dynamic market is satisfied. 

To show this, consider first an, output sequence </•/>,with /•/ -- for 
some t. Let /q -- min{t | r, i). If other firm's outputs are determined by 
(d), (e), and (f), then the market price at time t is 

D (</„, -=- I - for t < t„ 

- (n -f 1 — 2r,)/2n for t == t^ 

(n -f- 2 — 3rt)/3/i for r„ < t. 


( 12 ) 
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,5 

( 

Since the outputs of other firms are the same for all sequences which 

; satisfy f„ = min {/1 rj = 7 ^ i-j must be the output level which maximizes 

I returns at time t for tg < f; i.e., by ( 12 ), 

* 

j r,^0> r 1 - 2rJ/2fj -f(nj - max r(n + 1 - 2r)/2n -/(/•), (13) 

^ reg^ 

J! 

\ and 

t r,{n -r 2 — 3re)/3« —/(r<) = max r{n |- 2 — 3r)/3n — f(r) 

’ for tg < t. (14) 


Solving Eqs. (13) and (14) yields r, = 5 for all t^tg. Thus discounted 
profits arc 

I (0.9)' [r,D (J dy.) -fir,)] ^ (0.9)' [(l/ 2 )(l/ 2 ) - 0 ] 

-t- (0.9)'-' [(2/3)(l/2) - 0] 

-I- Y. (0-9)‘ [(2/3)(l/3) - 0] 

« 0 <' 

= (Z (0.9)')/4 + (0.9)'»(7/3). (15) 


On the other hand, if r\ - - \ for all t and if {qnt>ies is the sequence of supply 
vectors which.are realized when the firm in question supplies ‘ir[y,^s> then 
the firm's discounted profits are 


Y (0.9)' Ud (J q'„, dyn) - fir',)] = I (0.9)' [(l/2)(l/2) - 0] 

i Y (0.9)'(l/ 2 )(l/ 2 ) - 0 ] 

‘o<‘ 

--=(1 (0.9)')/4 + (0.9)'<>(5/2). (16) 

'■''o 

Together, (15) and (16) establish the optimality of the supply sequence 
<'■/>/£\ for the firm. Thus part (a) of the definition of noncooperative 
equilibrium is established. To show that part (b) of the definition holds, two 
cases must be considered at any future time in question. One possibility is 
that the market price has always been | previously. In this case, the firm faces 
the same decision problem as it did in the initial period, so the earlier part of 
the proof is still relevant. The other possibility is that the firm has received 
information that some previous price has been other than J (N.B. Although 
this possibility will not be realized in equilibrium, it must be considered for 
the reason explained in footnote 4). Then, since other firms will have this 
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information also, they will always produce the Cournot output jj in the future. 
Thus it is optimal for the firm under consideration to produce this output in 
response. Q.E.D. 

In a nonatomic market, the output decision of a single firm does not 
affect the price. Thus a firm cannot threaten its competitors by making its 
future actions contingent on the present price, because each competitor 
takes the price to be exogenous to its decision. Another description of this 
situation is that, if enforcement of a cartel is based only on price information, 
any firm can be a free rider on the cartel without being discovered. However, 
firms may be capable of observing the output levels of their competitors 
directly. Even in a large market, this output information might be supplied 
by a trade association or by the government. If the information is available, 
the limit principle may not hold. 

Tmi.orem 4. There exists a nonatomic dynamic market in which, if firms 
observe the output levels of their competitors directly, there is a noncooperative 
equilibrium which is not a price taking equilibrium. 

Proof Let the market be the non-atomic representation of the sequence 
in Theorem 3, and let each firm produce i unit of output as long as no compe¬ 
titor exceeds that output, but n unit if some competitor has produced more 
than .1 unit at some previous time. The proofs of Theorem 3 and Lemma 1 
extend straightforwardly to show that these .strategies are in noncooperative 
equilibrium, but that each firm will produce J unit in every* period, while 
price-taking firms would produce i unit. Q.E.D. 


4. An Inclusion Theorem for Repeated Games 

The examples presented in the last section show that some justification is 
needed for applying static inclusion and limit theorems to actual markets. 
The que.stion of when those results may legitimately be applied is the topic 
of this section and of the next. In these two sections, conditions will be given 
which insure that the opportunities for repeated trade in a large dynamic 
economy will be irrelevant to the decisions taken by agents at any particular 
time. Under these conditions, all dynamic noncooperative equilibria will be 
sequences of static equilibria. Therefore, facts about a static market will be 
true of the corresponding dynamic market as well. 

These conditions will be studied in an abstract game theoretic context. 
This approach has three virtues. First, it makes it easy to deal with issues 
about agent’s information (which have already appeared in Theorem 4). 
Second, at no extra cost it yields results which extend most of the literature 
on static price taking behavior to dynamic situations. For instance, the 
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condition under which the dynamic inclusion principle holds is one already 
imposed by Dubey, Mas-Colell, and Shapley. Third, because the issues 
raised here are relevant whenever agents repeatedly face situations with 
“prisoner’s dilemma” characteristics, the game theoretic results are of general 
interest. The theory of repeated games to be used here will now be presented. 
Then, the interpretation of a dynamic market as a repeated game will be 
explained. 

Intuitively, a repeated game is simply a game which is replayed countably 
many times. A repeated game is defined in terms of three underlying spaces. 
The players are specified by a measure space (K, /a>. The measure fi will 
always be normalized to be a probability measure. For economy of notation, 
the CT-algebra on which p. is defined will not be referred to explicitly. 

The actions available to a player are elements of a set yl. Although it is 
assumed here that all players have the same set of feasible actions, this 
restriction could easily be removed. 

The possible outcomes of the game at any time form a set X. An element of 
X specifies the information .shared by all players about the results of a play of 
the game. For instance, in an economy the elements of X might be price 
vectors. It is important to note that this use of the term “outcome” is slightly 
different from the usual one, which is that an outcome completely specifies 
the result of a play (e.g., in an economy, X would be the set of feasible 
allocations) including aspects which may be unobservable to some of the 
players (e.g., other players’ components of the allocation vector). 

Throughout the paper, A and A' will be assumed to be complete separable 
metric spaces, and mappings into these spaces from measurable spaces will 
be assumed to be Borel measurable. 

Each player k is characterized by a return function u,^: A x X ->■ R, and 
a discount factor e(0, 1). A player attempts to maximize the discounted 
value of his returns from repeated plays of the game.® 

A play q of the game is a measurable assignment of actions to players.' 
A^ will denote the set of plays. The outcome of a play is determined by the 
outcome function F: A^ X. 

A strategy s is a rule by which a player determines an action to take at 


‘ It is assumed that the discounted sum of optimal returns converges. In applications, 
this assumption typically is satisfied in equilibrium. If necessary, the assumption could 
be avoided by using a discounted overtaking criterion. 

’ It might be suggested that all (not necessarily measurable) functions from X to A 
ought to be included in the set of plays and that an outcome of the game should be assigned 
to every such function. Such a change would not significantly affect the results of this 
paper. In the case of the limit theorem (Theorem 6), plays of the finite-player games are 
trivially measurable, and the measurability of the limiting play is proved in the theorem. 
The inclusion theorem (Theorem 5) would continue to hold as stated, if the definition of 
anonymity used there were replaced by; a game is anonymous if any two plays differing 
only in the action of a single player have the same outcome. 
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each time, based on his knowledge at that time of the outcomes of past 
plays, and of his own past actions. If each past action has been generated 
as a deterministic function of prior outcomes and actions, the player can 
recover the information about his past actions recursively from his memory 
of past outcomes (this is easily proved by recursion on t). If the successive 
plays of the game are indexed by the natural numbers, a player’s information 
at time t about prior history is specified by an element of XK Thus, s may be 
represented by a sequence , where 5o e A, and St'. X^ A fox te N+. 

The space of strategies is then A x n<e;v+ A^\ which will be denoted by S. 

A strategy vector is an assignment {s*^}keK of strategies to players such that, 
if .s*’‘ - , then 

(a) is a measurable function of k, and 

(b) for ••• .V/ , e? X, .v/(.y„ x, i) is a measurable function of k. 

These conditions ensure that players’ strategies determine recursively a 
sequence of plays and outcomes. The initial play is the vector of 

initial actions specified by the strategies. The initial outcome is .v„ -- f(^o). 
The next play is ch CviH-^ol/Aex-. and .v, and so forth. This 

process defines an infinite sequence of plays and outcomes, 

called the history generated by the strategy vector. The sequence (xi'lex 
determined by the history is called the path. 

The interpretation of dynamic markets as repeated games is straight¬ 
forward. Outcomes are prices. The return function of firm k specifies its 
profit as a function of its output level and the price. That is, if / is the total 
cost function of firm k, x) — xa — f{a). The market discount rate jS is 
/3/t for each firm. The outcome function is F{q) q dp). 

Now it is possible to make precise the informal definition of noncoopera- 
tive equilibrium which was given in Section 2. Let S denote the space of 
strategies of the game. That is, S A x Also, let y.K^ 

puxx) X (0, I) specify the characteristics of players. That is, y{l<) — 
Three related concepts will now be defined. A static noncooperative 
equilibrium is a play which is a Nash equilibrium of the simple (nonrepeated) 
game. A dynamic quasi-equilibrium is a strategy vector which satisfies the 
defining condition of Nash equilibrium with respect to discounted returns 
at the initial time. A dynamic noncooperative equilibrium is a perfect (in the 
sense of footnote 4) dynamic quasi-equilibrium. 

Definition. A static noncooperative equilibrium of the repeated game 
<A', A, X,F, fi,yy is a play q*GA’^ such that, for any other qeA’^, the 
following implication holds for almost all ke K\ If y(^) <m, jS) and q{i) — 

q*(i) for all / ^ k, then 


uiq(k),F(q))^u(q*ik),F(q*)). 


(17) 
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A dynamic quasi-equilibrium is a strategy vector v* e such that, for 
almost all ke K, the following implication holds for all v e S^‘. If y(k) — 
(u, jS), v(i) = v*{i) for all i k, and iq,, are the 

histories generated by v and v*, respectively, then 

X P'uiqtik), X,) < X A-,*). ( 18 ) 

tEAT ieN 

A dynamic noncooperative equilibrium is a strategy vector v* such that 

(a) V* is a dynamic quasi-equilibrium, and (b) if teN^ , and Xp,..., 
xf, I fi and for each player k a new strategy is defined by 

s„^snx:,...,xtr) ( 19 ) 

and, for re , 

‘'^ri.Xg ,•••. A,._]) ‘''(+i'(Ao v, Ap X,._i), (20) 

then the vector of these new strategies is also a dynamic quasi-equilibrium. 

It was asserted at the end of Section 3 that an inclusion theorem holds 
for dynamic markets in which firms cannot discern changes in the output 
level of individual competitors. For this condition to be realized in a non- 
atomic market it is sufficient for the publicly observable outcome of the 
operation of the market to depend only on the distribution of firm’s output 
level. This property of the outcome function can be generalized to abstract 
games. 

Definition. Denote the set of probability measures on A by M{A). 
Let m: A^ M{A) map plays to the distribution of actions which they 
determine as random variables. I.e., for qe A’^ and BQA, {m{(i)){JB) — 
fj.{{k I q{k) e B}). A game with outcome function F is anonymous if F{q) 
depends on q only through m^q) (i.e., if there is a function G: M{A) X 
which makes the diagram 


M{A) 



A - f - X 


commute. 

The preceding definitions make it easy to state and prove the result described 
at the beginning of this section, relating static and dynamic noncooperative 
equilibria. The inclusion theorem for dynamic markets with price information 
is an immediate corollary of this result. 

0 , 

642/22/2-4 



168 


EDWARD J. GREEN 


Theorem 5. If v*r:S^ is a dynamic noncooperative equilibrium of the 
anonymous repeated game (K, A, X, F, p., y'/, p is nonatomic, and ^g'f xf^ten 
is the history generated by v*, then every qf is a static noncooperative equilib¬ 
rium of the game. 

Proof Jt will be shown that, if some q* is not a static NCE, then v* is not 
a dynamic NCE. If q* is not a static NCE, there is a subset BQ X with 
p{B) > 0, such that for every ke B (with j’(^) — <w, j8/) there exists a play 
qe with, ^(0 =■ ^*(/) for i -f k, such that (17) fails to hold. That is, 
u{q*(k), F(q*)) < u{q{k), F{q)). Now, for some arbitrary player k e B, 
define a new strategy as follows. Let his initial action .v be the initial action 
qn(k) specified by v*(k), if r ■-/ 0, but let it be qjiji) if r ^0. For every 
/ : ■ 0, the function s, will be a constant function. Everywhere on its domain 
X', the function will take the value q*(k) t ^ r. or q(k) if / r. Define the 
strategy vector vcS'^ by vik) -''s,/,^n and i'(/) - r*(i) for / . k. It is 
claimed that (18) fails to hold for v and n*, and that v* is therefore not a 
dynamic NCE because this failure of (18) can be exhibited anywhere on the 
set B which has positive measure. This claim is substantiated by noting that, 
if is the path generated by r, x, -- xf (this fact is proved below as 

Lemma 2). By construction of v{k), q,{k) -- qlKk) except for t - r. Therefore, 
for / ■/- r, the /th summands of the left- and right-hand sides of (18) are 
identical. Consequently, (18) holds only if u{q,.{k)^ v,) ;; w(^’?'(A), .v,!). But 
this last inequality is equivalent to (17), which fails by assumption. Q.E.D. 

Lemma 2. Let F be anonymous, v* c- 5*', v.v/'. ,e.v he the path generated by 
v*. rC:N, and acA. For some keK with p{k} - 0, define the strategy 
follows’. Define .v„ - q^ik) ifO r, hut .Vp =■ a if 0 - r. For I ■' 0, 
define s, to be the constant function on X* which is equal everywhere to qfik) 
if t ^ r, hut to a if t — r. Define veS^ by v{k) -v/„', 5 ,v and v(i) v*{i) 
for i i k. Let .xf be the path generated by v. Then for all t e N, i e K - [AJ, 
'q,{i) q*(i) and xr xf. 

Proof By induction on t. For t 0, q,(i) is determined directly by v*{i) 
for all i y- k. Since /i({Al) 0, w(^o) = tti(q*), so =- s^f because F is 

anonymous. Now suppose that the lemma holds for 0,..., t. Then for / k, 
ifr*(/) - 

qti\(.i) , iCVfl. X'l) .V; .j(.Y„ ,..., .V, ) qi-iii)- 

As in the case / ■ 0, m(q,^^) — m(<jf^i). so .y,,, = x'fi. This completes the 
induction. Q.E.D. 

Theorem 5 is an inclusion theorem, if this term is interpreted broadly 
to mean a characterization of the equilibria of nonatomic games. It describes 
the dynamic noncooperative equilibria of a nonatomic anonymous iterated 
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game in terms of the equilibria of the static game which is iterated. If the 
equilibria of the static game have some property, Theorem 5 entails that the 
equilibria of the iterated game inherit the property. Thus, the theorem proved 
in [2] extends immediately to dynamic economies. Theorem 1 of the present 
paper extends in a similar way. 

Suppose that firms in a nonatomic dynamic market receive only price 
information about the operation of the market. Because price is a function of 
mean supply, the market is an anonymous game. By Theorem 5, if < 9 ,, .r,>/e;v 
is a dynamic NCE of the market, every qt is a static MCE. By Theorem 1, 
then, every is a price-taking equilibrium of the static market. It is evident 
from the definition of price-taking equilibrium that the sequence is 

therefore a price-taking equilibrium of the dynamic market. This proves the 
inclusion theorem for dynamic markets with price information only. In 
fact, the theorem continues to hold if firms receive other information about 
market aggregates (e.g., the variance of output levels in the market). The 
significance of this observation will be considered in Section 6 . 


5. A Limit Theorem for Anonymous Repeated Games 
WITH Random Outcomes 

Although the inclusion principle is valid for dynamic markets under the 
hypothesis of anonymity, the limit principle remains invalid. This fact is 
evident from the counterexample given in the proof of Theorem 3. The 
reason why the implications of anonymity are different for the two principles 
is obvious. In a nonatomic market, anonymity guarantees that no firm can 
have any effect at all on the information which its competitors receive about 
the market. If inverse demand is strictly downward sloping, though, a 
unilateral change of output level by a firm in a finite market must have a 
perceptible effect on the market price. Although the magnitude of this price 
change becomes small in large replica markets, the change remains percep¬ 
tible. The limit principle fails because the individual firm's effect on price 
information does not diminish in large markets, although its effect on the 
price level shrinks. In order for the limit principle to be valid for a dynamic 
market, a situation must occur in which price information about supply is 
unreliable. 

One such situation is the existence of random fluctuations, not directly 
observed by firms, in consumers’ demand schedules. Suppose that firms in 
this situation attempt to maintain a strategic noncooperative equilibrium 
like that described in Lemma 1. When the market price falls, each firm must 
decide whether the decline reflects a spontaneous downward shift of the 
inverse demand function, or whether it was caused by a competitor having 
exceeded his output quota. Tn a large market where the scale of an individual 
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firm is insignificant relative to aggregate demand uncertainty, price informa¬ 
tion cannot provide evidence about the firm’s level of output. Just as in the 
nonatomic market, the firm has incentive to break the cartel agreement. 

In this section, a limit theorem will be proved which applies to the situation 
just discussed. The theorem applies only to equilibria of the type studied in 
Lemma I, rather than to all dynamic noncooperative equilibria. 

The limit theorem will be stated for anonymous repeated games with 
random outcomes. A game with random outcomes is one for which, at each 
play, the outcome is a random vector taking values in X, rather than a 
determinate value x e X. The random vector which is the outcome depends 
only on the current play. Players’ return functions are now interpreted as 
von Neumann Morgenstern utility functions, and players are assumed to 
maximize expected discounted returns. 

The definitions of a repeated game with random outcomes and of an 
anonymous game with random outcomes are the same as those given in the 
last section, except that now F\ M{X) and G; M{A) M{X). When 
plays have random outcomes, a strategy vector will not generate a unique 
path in A''. Rather, it will determine a probability distribution over paths. If 
B C X. .Vft .V, , (= X, ' .V*, iix is a strategy vector, q is the play defined by 

q{k) . y /(. v ,.. ,), and v F{q\ then liB) is the probability that x, e fl 

conditional on the outcomes of the first / plays having been x„,..., x,.i. 
In order for this conditional probability to be well defined, v{B) must be a 

measurable function of .v,,.Xj .,. A sufficient condition for measurability 

of this function in the case of an anonymous game is that (a) G is continuous 
when M(A) and M{X) are endowed with the weak and total variation norm* 
topologies, respectively, and (b) m{q) is measurable as a function of .y„ ,..., 
x, ,, when M(A) has the weak topology. These conditions will be incor¬ 
porated in the definitions of anonymity and of strategy vector. 

Dehnition. a repeated game with random outcomes (K, A, X, F, p, .r> 
is defined exactly as was a repeated game in Section 4, except that F: -> 
M{X). The shorter term repeated random game will be used synonymously 
with this. A random game is anonymous if the diagram analogous to that 
which defines an anonymous deterministic game (but with M{X) instead of 
A') commutes, and if G is a continuous function from M(A) under the weak 
topology into M(X) under the total variation norm topology. A strategy 
for a repeated random game is defined as in the deterministic case. An 

* If :)) is a o-field and /::»-»■ /t is a countably additive set function, then the total 
variation norm of/is defined by I / i sup!i;„ejv i /(^nli I <is a sequence of disjoint 
elements of ^). If the range of G is any of the usual parametrized families of distribution 
(e.g., normal, if A' /t") and does not contain any degenerate (e.g., singular covariance 
normal) distributions, then weak continuity of the parameter as a function of the distribu¬ 
tion of actions is sufficient to guarantee continuity of G. 
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assignment <.v*>i.£jc of strategies to players is a strategy vector for a repeated 
random game if it satisfies the conditions specified in the deterministic case 
and if, in addition, when for t e the function 0^: X‘ ->■ M{A) is defined by 

0i(a-o (22) 

each 6, is measurable iM{A) having the weak topology). 

Let 5*^ denote the set of strategy vectors. To define the random path 
generated by a vector v e S*', let Q = and let ^ be the Borel a-field 
generated by the product topology on Q. Define the projection functions 
\,: Q-* X for te N hy x,i(xo , XiXt ,...» = x,. Let be the smallest 
or-field with respect to which x„,..., Xj are all measurable (N.B. .^9, C J", and 
is isomorphic as an algebra to the Borel a-field on X^ ' \ by [7, p. 6]). 

Recall that, for a probability measure defined on a regular conditional 
probability relative to is a function /*<: ^xQ -> [0, 1] such that 

(a) for fixed <tieQ, Pt {-1 y) is a probability measure defined on Q, 

(b) for fixed BCQ, \ •) is ^jf^-measurable, and 

(c) for all 5 6 ^ and Ce^t* 

7t{B n C) f PtiB I co) d7r((u). (23) 

Jc 

For every probability measure n defined on dS, and every teN,a. regular 
conditional probability relative to exists, and any two of these differ 
only on a set of it measure zero (i.e., if P and P' are regular conditional 
probabilities relative to , then 7 t({w | 35 c 3S{P{B \ w) P\B | w)}) = 0) 
[7, p. 147]. Thus, regular conditional probabilities may be used unambiguous¬ 
ly to define random paths. 

Definition. Let Q, dS, X(, 3$^, and 5, be as above. Let v e 5*, where 
V ~ and j* = • The random path generated by v is the 

probability space (Q, 36, tt), which satisfies, for every Borel subset B of X, 

77(Xo(ta)6 5)=-v(5), (24) 

where v = Fi<,So^'>keK), and for teN+, 

/>,(x,(o>)g5|cu) = v(5), (25) 

where v =/’«^,''(Xo(a>),..., X(_i(a>))>fceis), for all w belonging to some 
Cf e 5(_, where Tr(Ct) = 1. 
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It is proved in the Appendix that the random path generated by a strategy 
vector exists and is unique. Deiinitions of static and dynamic NCE for a 
random game differ from the definitions in the deterministic case only in 
that expectations must be taken with respect to distributions of random 
outcomes and paths. 

DnnNmoN. A stalk noncooperative ecjuilibrium of the repeated game 

K, A, X, F, fj,, y. with random outcomes is defined as for a deterministic 
game, except that (17) becomes'* 

EF(„)u{q(k), X) < EF(n^)U(qHk), jr). (26) 

The definition of a dynamic quasi-equilibrium is the same as in the determi¬ 
nistic case, except that now the random paths (Q, tt) and n* 

of r and r*, respectively, are treated rather than histories in the deterministic 
case. Equation (18) is changed to 

E,(u(s„'\x„) , Y. X/-i), X,)) 

(»(.v,r\xj I X iS'M(i**'(x„.X, ,),x,)). (27) 

tcN^ ' 

The definition of a dynamic noncooperative equilibrium is exactly the same 
as in the deterministic case. 

An explicit definition is now given of the type of dynamic noncooperative 
equilibrium which was studied in Lemma I. Recall that in that type of 
equilibrium, there is a play (/„ to which players are committed at each repeti¬ 
tion of the game. This commitment is enforced by mutual threats that, if 
there is evidence that some player k has not taken action q^ik), then the other 
players will thereafter take the actions prescribed by another play . This 
threat is self-enforcing, because qi is a static noncooperative equilibrium. 
Evidence that a player has departed from q^ consists of an outcome which 
lies outside some subset BC X. That is, the players agree to play q^ as long 
as outcomes in B have been observed in the past, but always to play <71 if 
some outcome outside of B has occurred in the past. 

Deeinition. a strategic noncooperative equilibrium of the game <£, A, 
X, f, /i, y' with random outcomes is a dynamic NCE such that, for 
some triple , < 7 ,, B^gA^ x x 2^, the following conditions are satisfied 
for every k e E (with v(k) — \J 4 >(e,v): 

(a) c/i is a static NCE. 

(b) So(k) == q„{k). 

• The functions u(q(k), .v) and . x,_,, x,) are random variables on X and Q 

in Eqs. (26) and (27), respectively. 
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(c) If, for any teN+,Xo ..... Xt-i e B, then . x,^i) = and 

(d) If, for any teN+ and r < t, Xr $ B, then Xf x<_j) = 

qi(k) for all Xq ..... x,_i, x,^ ..x<., e X. 

By abuse of notation, the strategy vector defined by (b)-(d) above will 
also be referred to as , q ,, B). 

There is a condition which, if the expectations referred to in its statement 
are well defined, is necessary and sufficient for a strategy vector (q„, q^, B) 
to be a strategic NCE. Some notation is introduced now to facilitate the 
statement of this condition. Let ke K he fixed. For ae A, define qa to be 
the play which results from q^ when the action of k is changed to a. That is, 
q„(k) - - a, and q„{i) = qo(i) for i k. Define Vj = Fiq^) for y = 0, 1, and 
F{qa) for all aG A, and let Ej and be the expectation operators (on 
functions defined over X) with respect to Vj and v„ , respectively. 

Lemma 3. Let qo^ let q^ be a static NCE, and suppose that for all 

k G K (with y(k) =■-■ (u, j8», EiU(q^(k), x) is finite and EuU(a, x) is finite for 
every ac A. Let BQX, and define 

V,(a) - [£>(a, X) t- i3(I - i3)-Hl - vJ,B)) E,u(q,(k), x)]/[l - ^v„(B)l 

(28) 

for all a e A. Then (q^ ,qi,B) is a strategic NCE if and only if, for almost 
all k G K, 

VMk)) = max V^ia). (29) 

aeA 

Proof. By definition, <f/o, , 5> is a strategic NCE if and only if it is a 

dynamic NCE. Furthermore, by the reasoning explained in Lemma 1, the 
fact that qt is a static NCE entails that (,q „, is a dynamic NCE if and 

only if it is a dynamic quasi-equilibrium. Thus, it is sufficient to prove that 
(27) holds with v* = iq» ,qi,By for all other veS^ with v(i) = v*(i) for 
i / k, if and only if (29) holds. This proof consi.sts of two parts. First, it is 
argued that one need only consider (27) with respect to and strategy 
vectors v (q„, qi, B) ^ot a e A. Second, a dynamic programming argu¬ 
ment is used to evaluate the expected discounted returns in (27) for paths 
generated by these strategy vectors. 

Both of these arguments are transparent when it is realized that the decision 
problem of player k is equivalent to a very simple Markov dynamic program¬ 
ming problem. In this equivalent problem there are two states: either all 
previous outcomes of the game have been in B (state 0), or some outcome 
has not been in B (state 1). In state 0, taking an action aeA yields a present 
return (the expected return E„u(a, x) from the play ^„) and incurs a risk (the 
probability 1 — v„(B) of producing an outcome not in (B) of causing a change 
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to state 1 in the next period. State 1 is an absorbing state, and in that state the 
player’s best action is q^fjc) which yields return EiUiqJik), x). A basic theorem 
of dynamic programming states that, if any optimal control rule exists for 
this problem, there is an optimal rule which specifies a fixed action ae A 
to be taken as long as state 0 persists. If player k follows this rule while other 
players use the strategies assigned by {q^, qi, By the strategy vector 
<q„ ,q^,B/ results. Thus, if any strategy of k leads to a violation of (27) 
the equation fails to hold for some strategy vector of this special form. 

It remains to calculate the expected discounted returns to player k from 
paths of strategy vectors (qa , qi , B). (N.B. If o - ^oik), then ,qi,B'y^ 
<qo, < 7 ,, By.) Denote his expected discounted return from the path of 
<^fi > 9i > By by Kfc(o). With this interpretation of (29) holds if and 

only if < 9 (,, is a dynamic quasi-equilibrium. Thus it is only necessary 

to verify that (28) is true under this interpretation, in order to complete the 
proof. 

To do this, note that y^in) must equal the expected discounted return 
in the equivalent dynamic program under the control rule: perform action 
a in state 0, and action ^,(/c) in state 1. From the first time that state 1 
occurs, the expected discounted return is (1 — ^)~^Eiu{q^{k), x). Thus, if 
IF;{0, !}->/? is the value function of the control rule, ViJ(a) =- 1F(0) and 
(1 — P)-'^Eiu(qiik), x) = W(\). 1^(0) is defined by the functional equation 

H^(0) = EaU{a, x) -h )3[P(the state next period will again be 0) • 

IF(0) h P(the state next period will change to 1) • 1F(1)]. (30) 

Given that the transition probabilities are Va{B) and (1 -- v„{B)), respec¬ 
tively, (30) is equivalent to (28). Q.E.D. 

Lemma 3 will be used to prove a limit theorem for anonymous repeated 
games with random outcomes. To state this theorem, a sequence of replica 
repeated games must be defined. This definition is a straightforward generali¬ 
zation of that of a sequence of replica dynamic markets. 

Definition. Let H = {K, A, X, F, (i, y} be an anonymous repeated 
game with random outcomes. In particular, let the diagram 

M{A) 



^ M{X) 

commute. Suppose that is a finite set. Then, a sequence of replica repeated 
games <//„>n6Ar with random outcomes is defined as follows: For every 
n G Af, //„ = <A:„ , A, X, F„ , n„ , y„y, where K„ = K x {0,..., n}, is 



NONCOOPERATIVE PRICE TAKING 


175 


determined by r}}) = fi({k})l{n1) for all <Jc,r')eK„, and 

y„«A', r» = y{k) for all {k, r}eK„. It remains to define the outcome 
function F„ . Let m„: A^’‘-*-M(A) map plays of N„ to the distributions of 
actions which they determine as random variables on (K„ , /i„>. Then define 
Fn'- M{X) by F„(q) — Gim„(q)) for all ge A’^”. Define the nonatomic 

representation of the sequence analogously, where K^ — Kx [ 0 , 1 ], 
and, for BQK^, Mi*}) * A({r e [0, 1] | <*, r> e B}). 

The limit theorem to be proved here states that, under appropriate hypo¬ 
theses, the limit of strategic noncooperative equilibria is trivial in the sense 
that the “collusive” play supported in the limit must itself be a static non- 
cooperative equilibrium. Formally, if is a sequence of replica 

repeated games with random outcomes, if < 4 ^ 0 ”, 5„> is a strategic NCE 

of Hn for each n, and if « -> < .P® . ^ 0 ®. ^i*> in distribution, 

then is a static NCE of 

The statement and proof of the limit theorem are now given. 

Theorem 6 (limit theorem for anonymous repeated games with random 
outcomes). Suppose that is a sequence of replica repeated games 

with random outcomes, having Ha, as nonatomic representation. Let H -= 
(K, A, X, F, /X, y), and let G make (31) commute.^^ Suppose that <^o"» <7i"> ^n) 
is a strategic NCE of Hnfor every neN, and that the following hypotheses are 
satisfied. 

(a) The countable subset DQ A is dense in A. 

(b) If yifi) — <M, fi) for some keK, then EcQu(a, x) is a finite-valued, 
continuous function on A x M{A), where M{A) has the weak topology. 

(c) The sequence < >>„ , ^i")'n 6 Ar converges in distribution. 

Then there is a random vector < y„ , qfo®. 9 i®) defined on Ka, such that 

< , (Itf, 9l"»«eJV -► < .P® , 9l”> (32) 

in distribution, and is a static NCE of Ha,. 

In particular, it is assumed that G is continuous when MIX) is endowed with the total 
variation norm topology. This assumption restricts the amount of information that out¬ 
comes of the game can carry. For instance, if a deterministic outcome is interpreted as a 
probability measure concentrated on a single point, then the example constructed to refute 
the limit principle for repeated deterministic games may be considered as a sequence of 
replica repeated games with random outcomes. In that example, G is continuous when 
M(X) is given the weak topology, but not when it is given the total variation norm topology 
(although the conditional probabilities needed to define the random path are well defined 
(they are all I or 0)). Thus the continuity requirement on G in the theorem cannot be 
relaxed. An example in which very accurate information is revealed in a large market, so 
that a strong continuity requirement might be presumed not to hold, is the enforcement 
by professional associations of prohibitions on advertising by members. At essentially 
no cost, an association can monitor perfectly whether the prohibition is being observed. 
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Proof. The two ideas behind this proof are that the analog (with expected 
utilities) of Theorem 5 must be true for nonatomic games with random out¬ 
comes, and that the functions defined by (28) are continuous in the actions 
and measures involved in their definition. If qf’ is not a static NCE of , 
the first a.ssertion entails that 9 ,“'. Bf) cannot be a dynamic quasi¬ 
equilibrium for any B., C X. Therefore (29) cannot be satisfied almost every¬ 
where for H, by any \q^‘, qf, Bf. By the second assertion, neither can 
(29) hold almost everywhere on K„ , for the nearby games //„ and strategy 
vectors q{\ B„ .> when n is large. 

Formally, the limiting random vector < qi^} exists by Skorokhod’s 

theorem [5, p. 50]. Suppose that q^ is not a static NCE. Then there is a set 
JQ K.J , with p.,{J) > 0 , on which (26) does not hold for all necessary q 
when q* - </„'. Because K is finite, for some ks K (N.B. k will refer through¬ 
out the proof to this fixed element of K), n ({A] x [0,1])) > 0. Without 
loss of generality, it may be assumed that JC{k} x [ 0 , 1 ]. 

Because is nonatomic and anonymous, and because D is dense in A, 
the failure of (26) is equivalent by (b) to the existence of some df= D such 
that 

AV,. (<,,/)«(</«" «A, r, ), x) < v ). (33) 

As above, the countability of D permits (33) to be assumed without loss of 
generality to hold everywhere on J for some fixed action d of D (N.B. d also 
to be held fixed throughout the proof). Similarly, by the separability of /?, , 
it may be assumed that a stronger version 

.v) - pFj„/Mq,;'{{k, r», x) ■ 8 (34) 

of (33) holds uniformly on J for some 8 > 0, and that by (b), 

I r}), -v)! < e. (35) 


holds uniformly on J for some € > 0. 

By (b), (34), and (35), for each r with (A, r> g J, there exist open sets 
, Ilf C A and IF,,,, IF,, C M{A) with qf{{k, r'>) e and nu{qj'^) g IF,, 
for./' ^ 0, 1, which satisfy 


EcuMd, -v) - EcieMa, x) > 8 (36) 


for r},de IVor and a e Uf and 


for 7j 6 Wif and aeU^f. 


I Eot„)U(a, x)| < e 


(37) 



NONCOOPERATIVE PRICE TAKING 


177 


There are open Ujr for j - 0, J and (k, r/ej, such that r})e Uj. 

and Vjr C Ufr (N.B. U is the closure of U). Let F - U<fc.r>e/(C/or X 
By (a) and Lindelof’s theorem [3, p. 12] there is a countable subset YQ 
[0, I] such that {Uw X t/j,. | re T} is a cover of F. Since nJJ) > 0 and 
J Q (<A', /■' I f», qF{ik, /■»> G f}, and since T is countable, there is 

some U ---- Uor X Uir such that 

H-UKk, r} i <qo'^i<k, r>), qi^{(k, /•>)> g U}) > 0. (38) 

By [7, p. 4] there is a continuous function f: A x ^ [0, 1 ] having support 

in U'* (where U* = x C/f^ for the same r which defines U) juch that 
/ I on V. By (38), 

f ./«<7 o“'«A, r», r»» dA(r) > 0. (39) 

It is evident from (c) and the definition of convergence in distribution that 
asymptotically (i.e., for all sufficiently large n g N) there exist r„ n for which 

«'«A, r„», qF((k, r„»> eU. (40) 

For ne N, define u/‘ ^ q/‘{(k, r„» for j 1. Also define (as in 
Lemma 4) qy to be the play of H„ which results when <A, /•„> deviates from 
c/u*' by taking action d. I.e., ^/«A, r„» --- d and qa’'{ik\ r'>) = 9 o"«A', r''>) 
if k' / k or /•' -/ r„ . Define tj/' = ni„{qj”) for j 1, d. By (c), 

<•»?/'>« AT m^{qF) (41) 

for / 0, 1, and 

<Vd”>n^N m^iqo'^). (42) 

Thus asymptotically rfa'‘ e and ij," g W^r, so that (36), (37) and (40) 
imply that for sufficiently large n, 

Ec(„-)u{d, .v) — x) > 8 (43) 

and 

1 x)\ < c. (44) 

Equations (43) and (45) will be used now to establish that (29) fails asymp¬ 
totically for (/„ --- qo'\ so that {q„”, q”, B„'> cannot be a strategic NCE of 
//„ . Define vj” = G{r]F) and let be expectation with respect to v/* for 
./ — 0, 1, d. It will be shown that asymptotically 

[£„"u(V, .V) I )8(1 - jS) HI - vo”(B„)) EFu{aF, x)]/[l - MB„)] 

< [£/M(d, X) + i3(l - ^)-\\ - vABr.)) EFu(aF, x)]l[\ ~ ^vABn)). 

(45) 
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By (28), (45) is equivalent for H„ to K<t.r„>(go”«Ar, r„») < K<j;.,^>(£/), so 
that (45) contradicts (29) for //„ . Thus the theorem will hold by Lemma 3. 
Multiplying both sides of (45) by [1 — v„"(5„)] yields 

E„”u(a,”,x) i )S(I -)3)->(l - EMoi", x) 

< [(1 ~ /3.„-'(flJ)/(I - MBn))][Ea”u(d, X) iS(l - j3)-‘ 

X (1 - i/,/-(fl„)) £;,"tt(ti,'', jr)]. (46) 

For each ^ > 0 there is an open fV( Q M{A)^ with /m«,(^o*) ^ •> which 

satisfies 

sup i 1 - [[1 mv)KB)]/ii - mmem < $ (4?) 

BCX 

for T], 0 e . By (41), (42), and (47), (46) holds asymptotically if 

£„"t/(ff„", x) - Ea”u(d, x) f- /S(I — P)-'lvAB„) - v„”(5„)] -v) < 0 

(48) 

asymptotically. By (d), (41), and (42), lim„^,^ [v/(B„) -- ^(Bn)] = 0, so by 
(44), (48) holds asymptotically if 

Ijm [£V'M(ao", -v) — £a”uid, jr)] < 0. (49) 

This completes the proof, because (43) implies (49). Q.E.D. 

From Theorems 2 and 6, it is evident that the paths of strategic non- 
cooperative equilibria of a sequence of replica dynamic markets with un¬ 
observed random demand fluctuations converge to a price-taking equilibrium 
of the nonatomic representation of the sequence. One difficulty arises in the 
application of Theorem 6 here. That is, that hypothesis (d) fails if firms have 
unbounded production sets. However, if marginal costs become sufficiently 
high as output levels rise, this difficulty may be handled by imposing prior 
bounds, uniform in n, on the output levels which firms would consider. 
Hypothesis (d) is satisfied in the resulting sequence of replica markets because 
inverse demand is continuous and production sets are compact. 


6. Concluding Remarks 

The results which have been presented here concern the extent to which 
price-taking behavior characterizes the noncooperative equilibria of large 
economies. Theorems 1 and 2 of the present paper exemplify the positive 
results for this question which hold under the simplifying assumption that 
trade in each market occurs only once, during a single, initial trading period 
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in which all markets clear simultaneously. Theorems 3 and 4 show that the 
validity of these results for actual markets, which continue to be active over 
time cannot be taken for granted. Finally, Theorems 5 and 6 describe the 
extent to which results for static markets can legitimately be applied to 
temporal trade. In this section, the practical significance of these results 
will be examined. 

Most economists are in rough agreement about which actual markets are 
paradigm cases which corroborate the static theory of competitive behavior in 
large markets, and which markets are accounted for less successfully by the 
theory. Theorems 5 and 6 justify the application of the static theory to the 
paradigm cases, and they also clarify the status of some of the marginal 
cases. Theorem 5 asserts (in conjunction with Theorem 3) that, if firms in a 
market literally have no effect on the price, then the market must be competi¬ 
tive unless firms have access to extremely disaggregated information about 
their competitors. Theorem 6 states that, in the presence of imperfections 
which may reasonably be thought to exist in the price system, the assump¬ 
tion in Theorem 5 that individual firms do not influence the price may be 
taken as a good approximation of the situation in large finite markets. Thus, 
when a market contains many uncoordinated sellers, the static theory may 
legitimately be used to predict that the market will be competitive. 

Problems typically arise in deciding what the words “many” and “un¬ 
coordinated" mean, when the applicability of the theory of large markets to a 
particular market is in question. Thus one class of marginal cases for the 
static theory consists of moderately concentrated industries (typically 
having fewer than a dozen major suppliers), and another class consists of 
markets in which the actions of a trade or professional association might 
affect the behavior of sellers. One school of thought in the economics profes¬ 
sion holds that collusive agreements of even the smallest size are very un¬ 
stable and that noncooperative equilibria converge rapidly to price-taking 
as the number of sellers is increased, so that there is a strong presumption 
that markets in both of these classes are competitive. An apparently conflict¬ 
ing view is held by a number of economists who have been persuaded of 
the monopolistic effects of professional associations in medicine, law, and so 
forth, on the basis of evidence which for the most part has been rather 
impressionistic. 

Each of these views presupposes a set of beliefs about what determines 
whether firms in an industry would be able to detect and punish a competitor 
which attempted to violate a cartel agreement. It has long been recognized 
in the informal literature on industrial organization that this question, more 
than the question of how concentrated the industry is according to the usual 
quantitative measures, is important in assessing the competitiveness of an 
industry with restricted entry. By stating precise, formal criteria for cartel 
organization in an industry to be enforceable. Theorems 5 and 6 point 
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the way toward an embodiment of this informal tradition in a rigorous, 
empirically satisfactory theory.^* Industry studies based on such a theory 
would help to resolve long-standing empirical disputes about the extent of 
cartel organization, and might contribute to the determination of antitrust 
policy on a more rational basis. 

APPENDIX: Existence and Uniqueness of a Random Path 

Let /’ '.s'- I,, K t S*', where s'- for each t. It will be proved that 

there is a unique Borel measure on Q A'-''’ which sati.sfies definition of a 
random path of r of an anonymous repeated random game. 

Lemma 4. To prove the existenee and uniqueness of a random path, it is 
sufficient to prove that there is a unique sequence tt, such that 

(a) TT, is a measure defined on for each t, 

(b) if t t', then tt, is the restriction of tt, , to .iS,, 

(c) the equation 

vr,, F{ sf (50) 

holds, and 

(d) if tcN, and Pf is regular conditional probability for n, relative to 
■ ‘A, , , then for every Borel subset B of X, 

P*{\,{a>)(r B oj) v(B), (51) 

where r = /•■(<.v/'(x,i(w).x, '/.< K\for all a> belonging to some C, c- , 

where TT,(C,) - I. 

Proof By the Kolmogorov consistency theorem [7, p. 139], for any 
sequence satisfying (a)- (d) there is a unique Borel measure tt on Q such that 
TT, is the restriction of tt to iiS,, for every t. Thus (50) and (5 1) are equivalent to 
(24) and (25), so \Q, tt is a random path generated by v. If -'.Q, tt'/ 
is any random path generated by r, and if tt'i is the restriction of it' to 
then \TT'i'u,y satisfies (a)- (d). By the uniqueness of the Kolmogorov extension, 
•sTTri^\ ^Tr'fiics if rr -/■ tt' . Thus, uniqueness of the sequence satisfying 
(a)-(d) is sufficient for the uniqueness of the random path. Q.E.D. 

Lemma 5. A unique sequence '.tt, ',c,v exists which satisfies (a)-(d) of 
Lemma 4, 

" In particular, Eq. (29) suggests how the hypothesis that there is collusion in a particular 
industry might be tested on the basis of a time series of prices and market shares for that 
industry. Evidence from such a test would be more persuasive than that from cross-industry 
comparisons on which current attempts to measure the extent of collusion are based. 
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Proof. A sequence satisfying (a)-(d) will be constructed recursively. 
At each stage the measure chosen will be determined uniquely. To begin with, 
(50) defines ttq . Supposing that has been chosen, condition (d) will be 
used to uniquely define 77,^1 on . Define a block in to be a product 
set C X B, where C e and B is a Borel subset of X. Define w*: x -* 

fO, 1] by 

7 r*(C X fl) - f e B\(o) t/ 7 r,(a)), (52) 

•'c 

where Eq. (51) is taken as the definition of /*f. (N.B. The measurability of 
i(X(+i ^ ^ I •) with respect to is guaranteed by the definitions of strategy 
vector and anonymous game.) Now define dS* Q to be the class of finite 
unions of disjoint blocks, is a Boolean algebra [3, p. 185], and tt* 
determines a finitely additive measure on In fact, it is evident from 
Lebesque’s monotone convergence theorem that tt* is countably additive 
on By the Caratheodory-Hahn extension theorem [3, p. 136], tt* extends 
uniquely to a measure on the smallest tr-field containing By [7, p. 6], 
this o--field is .^,,1 • Let the extension measure be . Conditions (a) and 
(b) are trivially verified, and it follows from (23) that defined by (51) are 
trivially verified, and it follows from (23) that defined by (51) agrees 
almost surely with regular conditional probability for B s so that 
satisfies (d) and is the unique extension of rr, which does so. This completes 
the induction. Q.E.D. 

The existence and uniqueness of the random path of v are an immediate 
consequence of Lemmas 4 and 5: 

Theorem 7. If H i.K an anonymous repeated game with random oucomes 
and V is a strategy vector for H, then 0 generates a unique random path 

[Q, di, TT}. 
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In Ihe Walrasian definition of competitive equilibrium, attention is 
confined to the consistency of individuals’ plans on the presumption that 
each agent regards itself as a price-taker. Thus, Walrasian equilibrium may 
exist where there is no supporting evidence for that presumption—e.g., in an 
economy with a small number of agents. The self-imposed limitations of the 
definition imply that it describes necessary but not sufficient conditions for 
perfectly competitive equilibrium—i.e., an equilibrium for which the presump¬ 
tion of price-taking is justified. In this paper we propose an alternative 
definition that brings out the perfectly competitive character of the equilib¬ 
rium that is implicitly behind the usual interpretation. 

The approach adopted here has as a basic premise that the description of 
perfect competition should be invariant to the number of agents. Contrary 
to what appears to be the typical view that it is locigally tied to the study of 
economies with large numbers of agents, we find that an analysis of the 
conditions for perfectly competitive equilibrium with small numbers yields a 
characterization that is essentially the same as it is for large. What differs 
between economies with small and large numbers is simply the likelihood of 
its occurrence. 

Consider a group of agents and an allocation that maximizes the utility 
of one of them, say j, subject to requirement that the others are made no 
worse off than they would be by reallocating resources among themselves, 
without /. At such an allocation, j is extracting all the gains from trade he 
might reasonably expect by, as it were, joining the economy; and, the others 
may be receiving absolutely no surplus from the presence of j. Suppose an 
economy exhibits an allocation that simultaneously fulfills this condition 
for all agents taken one at a time. Such a situation is a special case of what 
will be called a no-surplus allocation that we propose as an alternative to the 
Walrasian definition of competitive equilibrium. 


* This work was supported by NSF Grant SOC77-I8086. 
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Some justifications for the proposed definition are the following: 

(1) Whether the number of agents is large or small, a no-surplus allocation 
is a Walrasian equilibrium. 

(2) A no-surplus allocation is equivalent to the condition that each agent 
faces perfectly elastic demand schedules, at Walrasian prices, for the goods it 
sells. 

(3) Although almost all Walrasian allocations in economies with small 
numbers are not no-surplus, in economies with large numbers and a finite 
number of commodities almost all Walrasian allocations are. 

In this paper we shall demonstrate (l)-(3) for the most elementary but 
nevertheless representative case of finite exchange economies and for sequen¬ 
ces of exchange economies consisting of replicas of a fixed finite economy. A 
novelty of the demonstration is that for large economies we shall permit the 
presence of external effects. More general sequences of economies exhibit 
similar conclusions (see Ostroy [14]). Related results have been established 
by Makowski [10] for economies with production by firms. 

The concept of no-surplus is reminiscent of the marginal productivity 
theory of distribution. With such an allocation each agent may be said to be 
obtaining its marginal product and since this is true for all agents simultane¬ 
ously, the total product (allocation) may be said to be entirely exhausted by 
the sum of the marginal products (see Theorem 2. below). The analogy is 
further exploited by Makowski and it is shown in Ostroy [15] that the 
marginal-productivity-product-exhaustion and no-surplus descriptions of 
perfect competition are essentially equivalent for economies with a continuum 
of traders. 

In the final section, the no-surplus and core characterizations of perfectly 
competitive equilibrium are compared. Elsewhere, we shall exhibit the con¬ 
nections with the Shapley value (Shapley [18]), and the concept of incentive- 
compatibility of Walrasian equilibria (Roberts and Postlewaite [16]). Mas- 
Colell [12] has shown that the no-surplus condition can be used to abstract 
some of the common elements of the Core and Value Convergence Theorems. 
In the context of economies regarded as games with transferable utility, 
Geanakoplos [7] has independently demonstrated that the marginal-producti¬ 
vity-product-exhaustion condition can be used to derive the equivalence of 
the core, Shapley value, bargaining set, and Walrasian equilibria. 


I. Notation and Preliminary Definitions 


The concepts and results below are formulated for an exchange economy 
<? = {{Si , w,)}<"", where Si describes the preferences and Wf the initial 
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endowments ol a typical agent /. It is assumed throughout that the relevant 
commodity space is so that w, e An allocation is denoted by A' = 
(Xf), X, 6 y?/; and, unless otherwise noted, X will also be assumed to satisfy 
the feasibility condition, — w.) = 0 . 

For an allocation X, 5,(A') is a subset of R+. If e Sj(A'), then / would prefer 

to X, given the allocations Xj in X for j ^ i. Let ^Si{X) be the /?^Aboundary 
of S',(A"), the set of points in the closure of S.CA') that does not belong to its 
/?/-interior. For each i = 1,..., n and X — (x,), assumptions on preferences 
will include (some of) the following: 

Alt SiiX) is open in /?/; 

Aa: Xi e dSi{X)‘, 

Ag: pe R^, p 0, inf/)[S/A') — w,] = 0, and y £ S,(A') implies 
p{y - M’i) > 0; 

A 4 : S,(A') is convex; 

Ar,: A" (xJ) and x] — implies S,(A") = Sj{X); 

A«: ((;^, A'): y e S/A')} is open in R+‘ x (/ ?/ x • •• x R+ ‘) 

n 

Consistent with the interpretation of S/A') as indicating strictly preferred 
elements, Aj and Aj imply that the underlying preference ordering is 
irrcflcxivc since S/A') does not contain its boundary and x< 6 ^S/A'). Aj is a 
version of local nonsatiation that also implies S/A') is not empty. A 3 rules 
out the possible difficulties that arise from the fact that S/A') is merely 
/?./-open. If inf p[Si(X) — iv,] = 0 and pWi 0, it is well known that A 3 is 
superfluous. Flowever, since the conditions that would guarantee pWi ^ 0 
are not otherwise needed for the results below, we simply impose A 3 . Note 
that A 3 obviates the need for any assumptions on w,- or J! being in the 
interior of /?/. A 4 is essential for a linear price description of perfectly 
competitive, Walrasian equilibrium. Aj says that an agent’s preferences are 
unaffected by any part of the allocation that is not assigned to the agent—i.e., 
there are no external effects. The continuity condition. A,, will not be used 
in any of the formal results but it will be called upon, informally, to extend 
some conclusions. 

In the following we shall be concerned with the influence of any single agent 
j on the rest of the economy and it will be convenient to adopt the convention 
in which (■)^ indicates the corresponding sum excluding j. Thus, <S/A') = 
2;,#j5/A'), , and x^='Zi*iXi. Similarly, we shall use (■)“ 

to indicate that the sum excludes no agent. Thus, S“(A') = 2 5/A'), = 
X Wi , and X® = S • 
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Remark I. Since ^nd A, imply that the condition 

S*\X) is equivalent to vv® 6 cS^(X). With Ag, w® 6 f5S®(A') has the usual inter¬ 
pretation that X is Pareto-optimal—there is no other feasible allocation 
that would be preferred by all agents. However, without Aj, if vv® e ?5"(A') 
no such conclusion is warranted. We can only maintain the rather trivial 
implication that if any agent is to reach a more preferred allocation without 
relyitif' on trade with others, total resources must be other than vv". 


11. Thi: No-Surplus Condition and Its Dual in ^ 

For the following definitions and throughout the remainder of the paper 
Ai and A^ are assumed. 

Trade is productive for all the members of whenever there exists an 
allocation X --- (x,) such that each agent can achieve a surplus through trade 
—i.e., .V, e5,(lF), where W = (w^) is the initial allocation. We may say that 
the surplus produced through trade is maximal when X is Pareto-optimal 
(PO). 

PO: tv® e f^SPiX). 

Following the logic of marginal productivity theory, can an allocation be 
found that uniquely imputes the total surplus produced through trade to the 
separate contributions of the participating agents ? To formulate this condition 
we require that each agent receive neither more nor less than its marginal 
product. 

For an exchange economy, we shall say that at the allocation X no agent is 
receiving more than it is worth if it satisfies the nonnegative surplus (NNS) 
condition. 

NNS: w^fSm j=\ . n. 

NNS places an upper bound on the extent to which an agent can exploit its 
monopoly power by saying, in effect, that no seller j can enforce an outcome 
in which its customers would do better by refusing to deal with j and going 
elsewhere. 

At an allocation X no agent is receiving less than it is worth if it satisfies the 
nonpositive surplus (NPS) condition. 

NPS: »v^ €cl S^{X), j = 1,..., n (cl - closure). 

Otherwise, if w^ $ cl S\X), j is contributing a positive surplus and can 
therefore claim to be receiving less than it is worth to the rest of the economy. 
(Unless there are no external effects, Aj, the NNS and NPS conditions may 
not reflect their marginal productivity interpretations in finite economies. 
See Remark 2, below.) 
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An allocation X satisfies NNS and NPS if and only if e dS*{X), j — 

1. n, where dS\X) the /?+‘-boundary of S^{X). To continue the analogy 

with marginal productivity theory, if each agent is paid its marginal product, 
will the sum of the payments just exhaust the total product? For an exchange 
economy, the question is whether there exists a no-surplus (NS) allocation 
— i.e., an X such that 

NS: w’" e 8S”‘(X), w = 0, 1.n. 

The geometrical properties that flow from the convexity hypothesis, A,, 
can be exploited to give additional perspective on the concept of NS, especial¬ 
ly its relation to Walrasian equilibrium. 

Let P lipII = 1}, where || ‘H denotes the Euclidean norm, be 

the set of vectors on the surface of the unit ball of RK Define 

Q"'{X) — {pe P: inf p[S”‘(X) — w*”] > 0), m 0, 1./;. 

If w’" ^ then Q’”(X) ^ 0 and conversely, if A 3 is assumed, Q”'{X) -/- 0 
will be shown to imply w”'^S'"(X). Tbis will be used to give a description of 
X as an NS allocation in terms of the sets Q”'(X). 

THEOREM 1. Let S' satisfy Aj-A 4 . Then X is on NS allocation if and only if 
Q'‘‘{X) ^ 0, w — 0, 1,..., n, and 

(i) Q\X)CQ\X)J=^\,...,n, 

(ii) p e Q”\X) implies inf p[iS''”(A') — w”‘] 0,m 0, 1. n. 

Proof If Q"‘(X), /M = 0, 1,..., n, satisfy (i) and (ii) and p e 0“(.V), then 
inf p[S”(A') — w"] = inf p[5J(A') — w% j ■ 1,..., n. By construction, 

infp[5«(Ar) - - infp[5>(Ar) - w>] + infp[5X;ir) - w,]. ( 1 ) 

Therefore, inf p[5XA') — Wj] = = 0 and by A 3 if yeS^X), p(y — w,) > 0. 

Thus, for any p e 0”(J), if y e S'”(X), p(y~ w™) > 0, m =- 0, 1. n. This 

and (ii) imply that w"'$S’”(X), all m. 

To show that w”* e 8S"'{X) it suffices to show that w™ e cl S'%X). Suppose 
the contrary and let 0 # || z'" |i = inf || cl S”‘(X) — ||. By A 4 and a standard 

argument used in the proof of the Separation Theorem, we may set p -- 
(!| z”' ii) ’ 2 ’" e P and obtain the conclusion that p e Q"'(X). But 0 ^ pz™ -- 
j' z*" II < inf p[S''"(A') — w”'], contradicting (ii). 

If A' is NS, the Separation Theorem implies that Q”’(X) ^ , m ~ 

0, 1 n. Let p e Q'iX). Since w"* g cl S'"(A'), inf p[5’"(A') — w"*] < 0. Again 
by A 4 and ( 1 ), above, we may conclude that inf p[5^(A') — 0 , / = 

1. m. This establishes (i). 
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If peQ'XX) and inf /?[5’”(A') — w’"] > 0, then S™{X) can be strictly 
separated from vv", which contradicts the fact that w”* e e5”*(A'). This estab¬ 
lishes (ii). 

The following gives a sufficient condition for X to be an NS allocation. 

Corollary 1.1. Letsatisfy A 1 -A 4 . If X is such that Q%X) — Q‘(X) -i- 
fJ, i 1,..., fi, then X is NS. 

Proof. It suffices to show condition (ii) of Theorem 1. Since Hj 

) Q*\X) and p^f) QKX), we have p(x> — inf — w'] 0. 

This implies /j(a"‘ - w”') ^0,m - -0, 1,..., n and therefore, inf p[S'"'(A') - 
w"'] - 0 , m 0 , 1 ,..., n. 

To show that the above sufficient condition is practically necessary for 
NS, we demonstrate 

C 0 ROLI.ARY 1.2. Let f? satisfy A,-A., and let X be an allocation such that 
the set of net trade vectors [(x, — w,)) is not contained in a subspace of dimen- 
.sion le.ss than (/ - I). Then X is NS if and only if there is a p e P such that 

Q%X) QiX)r..\pli 

Proof By Corollary 1.1, if Q\X) Q>{X), X is NS. 

If X is NS, by the argument in Corollary 1.1, there is at least one peP 
such that />(.v, - w,) - 0, i — I,..., n. Since the dimension of the span of 
1(.Y, — Hv)] is not less than (/ — 1) and pe P is m its orthogonal complement 
the dimension is not more than (/ ~ 1) and the dimension of the orthogonal 
complement is therefore 1 . 

It has been demonstrated by Mas-Colell [11] and Shafer and Sonnenschein 
[17] that only those properties of preferences embodied in A,-A,, and A« 
are required for the existence of Walrasian equilibrium. Following this lead, 
as well as a similar framework used by Vind [22], the concept of NS is also 
formulated so as to depend only on the geometrical character of the preference 
mapping 5/(.V). Since these restrictions do not necessarily include complete¬ 
ness or transitivity, preferences need not be numerically representable. 
However, additional confirmation of the links between the NS concept and 
the marginal productivity theory of distribution is gained by assuming 
that Si(X) may be derived from a function «,•: -> /? as { y: u,( y) > ufx,)}. 

Let = {(m, , w,)} be a numerical representation of ^ -= {(5,, w,)}. An 

allocation X ^ (Xi) produces the utility vector u(X) ~ (wi(xi). m„(x„)). 

Assuming each u,- is continuous, define 

- max, X 

cj - max, £ «,(>>,). 

E I V--«* W 
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Regarding vj* as the maximum total product from ^ „ and vj as the maxi¬ 
mum when j does not participate, the marginal product of j in is 

We shall say that exhibits product-exhaustion (PE) if there is an allocation 
X ^ (a',) such that all agents receive their marginal products, i.e., for each 
/ I n, 

PE: uj{xj) = i;„“ — v,J. 

While the NS concept of marginal productivity is entirely ordinal, the 
definition of PE depends upon the particular numerical scaling used to 
represent preferences. To remove some spurious differences let t/(w,) = 
{u, : U; ntiUi , a, 0} be the set of positive scalar multiples of the function 
Ui and let tVi)} describe an equivalence class of numerical 

representations for ■ {(Sj, w,)}. <?'(/ will be said to satisfy PE if there is an 
S'u c exhibiting PE. 


Thkorlm 2. Let <? = {(S'/, w,)J be representable by - = {(Ui), w,)}, 
where each 17, is continuous, concave and increasing on Rj. Then X -■ ~ (.v,) is an 
NS allocation for ^ if and only if S'u satisfies PE. 

The proof depends on the following property of exchange economies with 
concave utilities. It is one of the derivable implications of the fact that such 
an economy can be regarded as a balanced game. (See Shapley and Shubik 
[19] and Billera and Bixby [3].) 

Lemma 1. If each Uf is continuous and concave on R/, then ={(«,-, h',))];" 

satisfies 

vf (/? - l)-i X *’»’• 

Proof. Let X/O w,(AjO ^ vj, j - 1,..., n. Such an allocation exists by 
virtue of the continuity of each and the compactness of the domain over 
which the maximum is to be achieved. For each 7 1,..., n, put 

-Vi = (« - I)-' I Ai\ 

i-^i 


Then, 

in - 1) ’ f rj -{n - 1)-^ ^ Z = Z (« - L 

i-i tVj i=l Jf^i 

' 5 Z ((" - Z “ Z 

' Ui ' 

where the inequality follows from concavity. 
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Since and (« -- 1 j ’ 

X -v, (n - 1)-^ X I xj -■■ (« - 1)-' X X -V 

< J/* 7 i/j 

- (/; — 1 )"^ X ' If®, 

and therefore X ~ (jc,) is an allocation for . Thus, vj' ^ X W/(a‘,) which, 
with the above inequality, establishes the desired conclusion. 

Proof of Theorem 2. If X - (x,) satisfies PE for <?"„ then Uj(Xj) - 
t «" — vj and 

X ‘ Z ('■«" ~ '■«') “ - Z '■«' " ' 

where the inequality follows from Lemma 1. Since X -- (.y,) is an allocation 
for ^ „, X and therefore u*" g dS°{X). From PE, 

i -w 

X X ■" “ '■«') ' 

I'/j t-1 

and therefore w> e cSiX), j I,..., n. 

For the converse, let 

I""' |f ('i VM r„): r,- •' «,(>’;), X e ^/|- 

By the concavity and continuity of each Uf, F*' is known to be closed and 
convex. When X is NS, w" e c'5"(A'), and therefore ii(X) e SF®. The fact that 
each M, is increasing is well known to imply that if v c F", then [v — h(A')] ^ 
Thus, by the Support Theorem for convex sets, there is an a = 
(«i,..., a„), «, > 0, X ®i ■■ 1 such that supper# = ai7(A'). 

Further, the hypothesis that X is NS and each », is increasing implies that 
i\j > 0 whenever Wj t 0. Otherwise, if «; — 0 and w, y - 0 

X •!(.«,(.V,) - X Z '• U)UX^ Z 

But the inequality contradicts the assumption that e dS^(X). 

Without loss of generality assume each yv, ^ 0, and therefore each a, > 0. 
Putting M, a/ii,, / 1,..., «, we have for the economy , 

X Ui(x,) ~ r„« = rnax^ X 
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Since e cS>{X) and m. is increasing, v,J ^ u,(x,). If vj > w,(x,) 

for some J, then 

I> ZI " («- 0 

J J i-ftj 

contradicting Lemma 1. Therefore, for each j, Xi^j u,(Xi) = v„\ and we have 
the desired conclusion that Uj(xj) = r, “ — vj. 


III. Walrasian and Perfectly Competitive Equilibrium 

A Walrasian equilibrium (WE) for is a pair {X, p), where X is an alloca¬ 
tion and pe P, such that for each /, 

WE: p{Xi — w,) — 0 and yeSi{X) implies p( y — w,) > 0. 

It is useful to give an alternative description. 

Proposition 1. Let <5 satisfy Ai-A#. Then {X, p) is a WE if and only if 

p e nl: t QKn 

Proof If (A', p) is a WE, inf p[Si{X) — w,] 0. This yields by summation 

inf />[5'^(A') — S' 0 and therefore p e Q\X). 

If QK^), inf p[S\X) — w’j >0. By Aj, pxi S’ inf p S^X) and 
therefore > inf;7 5^(A'). Thus,/;( x’-h’0 ^ pi^rXj) S- inf/7[5^(A')-w^] S- 0, 
for all j = 1,..., n. This implies pixj — Wj) — inf ;7[5'j(A') — wj - 0, all j. 
The remaining part of the definition of WE follows from Aj,. 

Inspection of Theorem 1 and Proposition 1 yields. 

Proposition 2. Let ^ satisfy Aj-A^ . If X is an allocation, there is a 
ps P such that (X, p) is a WE. 

Comparing the definition of J as a WE allocation to the definition of an NS 
allocation the former simply requires that f); Q\X) i=- ^ while the latter 
demands that, in “most” cases, Q\X) =- ^\X). (Compare Corollaries 1.1 
and 1.2.) Assuming that Q\X) ^ { p], if ¥= { p}, there are valuations 
of resources for the “one-fewer” sets of agents that are not common to the 
valuation of resources by the economy as a whole. The definition of WE 
resolves the issue of resource valuation by imposing the condition that only 
those elements of each Q^iX) that are common to g“(A') are acceptable. This 
is nothing other than the well-known restriction that individual agents must 
take prices as given. However, with an NS allocation, we shall show that such 
a restriction is superfluous. This will be accomplished by constructing a 
definition of equilibrium in which competitive self-interest dictates price- 
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taking behavior and that the definition is equivalent to the NS condition. 

Informally, demands arc perfectly elastic at the price vector p when the 
attempt by any agent to set prices for the goods it supplies at levels higher 
than p results in the loss of all sales and markets for the goods supplied by 
others clear without any adjustment in their prices. To make this experiment 
possible, each agent must have control over the prices of the goods it supplies. 

Normally the commodity space,would be chosen so that the number of 
goods, /, is as small as possible. It aggregates into one all those goods for 
which individuals have identical, constant marginal rates of substitution. 
The resulting interpretation is that each commodity represents a market with 
the presumption that on any market one and only one price will be charged. 
Upon such a foundation the concept of WE is applied to determine market- 
clearing prices. Here we do not take the market with its single price for 
granted. Rather, the purpose is to open up the model to price-setting by 
individual agents so as to allow “markets” to emerge as a conclusion. 

We shall assume that commodities are disaggregated to bring the specifica¬ 
tion of initial endowments into the appropriate form of a personalized 
commodity space in which each agent is the unique supplier of its own goods. 
Formally, commodities are in personalized form if 

w,, Wj e R\. , i ^ j, implies Wj-w, — 0 . 

For any agent /, we may divide the / (disaggregated) commodities into 
those that could be supplied by j and those that could not. For p e /?■', let 
Pj be the vector of prices of the former and p^ the prices of the latter. For any 
p and /, p (/?', pi), let q{p', j) denote any vector q ■ {qK qi e Ri such that 
qi --.-pi and r/j Pj and qj pj. At q(p’,J) the price of at least one of/’s 
goods is higher than at p while the prices of the remaining goods, that j 
cannot control, are the same as in p. 

The pair (.V', p) is a perfectly determinate price equilibrium (PD) for <S’ if 
for each / 1 . n and any / -A ./, if y satisfies 

PD,: q{p: i)(y - Wi) - 0, (q( p, j) — p)y 0, then j'^cl5,(A') 

and there exists i # /, such that 

PD„; qip-, i)iyi - »f,) - 0, yi e cl SfX) and ^ 

iVi 

To interpret, the opportunities available to / are strictly smaller when 
they are defined by the price vector q{p’,j) rather than p since the price of all 
goods other than /’s are the same but J’s prices are higher. However, PD 
states that if / is a purchaser from /, {q{p,j) — p)y ¥-■ 0, / has not made the 
best use of his smaller opportunity set since y is not in cl 5,(A'), while if i had 
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refused to deal with y, then trading at the same prices, he could have found 
buyers and sellers willing to make exchange leading to in cl Sj{X). If 
preferences were transitive and continuous, yJ would be strictly preferred 
to j/. We shall regard the existence of (X, p) satisfying PD as synonymous 
with a price equilibrium exhibiting perfectly elastic demands. 

TiiEORLM 3. Let satisfy Ai-Ag and assume initial endowments are 
personalized. Then X is an NS allocation if and only if there is a ps P such 
that (A', p) is PD. 

Proof. From Corollary I. I, if A' is NS, there is a p g P such that {X, p) is a 
WB. Thus,pw’;=p.Yf = infpS',(A'). If^{p;y)(.v-w,)=0 and {q{.p\.i)-p)y^-Q, 
then py < pXj and therefore y $ clS/iA) and PDj is satisfied. Since p e Q%X) 
may be chosen so that p e Q^(X) and because X is NS, pw> - - inf pS‘{X) ~ 
pxK Also by NS there exists yi^ e cl SfX) such that 5^,/; Ai' — and there¬ 
fore for all / and y, i ^ /, py^^ > inf pSfX), which implies p{ yi — w,) ---- 0 
or q{ p: l)( yj — w,) -- 0, and PDj is established. 

For the converse it suffices to show that if (A', p) is PD, it is a WE, and there¬ 
fore satisfies p e QKX). If (A', p) is a WE, PDj clearly implies NS. 

From PD.^ we have p( >■/ — w,) = 0, and since y/ e cl Si(X), inf pSi{X) ^ 
py/. If inf pS(X) < py/ =■- pWi for some /, then we may choose q(p',j) close 
to p and y close to such that q{p\,j){y — w,) = 0 and {q{ p; j) — p)y # 0 
such that y g cl Si(X), contradicting PDj. Therefore, pwt — py/ = 
inf p5',(A ); px, for all / and therefore pw, px,. The remainder of the 
definition of WE follows from A^. 

An implication of Theorem 3 is that PD or NS may be regarded as the 
definition of perfectly competitive equilibrium. With it we have the conclu¬ 
sion that agents will rationally choose to set as prices for the commodities 
they supply the ones dictated by WE. 

Remark 2. Without Aj, the absence of external effects, the definition of 
perfectly competitive equilibrium for finite exchange economies would be 
deficient. If y set a higher price and sells nothing because his customers go 
elsewhere, the resulting allocation could be substantially different and, with 
external effects, preferences could be substantially changed. Thus, even though 
WE satisfies NS, an agent can possess monopoly power by recognizing the 
possible adverse effects to customers who might otherwise go elsewhere. 
This is an added complication due to small numbers. With large numbers 
external effects do not create a separate problem because the possible dis¬ 
ruption to others caused by refusing to deal with any one agent vanishes as 
the relative size of the agent vanishes. 

A trivial illustration of an NS economy occurs whenever the initial 
endowments for are PO. A nontrivial illustration is provided by the follow¬ 
ing: 
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Example 1. Let the tastes of agent / ^ 1, 2, 3 be represented by the 
utility function - ^« 3 )> initial endowments by the matrix W 

and final allocations by the matrices , where 


^iiXn) ■ [•X22(^21 -''23)]* 





w = 

2 

0 

r 

0 CM 

0 

"o' 


1 

i-a 

d 

i 

’1 

"1- 

__ 1 _ 

0 


2 

a 

1 - a 

..±J 


To show that /? is an NS economy, it must be demonstrated that for any 
X such that w^^S'{X), j - 1, 2, 3, w“ef;5'"(T), m 0, 1, 2, 3. Taking 
X , 0 a I, this result is easily verified. Note that these allocations 
are at the opposite extreme from no-trade since their attainment requires 
that all agents participate in trade. Of course, because each is an NS 
allocation and there are only three traders, any pair could also do as well by 
itself. Each agent’s participation in an NS allocation is essential only to 
itself 

It may also be verified that each X„ is a WE (Proposition 2) at prices 
p (r, r, r), r > 0; and, if any agent./ were to raise the price of its good 
above its value in p, j would sell nothing and excess demands among the 
other agents be zero without disturbing the other prices (Theorem 3). Further, 
for any X^, each agent obtains its marginal product-i.e.. I - 

=3 — 2 (Theorem 2). 

Remark 3. Note that in Example I individual preferences arc not strictly 
convex. (Strict convexity obtains if every line segment connecting two 
distinct points on cSi(X) lies in S,iX).) When the commodity space is put in 
personalized form strict convexity and NS imply that there can be no trade. 

At an NS allocation each agent j must be faced with an S>{X), a portion of 
whose boundary coincides with the hyperplane { y: p( y ~ w') 0), where p 

is a WE price vector. If the hyperplane supported S‘{X) but S‘{X) were 
strictly convex, the only point of intersection would be at .v^ e rS’(,Y) and 
therefore w’ e dS\X) if and only if ~ wK 

Since strict convexity is the rule even after commodities are put in person¬ 
alized form, this observation shows that most finite economies will fail to 
admit an NS allocation. It also exhibits a geometric parallel with the appar¬ 
ently quite different conclusions for large economies. When the scale of 
each agent becomes very small, the quantities and will differ very 
little from w® and therefore from each other. In this case, x^erS’iX) will 
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imply e iS^X) provided that the boundary of S’{X) in the neighborhood 
of is, at least to a first approximation, linear—i.e., dilferentiable. Since 
differentiability of aggregate preferences will be the rule when preferences 
are convex, this explains why most large economies will exhibit NS. 


IV. The No-Surplus Condition and Its Dual in (S’* 

In this section the characterization of perfectly competitive equilibrium 
established for finite exchange economies is extended to a simple sequence 
of economies in which the number of agents is indefinitely increasing. The 
limit of this process of replication will describe an economy . Although 
not all will be given here, each result in Sections 11 and III for the economy 
has an extension to . This will be emphasized by the notation Theorem 1* 
or Proposition 2* , below, to denote the analogs of Theorem 1 and Proposi¬ 
tion 2 for <C. Whereas for ^ an NS allocation is a WE but not conversely, 
forthe concepts of WE and NS are practically equivalent. 

By dividing up the economy ^ = {(S ,-, another economy may be 

constructed with a larger number of agents each of whom operates on a 
smaller scale. Let S). = i =~ 1,..., n and h ~ 1,,.., k, be such that 

for each / and h, 

A'uVj --- »»•,. 


For an allocation X (a,) for S’, define [A"]* -- (x,^), / = 1,..., n and 
h - I,..., k such that for each / and h, 

kXii^ = Xi. 

Since X is a feasible allocation for S’ (X! a, = ^ w,), is a feasible 
allocation for ^5,,—i.e., 

IZ ^ Z Z = Z ^ Z »'’<* ■ Z Z • 

I h i i i h 

Attention will be confined to allocations for S'^ that can be written as 
[XY - all agents of the same type / receive the same allocation. Further, the 
sequences of allocations considered for the sequence of economies {ift}, 
k - I, 2,..., will be restricted to {[Jf]*}—variations in the allocation as k 
varies are based entirely on scalar multiplication of the fixed allocation X 
for S. 

To complete the description of . define such that for each / 

and h, 

kS,Ji[Xr)^S,(X). 
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With Aj, {<?*] is a sequence of Edgeworth replica economies that approaches 
a special case of a continuum of traders economy (Aumann [1]). Without 
Aj, the above assumption on preferences preserves the replication hypo¬ 
thesis by requiring that the consequences of external effects vary in proportion 
to the size of the agents. Twice as many individuals each consuming half as 
much creates no change in aggregate external effects. 

fT)r k 1, 2,..., let {./(A)] be a sequence that selects one of the agents of 
one of the types j - 1,..., n from each . With the above restrictions, /(A) 
could be set equal 10 ^ , the last agent of type / in . The total resources of 
all agents in except j(k) is 

I I "■** : I "i/, ^ I (^ -1) * H-,. 

i-t! h li/k 1/-1 

Analogously, define 

iVj h hrik 

= A' I + (A - I) -f- S,(X). 

The last equality allows us to write in the more compres.sed form 

S'^^''(X) without any ambiguity. 

To extend the NS concept to , , define 

i/(fS'‘^>(X), = inf j| - ^^'*> 11 . 

The distance is nonzero if and only if either (1) ^cl S^^''\X), in which 
case 7 (A) is contributing a positive surplus to [,¥]'■', or (2) e5^'%V) and 

7 (A) is contributing a negative surplus. We shall say that {[T]*] satisfies the 
NS condition for (NS,r) if for any ( /(A)), A -- 1, 2,..., 

NS^,: lim A d{c;Si**\X), = 0. 

NS* requires not only that the surplus contributed by any one agent, positive 
or negative, go to zero as A increases, but it must go to zero sufficiently 
rapidly so that the surplus contributed by any agent to all other agents goes 
to zero faster than (A)“^, a measure of the size of/(A). 

For the allocation [A']* for , define 

0J'''>([A']*) ={peP: infp[5’'‘=>(A') - ^ 0}. 

There is no ambiguity in writing 0'‘*'*(W*) Q’^'‘\X). For a sequence 

{ 7 (A)} in which 7 (A) = }, let 

k-oo 

QiM(^x) =- n 
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For S, Corollaries 1.1 and 1.2 showed that = Q%X), j — 1,,.., n, 
is sufficient and practically necessary for to be NS. In the following 
extension of Theorem 1 describing NSo^ in terms of its dual, it is shown that 
for Sol there is complete equivalence. 

Theorem 1.,,. Let S’ satisfy A 1 -A 4 . Then {[A']*'} is NSo^,/or {S^} if and 
only ifQi^-\X) = Q\X),j = 1,..., n. 

The Theorem is proved with the aid of the following. 

Lemma 2. Let S' satisfy Ai, Aj, and A 4 and let {[A]*} be a sequence of 
allocations for such that ^ 0 . Then if jXk) =j,k — \, 2,..., 

(i) is a decreasing sequence of closed subsets of P. 

(ii) 0>'->(A) c ew. 

Proof To show that Q‘^‘‘\X) is closed, let p*" e and lim p*" — p. 

Thus, inf p^[S‘^'‘'\X) — ^ 0, or p e Q^^’''\X). 

To establish that is decreasing, it suffices to show that for any 

A: > 1 and jik)—j'{k — 1), if p 6 Q^<*>(A) then p e Letting 

P^Q^^''KX), 


infp[5><*>(A)- 

... inf/. [Sfffl f - {«■' + 

- inf/.[S(Af) - ir'l + Mp[sm - »vl >0. (I) 

By Aj, inf p[5"(A) — w”] <; 0 and since 

infp[5«(A) - wO] = infp[5^<^’(A) - H- infpK(A') - w,], 
we must have 

mf p[SAX) - wj] ^ 0. (2) 

When 0 > a --- infp[5XA) - ((A- - 2)/(A - 1))« ((A - 1)/A)a. Thus, 

(1) and (2) yield 

infp[W) - H-^] + inf p[5,(a-) - h,] > 0. (3) 

But (3) means that p e Q^^’‘~^\X), which demonstrates (i). 

To establish (ii), first note that since is the intersection of a decreas¬ 
ing sequence of nonempty compact sets, it is nonempty. If p e then 

the inequality in (1) is satisfied for all A which obviously implies that inf 
p[S^(A) - w^] + infp[S,(A) - Wy] = infp[S“(A) - w»] > 0, or p 6 Q«(A). 
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Proof of Theorem If fl*: then since part (i) of 

Lemma 2 shows that is decreasing we must have 2®(A')C Q’(A'), 

j- 1,..., n. Therefore, Proposition 1 allows us to conclude that for any 
p £ Q\X), inf/j[5;(A') - wj = p{Xi - w,) = 0,7 =- 1. n. 

Let j: I - inf j] cl If for all J(k), |i || -- 0 , there is 

nothing more to prove—i.e., = 0, ^ 0 and imply that 

y^j(k) (T (S''^^\X). Therefore, assume || z^**"*!] -A 0 . Letting = (|| 
we obtain as in the proof of Theorem 1 that p-'**^* e But 

0 < it:! < k infp[S'<*=>(A') - 


The last equality follows from the identity 

— ifJi*:)) k l.v’ -1 v^. _ |„.i -j- --j~ n-j^j 

= k(x> - wn !- (k - 1)(a-; - HV) - (ir, - X,). (I) 

Since p e QXX) implies p(Wj — x,) — 0 and by hypothesis inf Ij Q\X) — 
»• 0 , we have the desired conclusion that k i! -> 0 , 

For the converse, we first show that NS„ implies w” and therefore 

Suppose the contrary that Then since w", 

by Ai we have for sufficiently large k that w>^^'^aS%X). Now, 5'"(A') =- 
5 ;(/.)(^) .|_ SmiX) and for k large, Sj^^iX) intersects any e-neighborhood of 
the origin. Therefore, for all sufficiently large k, which 

contradicts the hypothesis that {[A'*']] is NS,c,. 

Let p £ Q°iX). Then implies 


0 - inf p[W) - w«] - inf p[S'<*''(A’) - + {k)-'^ inf p[5XA') - Wj]. 


Multiplying by k, wc obtain 


0 = /r inf p[5^<'''’(A') — -f- inf p[5XA') — wJ. 


Since {[A']*'} is NS^., 


lim sup{^ inf p[S'**''(A') — < 0. 

Thus, infp[5j(Ar) — w,] 0,J ~ 1,..., ft, which implies infp[5XA') — w,] — 0, 

all J. Therefore, 

inf plSW - H’>] + inf p[SfX) - hvI > 0, 

which means that for all k, pe Qna^X). This establishes Q°(X) C g«®>(A"). 
Part (ii) of Lemma 2 gives the opposite inclusion. 
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To exhibit the connections with WE, simply extend Proposition 1. Clearly, 
if (X, p) is a WE for ([A']*^, p) is a WE for 1,2,...; and, with A 4 , 

the converse holds. 

Proposition . Let S satisfy A^-Ai. Then (X, p) is a WE for S if 
and only if pe f); 

The following extension of Proposition 2 is contained in the proof of 
Theorem . 

Proposition 2* . Let satisfy A 1 -A 4 . If{[Xf} is NS«,, there is ap(^P 
such that ([A']*, p) is a WE for S \.. 

The relation between WE and NS* is summarized by 

Corollary 1 * ■ 1. Let ^ satisfy A^- A., and let X be an allocation for ^ 
such that ^(X) -- { p}. Then (A', p) is a WE if and only if {[A']*^} is NS® . 

Proof If (A", p) is a WE for then 0^<*^’(A’) f O and therefore by 
Lemma 2, Q‘^'-\X)C Qf{X). Since Q\X) -= { p), Q‘^^\X) = Q^^iX) and by 
Theorem 1* , {[A’]*} is NS® . 

The converse implication is Proposition 2® . 

As is the case for d" (see Corollary 1.2), the hypothesis in Corollary 1® • 1 
can, with a mild qualification, be derived as a conclusion. 

Corollary 1® • 2. Let d satisfy A^-Ai and assume that for any X for 
which # O, {i^i ~ *^ 1 )} does not lie in a subspace of dimension less 

than (/ — 1). Then {[A']*'} is NS® if and only if Q\X) == { p). 

Proof. If Q\X) is not a singleton, the dimensionality assumption on 
K'V, w,)} implies that there is at least one p e Q^’(X) and one j such that 
p(y>i - .Xj) <0. The identity (1) in the proof of Theorem 1® means that 
l;p[x}fk> — <; 0 , By A 2 , k inf ~ 

Thus, there is a e Q%X) that does not belong to any ^^“’{A'). But this 
contradicts the condition Q’‘(X) — 2^‘‘^*(A') that is established in Theorem 1® 
as necessary for NS® . 

The converse implication follows from Lemma 2, part (ii), and Theorem 1®. 

Remark 4. The principal mathematical distinction between d and is 
the conclusion in part (ii) of Lemma 2. For <f, the analog of (ii)— 6 ^(A')C 
g“(A')—does not hold even for a WE. This discrepancy accounts for the 
differences between Theorems 1 and 1® and Corollaries 1 • 1 and 1® • 1. 

To complete the extension from S' to , analogs of Theorems 2 and 3 
should be given demonstrating that NS® is equivalent, respectively, to 
product-exhaustion and to perfectly determinate prices for ^®. Results 

642/22/2-6 



2Q0 


JOSEPH M. OSTROY 


similar to what would be called here Theorem 2„ are /bund in Mas-Colell fi 2 ] 
and Geanakoplos [7J. 

Because commodities are personalized in the statement of Theorem 3, a 
literal extension would require an infinite-dimensional commodity space. 
(This is the subject of Ostroy [15].) Here, however, such a construction is 
unnecessary. We need only consider a space of dimension 21 so as to distin¬ 
guish the goods supplied by any one J(k) and those supplied by others. Rather 
than proceed with the formal details, we shall outline an independent proof 
that suggests why NS* would imply the perfect determinacy of prices. It also 
shows, by invoking the continuity assumption on preferences, A*, that we 
shall be able to obtain a perfectly competitive equilibrium even in the presence 
of external effects. (Compare Remark 2.) 

If is an allocation for <?’, let be an allocation for defined by 

■f'ii ' > 'I* hi .ik » 

-X,,, if i--j and k -^-jk^ 

=- -- (k )-1 (.V,-, ~ iv„), if /• ./ /. 

y* describes a reallocation away from [y]'' in which everyone refuses to 
trade with 7 ;,. Those agents of the same type as j(k) obtain the same outcome 
as in [A']'' while the members of the other types cut back their excess demands 
by (k) Mote that Hh 2 ’/, - >*^’1 so is in fact a feasible allocation for 
d\.. 

The total disruption caused by refusing to trade with /V may be measured 
by 


i A 

Substituting the definition of T*, this equals 

I I - (A) -i (.V,,, - f i!(uv^ - 

h 

I !!(»■/* - xjl 1 - 'Kuv* - X 4 )!' (k) > X - A-,)i!. 

/Vj t 

Therefore, lim jj 7* — [X]* ii ~ 0. 

If (X, p) is a WE for S’ and Q\X) { p), then even if there are external 
effects, is a stable, noncooperative equilibrium for S'^ when k is large 
because if any agent were to raise the prices of its commodities, the others 
could, with impunity, go elsewhere. 

More precisely, when [Af]*= is a WE allocation for By 

invoking Ag and lim || 7* — [X]’^ |I = 0, we have for all k sufficiently large, 
y^,nk) ^ and therefore ^^<*>(7*) 0 . Lemma 2 may be extended. 
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using Ae and lim || 7* — [Xf |;, to show that for some C 

Q^(X). Similarly, if Q%X) --={p} then Okyk-= Q^iX) for every 
{j(k)] and the arguments used in the proof of Theorem l^, may be generalized 
to yield 

lim{A: inf |! = Q. 


We conclude this section with an example illustrating that the condition 
QiM(X) - Q%X) in Theorem is necessary for ANS by showing that 
without it there is nonvanishing monopoly power to small-scale agents. To 
avoid complications, Ag is assumed. 

Example 2. Consider the economy of equal numbers of type 1 and type 2 
traders illustrated by the Edgeworth-Bowley box of Fig. 1. 



Let denote the economy consisting of all agents in except j{k), 
i 1, 2. No matter what the value of k, the WE allocations for include 

all points along the line AB, while the WE allocations for or 

include only the points A or B, respectively. 

The example is of some historical interest because of its similarity to 
Edgeworth’s master-servant example in which each master has need of only 
one servant and one servant cannot serve two masters. If the minimum wage 
at which servants would offer themselves is a and the maximum wage at 
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which masters would accept is jS, Edgeworth noted that as long as there is an 
equal number of masters and servants, then no matter how many there are, 
the equilibrium wage is indeterminate, lying somewhere between a and j3 
(n ': fi). If there is one more master than servant (or one more servant than 
master) indeterminacy disappears and the wage rate becomes j 8 (or a). 
Edgeworth attributed the indeterminacy to the indivisibility of the good 
“domestic service” and on the basis of his example modified his proposition 
that large numbers of traders in a market lead to a determinate outcome 
only when goods are divisible. The self-evident similarity of the master- 
servant example to Example 2, in which goods are divisible, suggests that 
some other explanation is called for. What is common to Edgeworth’s 
example and Example 2 is the failure of NS,r. 

To see this, consider the WE allocation A' = (jCj , Xg) in Fig. 1 replicated k 
times for f?,, and consider how close the members of can come to doing 
as well. From the construction of F*, above, all of the type 1 traders can 
share .Vi and all of the type 2 ’s may share — (\lk)(x^ — h'j). 

It would then require z[k] ^ ^ {z^[k], z^k]) additional resources to minimize, 
with respect to Euclidean distance, the amounts of additional resources 
nece.s.sary for all the type 2 agents to be as satisfied as they are in [A']‘. If we 
double k, we may decrease the additional resources to make each type 2 
agent as satisfied, but we cannot decrease the amounts by more than one-half, 
i.e., 2 2 [ 2 A]|! Ij r[A]|!. Thus, the influence of any type 1 agent, measured 
in this way, does not decrease as k increases, and {[A']') does not satisfy 
NS„ . 

To exhibit the consequences for the elasticity of demand, assume that 
other traders are transacting at the WE prices p. Then, the maximum ex¬ 
change rate a seller of type 1 can set, without losing all his business, does not 
go to p as k increases. After the type 2 traders have purchased all that the 
(A 1) type 1 traders are willing to supply at p, the remaining type I trader 
can offer any exchange rate p such that p^lp^ < p < ii[A]/z 2 [A] and sell, 
when A is large, as much of commodity 1 as it likes. 

If the preferences of the type 2 traders were differentiable at the WE alloca¬ 
tion A’, and therefore there were a unique supporting hyperplane to S\X) - 
5i(A') -• S.J(X) at w®, {[A’*]} would, by Corollary • 1, satisfy NS,,. In this 
case (not illustrated), the angle between p and z[k] would tend to zero as A 
increased and the sequence {[A’^]} would be approaching one in which WE 
prices p became PD. 

Remark 5. Let S(/4, B) denote the Hausdorff distance between two non¬ 
empty closed sets in RK The condition (a) f)lZi 6 ^**’(A') = Q°(X) used to 
characterize NS* in Theorem 1* is equivalent to (b) Urn 8(0^<**(A'), Q°(X)) ~ 
0. Condition (b) is shown in [IS] to replace (a) in economies that do not have 
a finite number of types of agents. 



NO-SURPLUS CONDITION 


203 


Let and be subsets of P denoting the (dosed) sets of price 

vectors corresponding to WE allocations in and Since lim 
IViS’t)) does not exist in Example 2, it might be conjectured that this is the 
source of nonvanishing monopoly power of individual agents and that (c) 
lim iV{S’k)) = 0 is an alternative to lim Q%X)) =0 

as a characterization of NS* . This conjecture is false in both directions—(b) 
neither implies nor is implied by (c). 

To show that (c) does not suffice for (b), simply perturb the initial endow¬ 
ments in Example 2 so that IV(S\) = { p} for all k but the WE allocation 
remains at the point where preferences are kinked. It may then be demon¬ 
strated that (c) holds. However, as long as preferences are not differentiable 
at the WE allocation, the same argument exhibiting the failure of NS* in 
Example 2 leads to the same conclusion here. 

To show that (c) is not necessary, consider an Edgeworth-Bowley box 
example where preferences are differentiable in the interior and there are a 
continuum of WE prices and allocations for each . Examples may be 
constructed to show that *’) does not approach (c) fails. 

(For a graphical illustration see Bewley [2], Example 2].) Nevertheless, the 
smoothness of preferences implies that as k increases the total surplus attri¬ 
butable to any agent at any Walrasian allocation goes to zero. Even though 
the removal of any one would cause an abrupt change in WE prices, no 
agent can usefully exploit this. The failure of markets to clear when an agent 
threatens to withdraw his supplies if he does not receive a higher price may be 
essentially confined to the disappointed demands of the very trader who is 
asking for more. 

V, No-Surplus and Core Equivalence as Alternative 
Characterizations of Perfectly Competitive Equilibrium 

The presence of external effects vitiates any comparisons between the core, 
which is limited to allocations that are truly Pareto-optimal, and NS. (See 
Remark 1.) Thus, in the following discussion Ar, is assumed. It will be useful 
to separate the comparisons for S' from those for S^ . 

S: Let T be any nonempty subset of / = {!,..., /?}, the index set of agents. 
Define Wj 'ZizTWi, St(X) =and Qri^) = {p ^ P- inf 
pIS'j'CA') — Wj-] ^ 0}. 

An allocation X is said to be in the core of S if for all T, w-p i St{X), With 
Ai-Ag, it may be shown that X is in the core if and only if for all T, Qt(X) ^ 0 . 

Consider the following three conditions: 

(i) Q\X) = Q\X)i^ gi, j = (NS) Corollary 1.2 

(ii) Hi QK^) ^ 0 (WE) Proposition 1 

(iii) all TCJ (CORE) 
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Obviously, (i) (ii) and (iii) (iv), where means “implies but is not 
implied by.’’ Further, it is well known that (ii) t=> (iii). 

The core criterion for to be perfectly competitive is that (iii) (ii). 
The NS criterion is (i), assuming the linear independence hypothesis in 
Corollary 1.2. The relation between the two criteria is summarized by 

Proposition 3. for S, (i) t:> [(iii) => (ii)]. 

The implication follows from the fact that (i) implies all of the other 
conditions. The following example demonstrates i>. 

Exampij- 3. Let tastes be defined by the utility functions u,{x,) - - 
X;a, x,a), i - 1 , 2, 3, and 4, and let initial and final allocations be 
given by W and X*, respectively, where 

MafXj) =■- (XaiXaa-Vaa)’^*, 


Ill 


III 


III 


III 


With little difficulty, the reader may verify that X* is a WE allocation at 
the price vector p* (r, r, r), r > 0, that yields the utility vector m* 
(u* , ui , M* , I/*) - (1, 1, 1, 1). 

An outline of the argument that X* is the only allocation in the core 
is as follows: The coalition 123 can achieve any («;, Mj , m.j) such that 
+ Mg + Ug ~ 3, and 4 can achieve — 1 on its own. It follows that for 

any ti (wj, , "a i Mj) in the core, -f-j/j = 3 and H 4 = 1, and if 

Ui <1, i ^ 4, then because Wj- eel Sr(X*), T = /4, the coalition /4 will upset 
«. This means that m =- (1, 1, I, 1) and this is achievable only by the alloca¬ 
tion X*. 

X* does not satisfy NS—Wj- ^ cl SriX*) for 76(1^, 134, ^}. 
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The core does not capture the monopoly power of individuals 1,2, or 3. For 
example, without 1, the WE price vector for the economy , the economy 
without agent 1, is p =(2r, r, r). In terms of prices, I’s contribution or 
marginal product may be measured by the decrease in the WE price of the 
commodity he supplies. From a noncooperative point of view, there does not 
appear to be any reason why 1 should surrender all of the surplus represented 
by this price decrease to the other traders. 

Such a finding has already been reported for economies composed of a 
(nonatomic) continuum of agents and large or atomic agents. See Gabszewicz 
and Mertens [6] and Shitovitz [20]. They constructed classes of economies 
exhibiting Equivalence, i.e.. [(iii) => (ii)], but the presence of the large traders 
precludes (i). Example 3 shows that such results also occur in purely atomic 
economies. 

Let /fc be the index set of agents in . The analogous conditions are 
quite similar. 

(i) = 0, 7 = (NS) Theorem U. 

(ii) 0 (WE) Proposition L. 

(iii) QriX) # 0, all r C 4 , A: = 1, 2,... (CORE) 

As in <^j‘, (i) 1 (ii), and (ii) (iii). Again, the core criterion for <S'^ to be 
perfectly competitive is [(iii) (ii)] and NS* is (i). Example 2 demonstrates 
that [(iii) -t- (ii)] ii- (i) and therefore we have the analog of Proposition 3 for 

. 

The result [(iii) (ii)], the core convergence theorem, was initiated by 
Edgeworth [5], revived by Shubik [21], and put into its current form by 
Debreu and Scarf [4]. (Hildenbrand [9] gives the considerable extensions of 
this result.) To establish the NS* property requires a different method of 
proof than [(iii) (ii)] and it does not hold in quite the same generality. 
However, when Q\X) = { p}, the core convergence theorem is an immediate 
implication o/Lemma 2 in Section IV. In this respect, our approach is closely 
related to the simplication of the Debreu-Scarf result obtained by Hansen [8], 

Remark 6. In the demonstration of (i), allocations were restricted to 
those satisfying equal treatment—allocations of the form [X]^. With the 
core approach, [V]*" may be derived as a conclusion. This can also be demon¬ 
strated via the NNS condition of Section TI. In fact, the NNS condition 
may be used to exhibit the analog of (i) for sequences of economies in which 
agents are not drawn from a fixed, finite set of types. This result, in Ostroy 
[14], parallels a core convergence theorem of Nishino [13]. 

If we adopt a generic point of view, distinctions between the core criterion 
and NS vanish. For , they coincide when 0®(A") — { p} and for even 
though endless cases such as Example 3 may be constructed, the fact remains 
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that within the entire class of finite economies each criterion says that the 
set of perfectly competitive economies is negligible. 

It is only at the conceptual level that differences emerge. With the core 
criterion, perfectly competitive equilibrium is obtained as the residual 
outcome after all groups of agents cooperate in the interests of improving 
upon any given allocation but no group is able to hold together to use its 
potential monopoly power to extract a more favorable outcome. With NS, 
just the opposite occurs. Only small groups (individuals) are able to form 
but they are relied upon to bargain as monopolists for the maximum they can 
possibly extract. It is remarkable that these two seemingly contradictory 
approaches should “almost always” yield the same conclusion. It appears 
that the economic forces permitted and precluded by the one are almost 
always counterbalanced by what is precluded and permitted by the other. 
However, a closer look at the discrepancies, such as Example 3 for S’, 
Example 2 for S^. (due to Edgeworth!), or the results of Shitovitz [20] and 
Gabszewicz and Mertens [6] for so-called “mixed” economies show that what 
is permitted and precluded by the one is not always counterbalanced by the 
other. Which interpretation—the core or NS criterion—is the preferred 
description of what will frequently be equivalent mathematical conditions 
characterizing perfectly competitive equilibrium should be judged on its 
eventual connections to the theory of imperfect competition. 
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This paper answers the question, what do you need for perfect competition with 
production ? The answer given is that you need to realize an allocation in which 
no individual contributes a surplus to anyone else. This essentially amounts to 
giving each individual his “marginal product.” In the model of perfect com¬ 
petition, profits are competitively determined rents: they reflect the marginal 
product of entrepreneurs. And the competitive theory of value derives from the 
competitive theory of distribution. 


It is well known that a Walrasian equilibrium will generally not be a 
perfectly competitive equilibrium: heuristically, an equilibrium in which no 
single economic agent can influence the level of equilibrium prices. When will 
a Walra.sian equilibrium be perfectly competitive? 

For exchange economics, 0.stroy in [4] has formulated the no surplus 
condition as a test for verifying whether a Walrasian equilibrium is perfectly 
competitive. It has been observed by Ostroy in [5] that the no surplus theory 
is a generalized marginal productivity theory of distribution. 

In this paper, some of O.stroy's results are extended to general economies 
with production. The extension occurs in an Arrow-Debreu type production 
model with one important difference: production possibilities belong to 
individuals (“entrepreneurs”) rather than to firms. 

The main results of the paper may now be summarized. 

(1) Perfectly competitive allocations are no surplus allocations 
(Theorems 1 and 2 below). 

(2) Perfectly competitive entrepreneurs fully appropriate their contribu¬ 
tion to aggregate consumers’ surplus in the form of profits. Alternatively 
expressed, profits measure surplus contributed by entrepreneurs (Proposition I 
below). Thus, 

* This paper has grown out of conversations with Joseph Ostroy. He is virtually its 
co-author. Of course, any errors are solely my responsibility. Research for the paper was 
partly supported by NSF Grant SOC 74-17982, and partly by a grant from the (U.K.) 
Social Science Research Council. This support is gratefully acknowledged. 
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(3) Under perfect competition profits are competitively determined 
rents to entrepreneurial ability (Proposition 2 below). 

(4) In the “long-run” when entrepreneurial abilities are not scarce 
and hence essentially redundant, there is product exhaustion with zero 
profits whether or not there are constant returns to scale (Theorem 3 and, 
in particular, Lemma 4). 

(5) In a special case of the model, so called “simple production econo¬ 
mies,” 

(a) No surplus allocations are equivalent to allocations that give 
each agent his marginal product. Alternatively expressed, no surplus is 
equivalent to product exhaustion or “adding up” (Lemmas 6, 7). Thus, in 
view of (1), 

(b) There is perfect competition if and only if there is adding up. 

(c) The fact that profits are rents, (3), is reflected in the simple 
formula that for each individual his profits equal the marginal productivity 
of his entrepreneurial abilities (Theorem 4). Thus, 

(d) In the long-run there is product exhaustion or adding-up with 
zero profits since the marginal productivity of entrepreneurs equals zero 
(Lemma 8). 

The results under (5) perhaps deserve some elaboration. They effectively 
say that the no surplus condition yields a modern solution to the classical 
adding-up problem. In particular, it is remarkable that adding up is not 
only implied by perfect competition (as neoclassical economists knew), but 
also implies perfect competition. 


1. Competitive Allocations as No Surplus Allocations 
lA. The Basic Model^ 

There is a finite set of individuals /. The economy is de.scribed by a triple 
i^i f L,, Ai)i^i consisting of a trading possibility set A', C R" for each indivi¬ 
dual ;■ e /, a production possibility set ¥,■ C R” for each individual, and an 
“at least as good as” correspondence A/ from A', to X, for each individual. 
A, completely preorders A",; i.e., for any X;, y,-, Z; in A', x, e /4f(x,) (reflexivity), 
^and y, ey4,(r,) implies x. eAiiZi) (transitivity), and XieAi^yt) 
or y, c- /4j(jfi) (completeness).® 

* Given sets A and B in /?" and points x and p in R", px pA means px < py for all 
y^ A; conv A means the convex hull of A; ri A means the relative interior of A\ and A-B 
means the set of all points y = y^ — v*, where y^cA and y^ e B. 

* Both the completeness and transitivity assumptions can be substantially weakened, 
at some cost in terms of complicating the exposition. 
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A pair 

Similarly, a pair 


)■ is n feasible allocation if ^ s 


(.V'. J ') X X 

ht! 

h/i A?*/ 


/s ilfcasib/e altocunon for the economy without individual i if X"/,., .i>/ 
j’A'. Henceforth, (.v,y) and (x', y‘) will represent such feasible allocu¬ 
tions respectively. 


1B. Competitive Equilibrium 

It will be convenient to define a “better than" correspondence E, from 
Xi to Xi for each individual /; ' {j. e Xp e but .y, ^ y4,(y,)j. 

Letting p e E", (x, y, p) is a Walrasian equilibrium (written (a*, y, p) c W) 
if for each /, px^ =-■ py^ = sup pY, < pB^xA- Similarly, (x^,y’,p) is a 
Walrasian equilibrium for the economy without individual i (written (.y’, y\ p) e 
WA if for each h i, px,* = py*' -- suppY^ < pBn{x,l). 

Suppose (x, y, p) e W. fndividual / has no monopoly power in the equilib- 
brium (written {x, y, p) e C) if there exists an (Y^ y‘, p) e W'. That is, i 
has no monopoly power in (x, y, p) if the economy can, without i's supplies 
and demands, still achieve a Walrasian equilibrium at the .same prices p. 
If i has no monopoly power in (jc, y, p) then / cannot influence the level of 
Walrasian equilibrium prices, at least according to a basic test: If when all 
other individuals charge the prices in p, / tries to get higher prices than those 
in p for all the commodities he sells in the Walrasian equilibrium and tries 
to get lower prices than those in p for all the commodities he buys in the 
equilibrium he will be unsuccessful. Any individual A, A # /, will clearly 
prefer to buy (sell) all the commodities he wants to buy (sell) at the lower 
(higher) prices in p rather than at the higher (lower) prices offered by /. But 
if i has no monopoly power in (x, y, p) then all h ^ i can buy (sell) all they 
want at p without i. 

Aggregating over individuals, (x, y, p) is a Competitive Equilibrium 
(written (x, y, p) e C) means (x, y, p)e W and for each i, i has no monopoly 
power in (x, y, p). Thus, if (x, y, p) e C, then no one individual can influence 
the level of Competitive Equilibrium prices by withdrawing his supplies 
and demands from the market. Alternatively expressed, in a Competitive 
Equilibrium no one individual can influence the level of equilibrium prices 
by trying to sell all his goods at prices higher than p and buy all his goods at 
prices lower than p. Thus a Competitive Equilibrium satisfies a basic test 
for the existence of perfect competition in the heuristic sense. 

Remark 1. It should be noted that there are other tests—perhaps second- 
order tests—for the existence of perfect competition in the heuristic sense 
that a Competitive Equilibrium may not satisfy. For example, if an individual 
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jries to sell some-but not all-of his commodities for more than thar 
equilibrium prices, he may be able to iniluence the level of prices, even in a 
Competitive Equilibrium. This objection will be overcome somewhat in the 
next section. Also, an individual may be able to iniluence the level of equilib¬ 
rium prices by “cornering a market”—buying up all supplies of a commodity 
and then reselling the commodity as a monopolist.® In spite of these objections, 

I would argue that the relatively simple definition of a Competitive Equilib¬ 
rium given above reflects a lot of what we intuitively mean by a competitive 
equilibrium. 

1C. The No Surplus Condition 

Let A‘{x) {(a:‘, y*)‘ for each h i, e A,J{x^]. Individual / contributes 

no surplus in (x, y) (written (x, y) e NS*) means .4''(x) ^ 0 but for any 
(.V'. y') c /4 *(.y) and any h ^ i X)* ^ B^{x^. If (x, y) e NS* then the set of all 
individuals except i can on their own achieve an allocation in which every 
individual in the set is as well off as with jc. Alternatively expressed, if 
(.v, y) e NS* then x imputes to i his entire contribution to aggregate consumers' 
surplus. 

Let the aggregate production set be Y Yi(x, y) is a no surplus 
allocation (written (x, y) e NS) means 0 i Z, 5<(x,) — Y and for each i, 
i contributes no surplus in (x, y). The first condition says that x is a Pareto 
optimum. The second says that every individual is inessential to the welfare 
of all others relative to the allocation x. 

Note that the no surplus condition is purely technological; it does not 
depend on prices. 

Let us assume 

(Al) For each i and each x. eA',; X/GclBiiXj) (local nonsatiation). 

(A2) For each / and each x,- e X,: px,- < pBjfxt), p - 0, implies 
px, < pB,(x,). 

(A3) 0 t '£i Bi(Xi) — Y implies 0 ^ ri (conv(S, fl,(x,) — F)). 

Assumptions (A1)-(A2) are standard. The economic literature contains a 
number of sets of sufficient conditions guaranteeing (A2). Assumption (A3) 
will be satisfied if Y.i Bi{x,) and Y are convex. We use a generalization of the 
standard convexity assumptions to allow for the possibility of nonconvexities 
and indivisibilities. We now prove that 

Theorlm 1. (characterization of competitive equilibria). Assume (Al)- 
(A3). Then (x, y, p) is a Competitive Equilibrium iff (x, y) is a no surplus 
allocation. 

^ J am indebted to Earl Thompson for pointing out to me the importance of “cornering 
the market" strategies. 
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Theorem 1 is an extension to economies with production of the basic 
characterisation result in Ostroy [4], Since, given (Al), any Walrasian 
equilibrium is a Pareto optimum, the theorem is a direct consequence of the 
following two lemmas. 

Lemma 1 . Assume (A 1 ) and suppose (x, y, p) e IV. Then for any individual 
/, /■ has no monopoly power in (a% y, p) iff i contributes no surplus in (a, y). 

Proof. If (.V, y, p) F O then there exists (x', y', p) e It is easy to 
verify that (x', y') e /4‘(x). Hence, since (x, y) is in the core, (x, y) e NS\ 

On the other hand, suppose (x, y) e NS'. We show that (x\ y\ p) n W\ 
where (x‘, y‘) e A'(.x). Since for all h y' /, px„' ; • px,, - pvn . - py,f if 
there exists an h such that the above held with some inequalities then 
Hh Y-ii yii' would be contradicted. So, 

px,/ = py,/ snppY,, < pB,Xx,/). 

The last inequality follows from the fact that X// e A^ix/,) and x„ c A fix,/), 
so B,Xx,/) B,,(.x,,). Q.E.D. 

Lemma 2 (existence of values). Assume (A1)-(A3). Then if (x, y) is a no 
surplus allocation, there e.xists .some p f-0 .such that (x, y, p) e W. 

Proof (.V, y) 6 NS implies 0 ^ ^fx,) — Y. So, in view of (A3), there 

exists p y- 0 such that p Y., BfXi) — pY 0 =■ PX, - Z# PYi • O'*, in view 
of (Al), for each i 


px, ' pBfx,) and pyi'-pY,. 

In view of (A2), it suffices to show that px, py, • If not, for some i 
, p.x„ > Yi,'i py„ ■ Consider (x‘,yO 6 A%x). Y,, px,/ > Yh px^ > I;. W’/, > 
Yi, py,/, contradicting Yh x„' - Y„ .V/,*. O-E.D. 


2. Profits As Rents 

In this section we want to characterize the nature of the profits in the model. 
To do so, we must isolate the contribution of an individual’s production 
possibilities from that of his trading possibilities (which reflect his endow¬ 
ment); in general both will contribute to the individual’s consumer surplus. 
To isolate these two contributions, we shall make the following, basically 
technical assumption: 

(A4) For any i e I there exists an i e / such that A',- == X, , A -, A ,, 

but Yi = {0}. 
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That is, if /■ has entrepreneurial abilities there is another individual with the 
same preferences and endowment but no entrepreneurial abilities.* Comparing 
I's equilibrium allocation with that of his double, i, will allow us to isolate the 
contribution of K, provided i is a perfectly competitive entrepreneur, as well 
as a perfectly competitive consumer. To establish this proviso, we shall need 
a slightly stronger notion of competitive equilibrium and a corresponding, 
slightly stronger no surplus condition. 

2A. Perfectly Competitive Equilibrium 

First, two preliminary definitions. A pair (.v, is a 

feasible allocation for the economy without i as an entrepreneur if X/ Xf = 
Y.h'^iy'h- Henceforth (x, y‘) will represent such a feasible allocation, (x, y\ p) 
is a Walrasian equilibrium for the economy without individual i as an entre¬ 
preneur (written (x, y‘, p)(^ W(Yi)) means that for each h ^ /, px* -- - py,,' ----- 
sup pYk <pB,Xxn) andpxi -- 0 KpBfXi). 

Now suppose (x, y, p) e W. Individual i is a perfectly competitive entre¬ 
preneur in (x, y, p) (written (x, y, p) e C*( F,)) if there exists a (x, y*, p) e 
W( Yi), The idea behind the definition can be explained. Think of individual i 
as playing two roles, entrepreneur and consumer. As noted earlier, for the 
purpose of this section we are interested in isolating i's ability to influence 
prices as an entrepreneur. If / is a perfectly competitive entrepreneur in 
(x, y, p) then the economy can, without i's supplies and demands as entre¬ 
preneur, still achieve a Walrasian equilibrium at the same prices p. Thus / as 
entrepreneur cannot influence the level of Walrasian equilibrium prices, at 
least according to a basic test: If when all other individuals charge the prices 
in p, i as entrepreneur tries to get higher prices than those in p for all the 
commodities he sells in the Walrasian equilibrium and tries to get lower 
prices than those in p for all the commodities he buys in the equilibrium he 
will be unsuccessful. Any individual h, h / /, will clearly prefer to buy (sell) 
all the commodities he wants to buy (sell) at the lower (higher) prices in p 
rather than at the higher (lower) prices offered by i as entrepreneur. Similarly, 
/ as consumer will want to buy and sell at the prices in p. But if / is a perfectly 
competitive entrepreneur in (x, y, p) then all h ^ i can buy (sell) all they 
want to at the prices p without i acting as entrepreneur. Similarly, / as 
consumer can buy and sell all he wants to at p. 

Aggregating over individuals, (x, y, p) is a Perfectly Competitive Equilibrium 
(written (x, y, p) e PC) if (x, y, p) e W, and for each individual i, i has no 
monopoly power in (x, y, p) and also, in particular, / is a perfectly competitive 

* Note that we identify i's “production possibilities" with his “entrepreneurial abilities". 
The validity of this identification follows from an interpretation of the current model as 
one with endogenous firm formation (see the Supplement to [3]). Entrepreneurial abilities 
may be heuristically thought of as abilities to organize (organ-ize) factors into productive 
units. 
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entrepreneur in (x, p). Thus, if (:v, y, p) is a Perfectly Competitive Equi¬ 

librium, no one individual or entrepreneur can influence the level of equi¬ 
librium prices by withdrawing his supplies and demands from the market. 
Alternatively expressed, in a Perfectly Competitive Equilibrium no one 
individual or entrepreneur can influence the level of equilibrium prices by 
trying to sell all his goods at prices higher than p and buy all his goods at 
prices lower than p. 

2B. The Strong No Surplus Condition 

Let A\x, Yi) --{(x,y>): for each h i, xi^eA,Xx,,) and t= 
Individual i contributes no surplus as an entrepreneur in (x, >’) (written 
{x, y)e NS(Yi)) means A'{x, Yi) J- 0 but for any (x, y') ^ ^i) 

any h i i x^ ^ and Xi $ Bi(xi). That is, if / stops acting as an entre¬ 
preneur the economy can achieve an allocation in which everyone except / is 
as well off as with .v and i is as well off as i is in x. The pair (x, y) is a strong 
no surplus allocation (written (x, y) e NS*) means (x, y) s NS and also in 
particular, for each individual /, / contributes no surplus as an entrepreneur 
in (x,y). 

We now prove 

Theorem 2 (characterization of perfectly competitive equilibria). Assume 
(A1)-(A4). Then (x, y, p) is a Perfectly Competitive Equilibrium iff\x, y) is a 
strong no surplus allocation. 

The theorem follows readily from Theorem 1 and the following lemma. 
The lemma is styled “full appropriation” for reasons explained in Remark 4 
below. 

Lemma 3 (full appropriation). Assume (AJ) and (A4), and suppose 
(x, y, p) e W. Then for any individual i e /, i is perfectly competitive entre¬ 
preneur in (.X, y, p) iff i contributes no surplus as an entrepreneur in (x, y). 

Proof Suppose (x, y^ p) e W{ T,), then it is easy to verify that (x, y‘) 6 
/l^(.v, y,). Also, (.X, f) e/t''(x, y,) and x,,eBn{xn) for some h/^i or 
X, 6 5,(Xf) would imply px, > 'Zh pyh *> contradicting the feasibility of 
(x,yO.So(x,y)eiV5(y,). 

Suppose (x, y) e NS{ Yi), so (x, y') e A'{x, y,). Then for all h ^ i 
pxfc > px„ = sup pTft > pyft* 
and 

pXi pxi = 0 . 
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Since Z* Ja’* the above inequalities must all be equalities. So 

pxA = sup py„ = py^* < pBM = pB,(x^), 

pxi = 0 < pBi{xi) - pBiiXi). 

Observe that B^{xh) ■--- B^ix^) since x^ e Ai,(x^) and jc,. e A^ix^). Similarly, 
BAXi) BAXi). Q.E.D. 

2C. Perfect Competition, Free Entry, and the Long Run 

The triple (x, y, p) is a perfectly competitive long-run equilibrium (written 
(x, y, p) G LPC) if (x, y, p) e PC and for each individual / s I, py^ = 0 
(i.e., profits are zero). 

Let /l(x, T,) {(x, y% for each h e /(including /), x* e /Ia(xa)}. Individual 

i is a redundant entrepreneur in (x, y) (written (x, y) e RE') means A{x, Yi) i 
P but for any (x, y') e A(x, T,) and any he lx,, ^ Bdixf). That is, everyone 
including i can do as well as in x if / stops being an entrepreneur. Aggregating 
over individuals, (all) entrepreneurs are redundant in (x, y) if for every 
/■ c I, (x. y) e RE\ 

Assume 

(A5) for each individual ie l,0e Y, (possibility of inaction). 

We now prove 

Theorem 3 (characterization of perfectly competitive long-run equilib¬ 
rium). Assume (A1)--(A5). Then (x, y, p) e LPC iff (x, >’) is a strong no 
surplus allocation and entrepreneurs are redundant in (x, y). 

The theorem follows readily from Theorem 2 and the following two 
lemmas, each of which has some interest in itself. 

Lemma 4 (sufficient condition for zero profits). Assume (A I) and (A5), 
and suppose (x, y, p) € W. Then if i is a redundant entrepreneur in (x, y), 
i earns zero profits in (x, y, p) (i.e. py, — 0). 

Proof. By assumption there exists a (x, yO ^ Ax, T,). Therefore for all 
h i, 

px„ ^ px* -- py„ py,A 
and 

pXi ^ px, py, 2s 0. 

Since Sae/ pyh‘, pyt = 0. Q. E. D. 

Lemma 5 (profits as surplus). Assume (Al), (A4), and (A5), and suppose 
(X, y, p) e PC. Then for any i e /, individual i earns zero profits in (x, y, p) 
(i.e., py, = 0) iff he is a redundant entrepreneur in (x, y). 
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Proof. In view of Lemma 4 we need only show the “only if” part. So 
assume py, - 0. Thus, since (.v, y, p) e fV, pXi 0 < p5,(.v,) and pxj 
0 < pB;{xi). Or, given completeness of preferences, XfS A((Xi). Also, / is a 
perfectly competitive entrepreneur in (.v, y, p) implies there exists (x, yO & 
A‘(x, Y,). So XiEAi(Xi). But then x, e/4,(x;), i.e., (x, y‘) ^ K)- To 
complete the proof observe that (x, y*) e A{x, T,) and x„ e 5a(x,,) for some 
he I would imply P^i > Y.i> Pp/iS contradicting the feasibility of (.x, yO- 

Q.E.D. 

Remark 2. The import of Lemma 4 is that it provides an answer to the 
classical question, when will a perfectly competitive entrepreneur’s payments 
to his factors exhaust his product? The answer being that these payments 
will exhaust his product if he is a redundant entrepreneur. Note that this 
answer, in contrast to the more popular constant returns to scale answer, is 
consistent with the possibility of U-shaped cost curves. (Lemma 4 does not 
depend on any convexity assumptions.) Also note that according to Lemma 5, 
that an entrepreneur is redundant is not only sufficient but also necessary 
for product exhaustion if the entrepreneur /.? a perfect competitor. 

Remark 3. We wish to argue that the Redundant Entrepreneurs Condi¬ 
tion characterizes not only the final allocation in a perfectly competitive 
economy that is in long run (i.e., zero profits) equilibrium—as proved in 
Theorem 3—but also characterizes the final allocation in a perfectly competi¬ 
tive economy in which free entry by competitor firms has fully run its course, 
exploiting all profit potentials. So those long-run perfectly competitive 
equilibria resulting from free entry, like the long-run equilibria described in 
principles texts, may be characterized as long-run equilibria in which all 
entrepreneurs are redundant. To see this, think of a perfectly competitive 
equilibrium in which free entry has fully run its course as being an equilibrium 
in which for each active entrepreneur in the economy there is an inactive, 
potential entrepreneur with essentially the .same production possibilities. 
The latter individual is indifferent between operating and not operating 
because the former entrepreneur is just breaking even in the equilibrium. Now 
clearly any active entrepreneur is redundant because if any active entre¬ 
preneur were to stop being an entrepreneur, his inactive “double” could just 
take his place and the equilibrium allocation could be achieved without that 
active entrepreneur. 

Remark 4. Lemma 5 may be equivalently expressed: a perfectly competi¬ 
tive entrepreneur earns positive profits iff he contributes a positive surplus 
to somebody. We wish to establish the stronger proposition that a perfectly 
competitive entrepreneur’s profits measure his contribution to surplus. This 
is a generalized “adding-up” proposition. 

To establish the proposition recall that if an individual i is a perfectly 
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competitive entrepreneur then, by definition, whether or not he acts as an 
entrepreneur will not affect the level of equilibrium prices. So, for each 
individual h ^ i, whether or not i is an entrepreneur does not matter to h\ 
he faces the same budget constraint with or without / as entrepreneur. 
Summarizing, 

Proposition 1A. A perfectly competitive entrepreneur contributes nothing 
to the consumer surplus of anyone besides himself 

This, of course, is the import of Lemma 3 above. It may be alternatively 
expressed by saying that a “full appropriation condition” characterizes 
any entrepreneur who is a perfect competitor: an entrepreneur who is a 
perfect competitor fully appropriates from all other individuals, in the form of 
profits, any contribution he may make to their consumer surplus. For a 
similar observation in a somewhat different context, see Hart [1], 

On the other hand, if / acts as an entrepreneur he may earn entrepreneurial 
profits; if he stops acting as an entrepreneur he will lose these profits. And 
this potential wealth loss is the only effect that the cessation of f’s entre¬ 
preneurial activities will have on /’s budget line or welfare since he will face 
the same prices whether or not he acts as an entrepreneur: The wealth loss 
will result in a. parallel shift downward in /’s budget line, the magnitude of the 
shift being measured by I’s profits. Since his new optimum will be on the new 
lower budget line, we have. 

Proposition 1B. The contribution of a perfectly competitive entrepreneur 
to his consumer surplus {and aggregate consumer surplus) is measured by his 
entrepreneurial profits. 

To bring Proposition 1 into focus by way of contrast, we observe that in an 
arbitrary Walrasian equilibrium profits do not in general measure surplus. 
For example, an entrepreneur with a constant returns-to-scale technology 
will earn zero profits in any Walrasian equilibrium, but he may be the only 
individual in the economy with production possibilities (!) and thus be 
contributing a substantial surplus in any Walrasian equilibrium. 

Remark 5. A second proposition is implicit in the first. Since a perfectly 
competitive entrepreneur cannot affect prices, he appropriates his entire 
contribution to consumers’ surplus in the form of profits. Thus, 

Proposition 2. For a perfectly competitive entrepreneur, his profits are 
really competitively determined rents on his entrepreneurial abilities. {Or, 
alternatively expressed, his profits are really rents that reflect the contribution 
to aggregate consumers' surplus of his production possibilities.) 
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3. A SpfcciAi. Cask ok thl Model: A Simple Production Economy 

Following Ostroy [5], we observed that the no surplus theory may be 
viewed as a generalized marginal productivity theory of distribution. And 
it becomes exactly a marginal productivity theory of distribution in what he 
calls “simple production economies." This seminal result, which is discussed 
in detail in [5], is generalized below only insofar as we include the possibility 
of entrepreneurs and characterize entrepreneurs’ marginal productivity. 

The result may be alternatively expressed. Perfectly competitive economies, 
which we have shown earlier are characterized by a no surplus condition, are 
also characterized by the marginal productivity theory of distribution: 
There is perfect competition if and only if there is adding-up! And further¬ 
more, this theory of distribution corresponds to an implicit theory of value 
in an appropriate dual price space (e.g., see Lemma 2 above). In this view, the 
competitive theory of value derives from the competitive theory of distribu¬ 
tion. Indeed, the appropriate dual price space to support some (nonconvex) 
no surplus allocations may involve nonlinear—but perfectly com|3etitive( !)— 
pricing. This is illustrated in [2].® 

Suppose each individual / has an endowment of resources r, e: /?" ' which 
can be transformed into a single output q. And suppose individuals desire 
only q'%. Specifically, for each / 

Xi -- {j:, e R”\ x‘ - (—r,, where e 

and I's “utility function" is given by Ui{—ri, ^,) = 9 ,. (It simplifies matters 
to not allow for free disposal in characterizing Xi. It is quite harmless.) 

Also suppose that each individual / has a production function f from 
/?" * to /?+ . The aggregate production function is /from to R+, and 
the aggregate production function without i acting as an entrepreneur is /’ 
from to /?., . (The functions/,/, and /' are functional representations 
of y/ ^ Hi . and Yh , respectively.) We assume that if r* > r*, r’ and 
r® in R" \ then /(r^) ^ /(r*), and similarly /(r^) ^ /(r*) and /‘(r^) /'(/■“*), 

so that all resources can be utilized in production at no cost in terms of 
output forgone. 

Since individuals always supply all their resources to production, there is a 
one-to-one correspondence between points Xi e X, and points qi e R^ , 
namely Xi — (—r,, qt). Thus we can, for simplicity, regard a (consumption) 
allocation in our simple production economy as a point (^,) e /?'f^ Using 

‘ The equilibrium allocation in the firm-specific labor example in [2] is a no surplus 
allocation that can only be supported by a nonlinear (but perfectly competitive) price 
system. See [2] for details. 
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this simpliiication, the reader will easily verify that our no surplus definitions 
can be given the following special forms. (Henceforth (^,) will represent a 
Pareto optimal allocation, i.e., one satisfying = /(r), where r -- r,.) 

iqi) e NS iff for each /, g* = f'(r'), 

where ~ < 7 * and r* - r„ ; 

((/,)FyV5(y,) iff q^ \-qt - j\ry, 

iqi) e NS* iff (qt) e NS and for each /, (^,) e yV5( y,); 

(< 7 ,) 6 RE' iff fir) -r. f\r). 

The following definitions of marginal productivity concepts should require 
no elaboration: they are completely straightforward: 

MPi m-nr% 

where A/P, represents the marginal productivity of individual /. 

MPiYd 

where MP{Yi) represents the marginal productivity of /’s entrepreneurial 
abilities. 

MPiti) Jir)-fir% 

where MPifi) represents the marginal productivity of /'s resources. 

Note in particular that while /’s entrepreneurial abilities are in some sense 
indivisible, A/P(y,) can be defined in a straightforward manner. It depends 
only on the economy’s aggregate production possibilities, summarized in 
/, and its aggregate production possibilities without /, summarized in /'. 
We now prove some equivalences between the above no surplus concepts 
and marginal productivity concepts. Before proceeding note that in this 
simple production economy assumption (A4) can be given the following 
special form: 

(A4') For any individual / e / there exists an / 6 / such that r,- r,, 
and for any r e/?"’/'(/■) -fir). 

Lemma 6 (marginal productivity characterization of no surplus). (^,) e NS 
>ff for each i, q, == MPi. 

Proof. If for each / qi = MPi then for each / - /'(r‘) iq' f ^,) — 

f'ir% Or, f\r^) ------ q\ 

If iqi) e NS then for each i f*ir*) =- q'. Or, for each /, Yi — <7* ^ 4i 
fir)~fy) = MPi. Q.E.D. 
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LiiMMA 7 (marginal productivity characterization of strong no surplus). 
Assuming (A4'), (q,) e NS* iff for each i, q, = MP^ — MP{r,) -f- MP{ K,). 

Proof. If for each /, q, MP, ^ MP(r,) -!- MP{Y,) then by Lemma 6, 
(q,)e NS, and 

(a) fir) - f'ir‘) (/(/•) -/(/•*)) + (fir) - /'(/•)) 

But 

(b) /‘(r') q' since (q,) e NS and 

(c) fir) - fir‘) - MPir,) MPir,) MP, - </, • 

Therefore, substituting yields 

(d) fir)-q‘ r/r l•/(r)~/'(^). 

Or, q‘ • q, f‘ir), i.e., (q,) e NS(Yi). 

If iq,) t NS* then by Lemma 6 for each /, q, — A/P,, and also q‘ \ q, = 
f^(r). Since (b) and (c) of above still hold, and since (d) also still holds, 
substituting (b) and (c) into (d) yields (a). Or, MP, - MP(r,) | MPiY,). 

Q.E.D. 

LiiMMA 8 (marginal productivity characterization of redundant entre¬ 
preneurs). Lei iq,) e NS and assume (A4'). Then (q,) e /?£’' iff MPi Y,) -- 0. 

Proof. If iqi)tRE‘ then /(r) —/‘(r) - 0 - A/P( T,). Alternatively, if 
MPi Yf) 0 then, by definition,/(r) — /'(r) = 0, i.e., (q,) e RE'. Q.E.D. 

The lemmas can be used to show the following generalized adding-up 
result: 

Thlorem 4 (generalized adding-up). Assume (A4'). If {qi)c.NS then 
f(r) MPi ■ Furthermore, if (q,) e NS* then 

fir) X MP{r,) 1 X MPi Y,). 

i i 

In addition, if iq,) e NS* and for all i, (q,) e RE* then 

fir) X MPir,), 

i 

where for each /, MP ( Y,) - 0. 

Finally, suppose (.v, y, p) is a Perfectly Competitive Equilibrium for the 
simple production economy, where p' ~(p, I) e R*'~^ X R (i.e., q is the 
numeraire commodity) and x, ™ (—r,-, q,) (i.e., (q,) is the equilibrium con- 
.sumption allocation). Then, for each i, pr, = A/P{r,) and n,- ^ supp'K, — 
MPiY,). 
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Proof. Given Lemmas 5 7, we need only verify that A//’(r,) and 
^ MP( Yi). But if (x, y, p') e PC then for each /, p'Xi —pri \- = tt, 

and p'Xi =- —pri \ Qi =- 0. So pr, 4 tt, = r/, and pr, = /ir, ^ q;. Since 
(x, j;, p') e PC implies (^,) e NS* by Lemmas 1 and 3, and since MP{ K,-) = 0, 
Lemma 7 implies q; ------ MP^rf) = MPi(ri) - pri and qi = A/P(r,) + 

MP{Yi) - pri 1 A/P(y,). Or - tt, . Q.E.D. 

Remark 6. Theorem 4 amounts to a complete adding-up result. First, 
under perfect competition: 

/(r) ^ iMPi^Yi). 

i i 

total factor 

. , . r profits 

product earnings 

And second, in the long run Euler's theorem holds—at least locally—so that 
factor payments exhaust the product (entrepreneurs are redundant so profits 
are zero); 

,/(r) ^-XMP(ri). 

t 

total factor 
product earnings 

Note in particular, that under perfect competition profits are rents to 
entrepreneurial ability, as observed in Remark 5 above: for each individual /, 


TT, - MP(Yi). 
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Suppose that profit-seeking firms endogenously determine the set of 
traded commodities (the “commodity space”). If firms have monopoly power, 
it is well known that profit seeking will generally result in the marketing 
of an inefficient set of commodities. However, if firms are perfect competitors, 
it is widely believed that self-interested profit seeking will result in an efficient 
set of marketed commodities. That is, an economic system founded on the 
Profit Criterion is efficient, or “the Invisible Hand works.” This moral is 
sometimes inferred from the fact that any standard competitive equilibrium 
is a Pareto optimum. But since in any standard competitive model the set of 
traded commodities is not a variable, the optimality of standard competitive 
equilibria neither proves nor disproves the efficiency of the Profit Criterion. 

In the sequel we construct a competitive model which endogenously 
determines the set of traded commodities. In some sense this model completes 
the standard competitive model, which may be interpreted as a model in 
which the set of markets—whether complete or incomplete—\s. exogenously 
given. We use our model to examine the efficiency of the Profit Criterion. 
Sufficient conditions for efficiency are provided. But some counterexamples 
are also provided. In the latter context, themes that appear in the development 
literature, about the difficulties in evolving a complex well-developed 
economy, reappear. 

To summarize the sequel, we show that: 

(1) Any perfectly competitive firm will profit maximize if it is operating 
in accordance with its shareholders’ interests (Theorem I, Section 2). 

(2) A perfectly comjTetitive firm will always perceive positive profits to any 
unilateral marketing decision, e.g., innovation, which improves social 
welfare (Theorem 2, Section 3). 
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However, 

(3) Perfectly competitive firms will not, in general, introduce an efficient 
set of commodities, the source of market failure being the existence of inter¬ 
firm complementarities in innovation. Such complementarities give rise to 
potential, favorable “pecuniary externalities” in the innovation process 
(Theorem 3, Section 4A, and Section 4B). 

(4) Perfectly competitive firms will introduce an efficient set of commodi¬ 
ties if 

(a) there are no intermediate innovations and the economy’s aggregate 
technology is convex and differentiable (Theorem 4, Section 4C); this 
effectively rules out all inter-firm complementarities; or 

(b) firms can become sufficiently large (e.g., by mergers or joint 
ventures) to internalize all potential inter-firm complementarities (Corollaries 
1 and 2, Section 5; this provides a rationale for the structures of firms 
(Corollary 3, Section 5). 

This paper is to a large degree concerned with constructing a simple 
model which reflects some of the principles underlying Oliver Hart’s work 
on “monopolistic competition,” principles that are obfuscated by Hart’s desire 
to simultaneously ensure perfect competition by replication and exposit the 
consequences of perfect competition. It is the latter consequences that we 
wish to highlight here. Thus, (a) our characterization of a “perfectly competi¬ 
tive firm” in Section 2 below is an idealization of Hart’s “small firm” in his 
limiting economy; (b) the unanimity result, (1), is a reformulation of Hart's 
unanimity result in [3], showing that it follows from firms being perfectly 
competitive; and (c) the optimality result, (4a), is a simplified version of 
Hart’s optimality theorem in [2], showing that it depends crucially on convexi¬ 
ty and differentiability assumptions. 

The results mentioned in (2), (3), and (4b) are somewhat more original. 
A few remarks may be helpful: The optimality result, (2), may be viewed as 
an extension of the first basic theorem of welfare economics to competitive 
economies with endogenous commodity spaces. And (4b) is a corollary of (2). 
The nonoptimality result, (3), shows that any validation of the Profit Criterion 
must be qualified. Recently, Hart independently found results similar to (2) 
and (3); see [4]. It should also be mentioned that the model and results 
below are somewhat more general than those in [2-4] because they allow 
for innovation of intermediate inputs as well as consumption goods, and they 
allow for the possibility of multiproduct innovations within a firm (e.g., see 
Theorem 2 below). 

Before closing, Ostroy’s and my complementary work on the no-surplus 
condition should be mentioned. The explicit connections between this work 
and the current work will form the subject of a future paper. There it will 
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be shown that a no-surplus condition characterizes perfectly competitive 
innovators. In other words, the theme in [7, 8], that no surplus (in quantity 
space) is the dual to perfect competition (in price space), extends to perfect 
competition with innovation. 


1. Thi. Prlliminaries: The Basic Model* 

The model is basically an Arrow-Debreu model with the possibility of 
product innovation added. There is a large, finite set of potential commodities 
C and a finite set ot agents J. J consists of a set of individuals I and a set of 
firms /'(i.e., J /u f). Each economic agent /e 7 has a trading possibility 
set C R", where n — ''C. Also each individual / e / has an “at least as 
good as” correspondence from X' to X' that completely preorders X\ and 
a “better than” correspondence B* from X' to X^ satisfying y* e B'(x‘) iff 
y‘ E A\x') and ^ A‘(y‘). Finally, there are nonnegative share ownerships 
in the firms, .v(/, /), satisfying, for each feF, .'(/, /) — I. 

The set of potential commodities that is actually marketed is some (to be 
determined) subset of C, T. For any TCC, let X\T) {x^ e - - 0 
for all c$ T}; it represents /’s trading possibilities in T. A point x -- (xO is 
a T-feasible allocation if xs XjX>{T) and =0.'* For any x‘e A'* let 
B‘(x‘, T) B\x*) n X\Ty, it represents /*s better than x* set in T. (So, X> - 
X‘iC) and B‘ — B'(..., C).) An allocation y dominates an allocation x if 
y‘ 6 /4'(x0 for all / and y' e B‘(x‘) for some /. A T-feasible allocation x is an 
(unconstrained) Pareto optimum if there is no C-feasible allocation that 
dominates it. 

We assume that each firm markets only personalized commodities and is 
sole supplier of its commodities. Specifically, letting C(/) C C represent the 
set of commodities personalized to f we assume x^ e and x/ < 0 implies 
(a) c E C(/) and (b) x^ ^ 0 for all .v* e X' and all j e JJ 7- /. Note that this is 
not very restrictive since it is possible for different firms to market perfect 
substitutes. 


‘ Some notation and terminology: Let ze E'',pe R”, and B C R”. Then pz < pB means 
pz- py for all y z B\c\ B means the closure of B\ r'l B means the relative interior of B. 
If -4 is a correspondence from B to B then A “completely preorders” B means for any 
.V, y, 7 in X c A(x) (reflexivity), x e A(y) ory e A(x) (completeness), and x e A(y), y e A(z) 
implies X e A[z) (transitivity). 

* More conventionally, (.rO is written in the form ((x‘), f/)), where for each /y' = -x^. 
Under the latter notation, />;•' rather than -px' measures /’s profits under prices p e /?'*. 
And the feasibility condition takes on the more usual form E, x* - Z/y'; or = 
L, »’* + Z/^Jf each“net trade set" X‘ is translated to the “consumption set” X* -I {^'1, 
where w* q R” is I’s endowment. Since we shall often find it convenient to treat firms and 
individuals symmetrically, we find our notation more convenient. 
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X‘(.x,p, T) - {x* E X‘{Ty. px' - —Y.f^('^f)px^<pB\x\T)); it repre¬ 
sents i's demand correspondence in T given incomes derived from the alloca¬ 
tion xE y.,X‘ and pricespe /?". Similarly, X*(x, p,T) - {.v^e X>{T)\-px^ > 

pX^( 7)j represents/’s demand correspondence in T. A Walrasian equilibrium 
in T {W{T)) is a pair (x, p) consisting of a r-feasible allocation and a price 
vector p E /?’* such that for all jej x^ e Xix, p, T). If (.v, p) is a W(T) we 
write (.Y, p) E W(T). 

Since, for simplicity, in this paper we shall only allow for product innova¬ 
tion by firms, we shall assume that trading in commodities other than those 
personalized to firms is always possible. That is, letting T C\(\J/ C(/)), 
we shall assume throughout that T C T. But there exists a market for 
rc-Q/) only if / actually markets c. That is, letting C(jfO - {ceC(/): 
x/ < 0] represent the commodities personalized to f marketed in x^, we shall 
assume that (x, p) e W{T) implies T n C(f) = C(x0. Finally, we shall be 
assuming throughout that individuals are locally nonsatiated in T. That is, 
for any i and any x* e X' there exists a >>• e such that v’ is arbitrarily 
close to X* and yy --- .v,.' for all c ^ T. 


2. The Firm’s Objective and the Concept of Equilibrium 

2A. Profit Maximizing as the Perfectly Competitive Frm's Objective 

We are now in a position to observe that an arbitrary W{T) has no claims 
to being a stable equilibrium since any firm /can move the economy from 
that “equilibrium” to another position by altering the set of commodities 
it markets. But how will a firm decide what commodities to market? 

We first prove that if a firm is a perfect competitor, it will—assuming it is 
being operated in accordance with its shareholders’ interests—make this 
decision based on a profit-maximizing objective. 

Let (x,p)eW{T), y^E.X^, and T(y^) (T\C{f))yJ C(y^). A quasi¬ 
equilibrium for yf (0(yO) 's ^ psi*" (>’> 7^) consisting of a 7’( >'^)-feasible 
allocation and a price vector p^ e R” such that y^ e X^{y, p^, T{y^)) for each 
jEj, j -■/- f If {y,pf) is a G(/), we write (y, pO ^ 0(.vO- We also write 
pf E Qiyf) to indicate (y, pO e 0(yO for some j’; no confusion should result. 
The concept of a quasi-equilibrium is useful for judging the stability of a 
W{T). To see this, observe that if (x, p) e W{T), a firm/may try to manipulate 
the set of traded commodities 7 and/or the equilibrium prices p by altering 
its trade demand from x^ to some yL ff it assumes that it cannot effect the 
commodities marketed by other firms (as we shall suppose that it does assume) 
then the change to y^ is feasible for /only if y/ > 0 only for c e T\C{f). If 
y^ is a feasible change for f and/decides to change from x^ to y* then the set 
of marketed commodities changes to 7(y0. If the firm / also assumes that 
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ill! other agents wUJ still act as price takers (as we shall suppose that it does 
assume), then under “rational expectations" firm/wiIJ expect the change to 
to alter prices from p to where p’ e Q(y^). To summarize, a IV(T) is 
"stable” if no firm /would be interested in moving from it to some quasi¬ 
equilibrium Q(y^), where y' € and y/ > 0 only for ce T\Cif). The set 
y‘(T) {y' e X^:}'/ > 0 only for c e T\C(f)} represents the set of feasible 

marketing strategies for fin IV(T). We assume that if r^(7’) then /- 
c. This is obviously a strong assumption. However, without it, it is possible 
that a firm may not introduce an efficient innovation because the conse¬ 
quences of its introduction are not well defined. 

A firm/is a perfect competitor in a 1V{T), (x. p), if (a) it cannot influence 
the prices of any commodities in T\C(/) and (b) it cannot influence the 
prices of its own commodities, in the sense that it always receives the 
economy’s reservation prices for its own commodities. That is, given any 
yf c- Y^T) and any (y, p<) e 0(/), (a) p/ = p, for each c s T\C{f) and (b) 
for each / ^/there exists a y(fY e X\y, T(y')) satisfying yf/)^ - 0 for 
all c 6 C{f). The interpretation of (b) is that the prices in p^ for the commodi¬ 
ties in C(y^) leave all agents j ^ f with “no surplus” from purchasing them. 

A note on notation: henceforth, given arty allocation y, any prices p e /?", 
and any TC C, if y> e X\y, p, T) then we write y{fy to indicate a point in 
Xiy, P, T) satisfying y(/)/ 0 for all c e C(/). 

Remark 2.1. The above definition of a perfectly competitive firm is an 
idealization of Hart’s seminal observation in [2] that if a firm is small relative 
to its market then it can essentially get the economy’s reservation prices for 
its commodities (it faces perfectly elastic demands for its commodities at the 
economy’s reservation prices) even if it is the only seller of the commodities 
and they have no close substitutes. To illustrate, suppose only one firm can 
produce 0’s, and it can produce up to 1(X) 0’s before its costs become 
prohibitive. Suppose also that 0’s have no good substitutes. They are 
indivisible goods, and there are I0,(XX) people willing to pay £10 each for a 0; 
no one is willing to pay more than £10. Then the firm within its effective 
domain (100 0’s) can demand the highest-valued user’s price (£ 10) for each of 
the 0’s it produces. Alternatively expressed, it faces a perfectly elastic demand 
for 0’s at £10, the price that would result from competitive bidding among 
the potential users. See [2] for further discussion. 

We now prove a simplified version of Hart’s [3] basic result. 

Theorem 1 (shareholder unanimity). lf{x,p)e iV(T) and a firm f is a 
perfect competitor in the equilibrium then (a) shareholders in f unanimously 
favor profit maximizing as the firm's sole objective and (b) nonshareholders 
in f do not care about f's behavior. That is, if (x, p) e W(T), y^ e Y'{T), and 
(>’. P*) 6 Q(y^ then 
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(a) for each i such that s(i, f) > 0: 


t y* g B^(x*) \ 


/ ;> \ 

|y* e >4^x0 and x* e /4^(y*)| 

as 

-pfyf ) = j 

(x’e5*(y') ) 


( <) 


and 

(b) for each i such that s{i, f) -- 0: 

y*eA%x*) and x'eA'iy’) 

{i.e.n i is indifferent between x' and y% 

Proof Let (x,/>)e W(T), y'e Y^{T), and {y, p^)eQiyt). Since / is a 
perfect competitor 

pf = p, for each c e T\C(f). (2.1) 

Using (2.1) we know that for all f eF,f' -4 f: 

pfyify pfyf' pxify -= px>’. ( 2 . 2 ) 

We also know that for all i 

x*eA\x{fY) and x(fyeA*(x*) (2.3) 

and 

y*eA^(y(fy) and y(fyeA%/). (2.4) 

Finally, we know that 

x{fy€X\nyt)) and ytjysX^T). (2.5) 

For each i such that j('V/) = 0, x* e X*(x, p, T) and y* e X\y, 7’(y0) 
implies by virtue of (2.2) and (2.5) that 

jc‘ e A\)Ajy) and y' e /4’(M/)’)- (2.6) 

Using (2.3) and (2.4) plus transitivity, (2.6) implies 

jc‘G/4‘(y*) and y*€A^{x% (2.7) 

which proves part (b) of the theorem. 

Now suppose —p^y* = —px*. Then even if s{i, f) >0, x*e X*ix, p, T) 
and y* e X%y, T{y)) implies by virtue of (2.2) and (2.5) that (2.6) holds. 
And, as^ above, (2.6) implies (2.7) for each / such that s{U f) > 0. 
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Suppose p'y^ ' -p.x'. Then if .y(/,/) . 0, px(fy p‘x{jY 
■'>(hf’)p'y' - So v* P X‘{y,p^, T(yf)) implies by virtue of (2.5) that 
y‘ e A‘(xify). Or, using (2.3), y’e A*(x'). But not x* e A^{y'). To see this, 
observe thatp^jc(/)* < - Z/'•'('./’) - And by local nonsatiation there is 

an x‘ e X%T\C{f)) such that x* e .B*(a‘(/)‘) and -pV < — Z/'''’(A .D PV • 
So,ifA:' t .4‘(y)then x' e fl‘(/),which is impossible sinceyfc■y‘'(J^p^ T{y^)). 

The demonstration that -p^y^ < - px^ implies x‘ e B‘(y‘) for each i such 
that .v(/, /) 0 is exactly analogous to the above. Q.E.D. 

2B. A Complete Competitive Equilibrium Concept 

We have observed that a iV(T) is not a complete competitive equilibrium 
concept since firms endogenously determine 7', the set of marketed com¬ 
modities. 

Consider instead the concept of a “Full Walrasian Equilibrium” (FWE): 
Suppose (.V, p) e W(T). We shall say there exist profits to innovation by/in 
(.V, p) if there exists a y^ e Y\T) and /Pe Q{y') such that ~p^y> > --px*. A 
pair (jf, p) is a Full Walrasian Equilibrium (in T) (written (jf, p) e FWE (in T)) 
if (.V, p) F W(T) and there exist no profits to innovation by any firm /c- F. 

A FWE is a complete competitive equilibrium concept insofar as it charac¬ 
terizes the outcome of a decentralized innovation process whereby the set of 
traded commodities is determined. Given some initial set of traded commodi¬ 
ties (e.g., some rudimentary set of traded commodities T), commodities 
are introduced into the marketplace as long as they promise the introducing 
firm increased profits. When no firm sees that it can increase its profits by 
altering its trade decision assuming the set of marketed commodities other 
than its own will remain the same (and all other economic agents will act as 
perfect competitors, i.e., price takers), the innovation process ends. Alter¬ 
natively viewed, in a FWE no firm can individually manipulate prices to its 
advantage by altering its trading decision, either the quantities it markets or 
the commodities it markets. Theorem 1 characterizes the relevance of the 
concept of a FWE for competitive economies: irt a FWE perfectly competi¬ 
tive firms have endogenously determined the seV-of marketed commodities 
in accordance with their shareholders’ interests. 

Remark 2.2. A special case of the above innovation process involves 
two steps at each stage of the process. In Step I a firm introduces a new 
product or set of products. Then, with a lag, in Step 2 entrants appear, 
introduce perfect substitute products, and compete away the profits. The two 
steps are repeated until no firm sees any potential profits to introducing new 
products. This is a Schumpeterian version of the process. In the spirit of 
Remark 2.1, we observe that Step 2 is not essential, in general, for perfect 
competition. 

We should also mention that our model, with its “sneaky dynamics,” 
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is not flexible enough to permit analysis of a possibly important aspect of 
any Schumpeterian innovation process; In such a process there may exist 
“wasteful competition”® resulting from firms competing to innovate a product 
first, to appropriate monopoly profits before entrants compete them away. 
The inefficiency of such competition is exposed in the well-known theory of 
common property resources. 


3. Profits to Individually Improving Welfare 

Since we have assumed local nonsatiation, as is well known any W{C) is a 
Pareto optimum. And any W(T) is an “optimum relative to T\" if (x, p) 6 fV{T) 
then no y can dominate x provided y is T-feasible. But an arbitrary W{T) is 
generally not a Pareto optimum. 

In the rest of the paper we shall be concerned with the question, under 
what conditions will a FWE be a Pareto optimum? We shall be assuming 
throughout the sequel that all firms are perfect competitors. 

Suppose (jf, p) is a FWE in T. And suppose T is an arbitrary subset of C 
containing 7', i.e., TCT' C C. We shall first show that if some allocation y 
dominates x, where y is T'-feasible, then more than one innovating firm is 
needed to move the economy from T to T, That is, y involves innovations 
by more than one firm. Or, in other words, it is not the case that T'\T is 
contained in C(/) (for some /). This is the import of the following benchmark 
result, which may be viewed as an extension of the first basic theorem of 
welfare economics to competitive economies with endogenous commodity 
spaces. 

Theorem 2 (profits to individually improving welfare). Suppose 
(x, p) e W{T) and suppose some T'-feasible allocation y dominates x. Then if 
T'\T C C(/) for some f sF, there are profits to innovation by /; i.e. (x, p) is 
not a FWE. 

Proof Clearly for all ./', y’ e X>{T(yf)) and y' e ¥'{7). Let (y, p*) e Q{y'), 
so y^ =- y^. We show that ~p^y^ > —pxK 

Assume the contrary. Then, by Theorem 1, for all i, x‘6/4‘(y‘)- Also, 
since y dominates x, for all i, y* e A‘(x‘) and for some i, y‘ e B’(xO. So, 
using transitivity, for all /, y* e y4*( y‘) and for some i, y* e B*( y*). Now this 
implies by a standard argument that for all i,py' ^ p^f with strict inequality 
for some /. Or, using the fact that for all f /, y^' e X''{y, p', T(/)), Zi iFy^ > 
TiP'y^ = -if’BFP'F > But I, y‘ = -Z/'/', a contra¬ 
diction. Q.E.D. 


’ The Jerm is Ostroy’s. 
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4. The Efficiency of FWE in the Absence of Pecuniary Externalities 
4A. A Second Benchmark Result 

Suppose (x, p) is a FWE in T. Several innovators may be needed to move 
the economy from T to some T D T. So one cannot determine from 
Theorem 2 whether in general x is a Pareto optimum. We now show that 
it is provided there would be no potential, favorable “pecuniary externali¬ 
ties” in the innovation process from T. 

It will be convenient to first introduce some notation. Let C* — C\T repre¬ 
sent the set of potential innovations from T. Then F* — {/: C* n C(/) ^ 0 } 
represents the set of potential innovators from T. And J* ~ J\F* represents 
the set of potential buyers of innovated commodities. (Condition (Cl) 
below ensures there are no potential buyers in F*.) 

Finally, P* {qeR'‘:q^. ^ for all csT and for each jeJ*, e 
X>(x, q, C)) represents the set of price vectors which extend p to C* so as to 
reflect or exceed the economy’s reservation prices for the potential innova¬ 
tions C* when all potential innovations are marketed simultaneously beginning 
from (.V, p). The “minimum” qe P* may be thought of as just reflecting 
the economy’s reservation prices for C*.* 

There would be no potential {favorable) pecuniary externalities in the 
innovation process from T if 

(Cl) for each/e f* y* c implies yf = 0 for all r e C* (“no inter¬ 
mediate innovations”) 

and 

(C2) there exists a p* e P* with the property: for all fe F*, all y^ e 
Y\T), and all fP e Q(y^), p/ p* for all c s C{y') (“no reservation price 
externalities”). 

The heuristics that justify giving this technical condition the title “no 
pecuniary externalities in the innovation process” may be explained. 

Condition (Cl) says that potential customers of innovators are not innova¬ 
tors. It rules out the possibility of “intermediate innovations”: innovations 
by one firm that are useful to the production of other innovations by other 
firms. More specifically, it rules out the possibility that an innovation 
Cl e C(/i)\r may be useful to the production of another innovation, e 
C{_fi)\T, where A ^ /i. If this possibility were not ruled out there could be 
favorable pecuniary externalities in the innovation process since if f inno¬ 
vated Cl it would reduce the shadow price of c, perceived by /j from infinity 


* If the aggregate technology is convex and differentiable, then there exists a well-defined 
minimum q e P*, as will be shown in Section 4C below. 
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to some tinite amount, aming Ci available to him and thus perhaps enabling 
him to innovate Cj 

Consider (C2) next, and suppose that all potential innovators cooperated 
and introduced all possible innovations simultaneously beginning from (x, p). 
Suppose further that this joint action is at a sufficiently small scale so that 
each feF* earns the economy’s reservation prices for its innovations 
when alt other possible innovations are available. Then each feF* can expect 
to receive the prices in p* for its innovations, where p* is the “minimum” 
q e P*. But if any feF* contemplates innovating ny^e Y\T) independently 
beginning from (x, p), then it can expect to earn only the prices in p* for its 
innovations, where p* e Q(y). 

If p/ < pf for some c e C(y) then there would be favorable pecuniary 
externalities in the innovation process since if all potential innovations 
were available some potential innovator could earn more for some innova¬ 
tion than he perceives he can earn operating independently. Or, alternatively 
expressed, if (C2) were not satisfied some innovator f by innovating a 
Cl e C(/,)\7’ may be able to favorably effect the reservation price perceived 
by another innovator,, for some C 2 eC(fz)\T. 

T HEOREM 3. If (x, p) is a FIVE in T and there are no potential pecuniary 
externalities in the innovation process from T then x is a Pareto optimum. 
Indeed, there exists a p* e P*—namely, the p* satisfying (Cl)—such that 
ix,p*)eWiC). 

Proof. We need only verify that {x, p*)e IV{C), since then obviously 
j: is a Pareto optimum. Let p* satisfy the property in (C2). Since for any 
7 eJ* x^e X^{x, p*, C), to complete the proof we need only verify that for 
any feF* and any y^eX*, —p*x'^ —p*y'- Since y^e Yf{T) by (Cl), 
—px^ —where p’ e Qiy^. But —px^ ■- —p*x^, so —p*x' ^ —pV- 
Since pf p* for all c e C(yO» ^ —P*y^’-> so, ■~p*xf —p*yf. 

Q.E.D. 

Remark 4.1. The role that “no reservation price externalities” plays in 
this model is analogous to the role played by the “simultaneous reservation 
price property” in Hart [4]. Analogous to [4], we provide sufficient conditions 
for guaranteeing (C2) in Section 4C below. (Cl) is satisfied automatically 
in Hart [2-4] since he studies the special case in which only consumption 
goods are innovated. 

Violations of (Cl) are quite p)ernicious to the optimality of any FWE, as 
will be illustrated in Example 4.1 below. To find sufficient conditions to 

° Condition (CI) is slightly stronger than a perhaps more intuitive formulation of “no 
intermediate innovations from T”: that for each feF* Y^{T) =-= X^. It is equivalent to this 
formulation if each potential innovator’s trading possibility set is convex. The formulation 
in the text gi favored because it greatly simplifies the exposition. 
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guarantee (Cl) we will have to allow the structure of firms to vary endoge¬ 
nously; this is the program of Section 5. 

4B. Some Examples of Inefficient EWE 

The Ibllowing examples are intended to give some perspective to the 
sequel. They illustrate the intuitive proposition that there will be no potential 
favorable pecuniary externalities in the innovation process from T ill’ there 
are no interfirm complementary innovations in C*; so the availability of 
some ('i e C( fi)\T does not raise the economy’s demand price (or lower its 
supply price) for any C(f^\T, where f t/z• That is, interfirm comple¬ 
mentary innovations (in quantity space) correspond to favorable pecuniary 
externalities (in price space). Alternatively expressed, interfirm innovation 
complementarities and favorable pencuniary externalities arc “dual” 
phenomena. This intuitive proposition will be useful for understanding the 
sufficient conditions for (C2) provided in Section 4C below. 

So, we shall now provide four illustrations of how an economy can get 
stuck at a suboptimal FWE in the presence of interfirm complementarities. 
The first example involves a failure of (Cl) and the other three involve 
failures of (C2). In all examples {x,p) is a FWE in which neither c, nor Cj, is 
traded, where {c,] - Cif) and (Cj) = Cf/g) (i.e., there is no joint production 
of 0 i and <' 2 ); and y dominates .y. where y involves trading in both c, and ( ^ • 

Exampll 4.1 (intermediate cost-saving innovations or an example of a 
complementary input-output innovation). Suppose f, is a consumption 
good and is an input that significantly reduces /,'s cost of producing r,. 
The unit cost of producing Ci without C 2 exceeds any individual's reservation 
price for c, . But r, has no significant uses other than to produce r, ; so, the 
reservation price of all firms including/j for c.^—given that the set of traded 
commodities T excludes r,—is less than/j’s minimum unit cost of producing 
02. 

This sort of example may occur when a new technique or, more typically, 
a number of new techniques are needed to economically produce a new 
product. This is a common occurrence. For example, consider the number of 
new “components” needed to produce a new type of airplane or a new type 
of instant-picture photo camera. 

Example 4.2 (complementary consumption innovations). Suppose that 
that Cx and are consumption goods that individuals view as perfect comple¬ 
ments (i.e,, they have right angle indifference curves between the goods). 
An example may be nuts and bolts, as in Hart [4]. Then any individual’s 
reservation price for <1 in the absence of Cj is zero, and his reservation price 
for Cg in the absence of q is zero. So if both goods are costly to produce. 
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firms/, and/j will remain out of business. Yet the minimum unit cost of a 
fi-f 2 combination may be significantly less than the sum of individuals’ 
reservation prices for c, and in one-to-one combination. 


Example 4.3 (consumption complementarities arising from overhead 
relocation costs, or an example of underdeveloped land). Suppose q 
(respectively q) is housing in location L (respectively L'), and (q) is a 
recreational service—golfing—in location L (L'). Suppose also that L is an 
area of undeveloped vacant land outside a city located at L', and that 
housing and golfing are very expensive in L' because the opportunity cost 
of land is high in the city. So, equivalent housing and golfing can be supplied 
much more cheaply at L. But if an individual only resides (golfs) in L, he has 
to commute to the city to work and golf (work and live), so any potential 
resident’s reservation price for c,, given that he must work and golf in L', 
is less than the unit cost of housing in L; and, similarly, any potential golfer’s 
reservation price for such recreation at L exceeds the minimum unit cost of 
providing golfing services at L. So, L remains undeveloped. But the sum of 
the unit costs of q and Cj may be significantly less than the sum of individuals’ 
reservation prices for c, and c .2 when jointly supplied. 

A numerical illustration may help fix the idea underlying this example. 
Suppose a representative individual i has a Cobb-Douglas utility function 
given by (qO*(q^-f qO®(q‘-1 qT, where represents i”s consumption 
of leisure, and the exponents a, jS, y are positive and sum to one. Note that 
/ views r, and c\ (q and q) as perfect substitutes. Let /?, and {p'l and P 2 ) 
represent the prices of housing and golfing at L(L'). Let Po represent the 
price of leisure, i.e., the wage rate at L'; we assume that i must work in the 
city. Then it is easy to verify that if i lives and golfs in the city, he can attain 
utility 



where Y is the value of I’s endowment (i.e., his “income”). Now also suppose 
that if / golfs or resides at L he must suffer a relocation cost which we assume 
to be merely a lump-sum loss of leisure, q • So, if / lives and/or golfs at L, 
he can attain utility 





. Poq) / y ( ^ 

/?' / \ min(/7j, p\) } \ min(pj , p'J ’ 


Individual i's reservation price for r, in the absence of golfing at L is given 
by q*, where U{p^^, 00 ) = V. Similarly, his reservation price for c, in the 
absence of housing at L is given by p/, where t/(oo, p^^) = V. It is easy 
to verify that if poq > 0. then p,* <pi and pj* < pi. So, if /fC, (/^Co) 
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represents the minimum unit cost of Cj (Cj), it is possible that /?,* < ACi < p[ 
and p/ '' ACg < ; and, consequently, neither q nor Cg is produced. But 

if AC I and AC^ are sufficiently close to pi^ and p^^, respectively, then clearly 
V(AC\ , AC^ > IJ' so q and q should be jointly produced. 

It is of some interest to observe that the complementarity between q and q 
arises in this illustration not because of lack of differentiability or convexity 
in ;”s utility function, but because of an implicit nonconvexity in /’s trading 
possibility set X‘\ i can “spread” the overhead relocation cost q over both 
Cl and r.j if both are available at L. 

Examph; 4.4 (input complementarities arising from transportation costs, 
or an example of an underdeveloped region): Suppose q is steel in location 
L and q is railroad transporting services from L to L', where £ is a region 
of largely undeveloped land (perhaps a sleepy community) and L' is a major 
automobile manufacturing center. Suppose also that L is an “ideal” location 
for producing steel because of favorable natural resources; but there is no 
railroad connecting L with L', so transporting steel from L to L' is prohibi¬ 
tively costly. As a consequence, the reservation price of the car industry, 
centered at £', for c, is significantly less than the minimum unit cost of c, . 
And without a steel industry at L the economy’s reservation price for q is 
insignificant, so /j sees no incentive to build a road connecting L with L'. 
Yet if (•., were supplied by /o at cost, firm/i could achieve significant profits 
from supplying q. 

Note that in this example, a car manufacturer at L' views a unit of Ci and 
a unit of (some) transporting service from L to L’ as perfect complements. The 
above problem occurs when rail transport would be significantly cheaper 
than any available means of transporting steel from L to L'. 

Remark 4.2. The reader may recognize Example 4.4 from [11] or [5]. 
Our analysis of it is consistent with that appearing there. Note that if /g 
needs c, to economically produce q, then the example involves a failure of 
(Cl) rather than (C2). Also note that we have strained our analysis somewhat 
in applying it to railroad transporting services, which generally would not be 
small relative to/o’s market. 

Remark 4.3. In addition to examples of underdeveloped regions, the 
above “methodology” for constructing examples of inefficient FWE can be 
applied to constructing examples of badly developed regions. Apropos, see 
the interesting “shopping center example” in [4]. 

4C. Sufficient Conditions for No Reservation Price Externalities: 

Aggregate Convexity and Differentiability 

We show that if the aggregate technology is “convex and differentiable,” 
assumption (Al) below—and some essentially technical assumptions, (A2)- 
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(A5), also hold—then (C2) will be satisfied. Thus, in view of Theorem 3, 
in economies satisfying (Cl) (e.g., economies in which only consumption 
goods can be innovated), (A1)-(A5) are sufficient for a FWE to be a Pareto 
optimum. 

To put the role of convexity and differentiability into perspective recall 
that all our examples of inefficient FWE (except Example 4.1 which involves 
a failure of (Cl)) involve failures of one or the other, and that failures of 
differentiability are intimately connected with the existence of complemen¬ 
tarities. 

The importance of differentiability may be explained mathematically with 
reference to Example 4.2. As we are about to see, the key mathematical 
fact for intuitive understanding is that only differentiable functions have the 
property that their directional derivates are linear functions of their partial 
derivatives. Now consider Example 4.2 and, in particular, consider an 
individual’s (nondifferentiable) utility function. At his individual optimum, 
being at a “corner,” the sum of his partial derivatives (marginal utilities) 
with respect to Ci and Cj is less than his directional derivative for a package 
consisting of a unit each of and . The partial derivatives (which equal 
zero) reflect his reservation prices for c, and alone, whereas the directional 
derivative (which is positive) reflects his reservation price for Ci and Cg in 
combination. Thus, in this example, there would be favorable pecuniary 
externalities to the producer of one of the commodities from the introduction 
of the other commodity. Alternatively expressed, only for differentiable 
functions, which have the property mentioned earlier, is it in general the 
case that experimenting in a vertical and horizontal direction (thinking 
about introducing one commodity at a time) gives one correct information 
about the profit consequences of “diagonal” experiments (thinking about 
simultaneously introducing several commodities).” 

For our purpose the set-theoretic analog of differentiability at a point, at 
least for quasi-concave functions, is a unique support; e.g., a right angle 
indifference curve has an infinite number of supports at its corner. In the 
sequel we shall use this analog of differentiability and convexity rather than 
introduce quasi-concave, differentiable utility and production functions. The 
formal characterization follows. Let EC R" and z e R". The supports of E at 
z are SfE) V?": qz < qE}. SfE) is obviously a nonempty (contains 
zero) convex cone. F is a smooth, convex set if for any zed E there exists a 
q' eRP, q' such that Sg{E) C{q:q — Xq' where A e R}. That is, there 
exists a unique support to £* at z (up to a multiplicative constant). 

Let B Y.i + Z/6/* it represents the aggregate “better than x 
set” net of what is realizable without F*. And let B(T') ^ B r\ {z e R”\ 

* Differentiability is crucial to proving Grossman's characterization result [I], for 
exactly analogous reasons. It is also crucial for perfect competition, as shown by Ostroy 
in [8]. 
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Zc 0 For all cip 7"\: it represents the aggregate better than .v set when 
trading is restricted to the subset of commodities T'. We assume 

(Al) There exists a smooth, convex set B* C R" such that B = 
B^ N(c), where N{c) -- (c e/?“; 0] and C{F*) U/./•• C(/) 

(“aggregate convexity and differentiability”). 

(A2) For any T'J T, ri B{T') 0 . 

(A3) J or any (jr, p) g lV(r), Xiw V ; 0 for all c e Tn C(f*). 

(A4) For any qeR" and /e /, gx' qB‘(x') implies gx^ < qB'(x') 
provided q, p,- for all c e T. 

( A5) For any /e F*, i e /, / e j’^(7'), and (.i-, jF) & Q{y'): .s(/, /) • 0 
implies there exists an ig I such that 0 but A' ^ A', B' --- B‘, 

and Y.I-. I Fi^f) p^y^' ll/'cf '‘ii-.f) (“individuals are typical in any 
quasi-equilibrium”). 

Let (.V. /») i': W(T) and let x Y-uj* Observe that given (A4) q eS^{B) 
implies qr P* (provided q^ = Pc for all cc T). With this background, the 
role of iJ* in the key assumption, (Al), may be explained, B* “extends” B to 
the negative orihants in C(F*), permitting a characterization of y*'s reserva¬ 
tion prices for untraded commodities in C{F*), in particular for C*. (Since 
the commodities in C(F*) are personalized to F*, B does not include points 
in these orthants.) To illustrate, suppose T - l.v,,' and C -- U'l, Then 
if B is as in Fig. 1, B may be extended to a smooth, convex B* (see dashed 



Fio. I. Extending BXoa. smooth, convex set. 

line) the slope of whose unique support at x reflects J*’s reservation price for 
in terms of . 

Consider this analogy to the role of B*\ If an individual’s consumption 
set is R," and x* involves zero consumption of c, then the individual’s 
utility function defined on may have a right-hand partial derivative 
with respect to c at .v* but no left-hand partial derivative unless the function 
can be extended to a differentiable function defined on an open set containing 
R^\ 
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Regarding the technical assumptions, (A2)-(A5), we make three remarks. 
First, (A3) and (A4) could obviously have been derived from more primitive 
restrictions on the technology. Second, (A3) says that any/e F* who markets 
some ceT has some customers in J* (i.e., not all buyers of any c e C(J) O T 
are potential innovators). Third, (A5) says that in any quasi-equilibrium 
Q{y^), any shareholder i in/has a “double” who is not a shareholder in/but 
has the same trading possibilities, preferences, and wealth as /. Its role is 
to eliminate small income effects. In particular, it ensures that when an 
fe F* switches from to e Y^(T) and its profits change, the resulting 
change in the incomes to f's shareholders will not influence the economy’s 
reservation prices for f's innovations. 

We shall now prove 

Theorlm 4. Assume the economy satisfies (Cl) and (AI)-(A5), and let 
(x, p) W{T). Then there exists a p* e P* r\ Ss{B) satisfying (C2); i.e., there 
would be no reservation price externalities in the innovation process from T. 
Thus, if (x, p) e FIVE then (.v, p*)e IF(C) and x is a Pareto optimum. 

Proof. To prove the theorem we utilize the following Fact, proved in [9] 
as Corollary 23.8.1; 

Let 5, ••• B„, be convex sets in R” whose relative interiors have 
a point in common. Then for any re R“ 

SfB, n - n B„.) - 5,(5,) + - + SfBj.’f 

To proceed, observe that x e cl 5(7’). So, since p e SsfB{T)), (Al) plus the 
Fact implies 

p,.- -p*-\'K for all ceT, where p"^eS^{B*) and where 
A„ : 0, A„ 0 if c ^ C(F*) n [c: x, -= 0}. (4.1) 

Given (A3) and (A4), clearly p* ^ p^ for all ceT and p* sP*. Thus, in 

view of Theorem 3, to complete the proof we need only verify that p* satisfies 
the property in (C2). 

Let /■( F*. iy, p^)eQ{yf), and x(J) - Zjgj*-v(/)^ where each x(fye 
X\x,p, T). For any/such that.s(/,/) - 0 ,/ 7 Ly(/)‘ -- <p^ff{y\ T{y*)) 
p'B%x\ T(y')). And for any f’eJ*, p'x(fY ~ p'y^ C, p'X'\T{yf)). Thus, 
given (A5), // f:S,,(/)(fl(F(yO))- So, (Al) plus the Fact implies: 

p/ --= 4 A/ for all c e T{y^), where 9 e5x(/)(5*) and where 

A/ > 0, A/ = 0 if c C(F*) n {c: x(JX = 0}. (4.2) 

’ This Fact also plays a crucial role in a proof of the Kuhn-Tucker theorem; see [6], 

This is no accident. An alternate proof of Theorem 4 relies on the Kuhn-Tucker theorem. 
But for this proof one must assume convexity and differentiability for each agent (analogous 
to Hart J2]), not just aggregate convexity and differentiability. 
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But p*x(J) -p*x, SO p* e Sr{f){B*). Thus, given the smoothness of B* 
and the fact that p/ = p^ # 0 for some c 6 T (recall (a-, ;>) e W{T) and 
individuals are locally nonsatiated in T), q = p*. Substituting into (4.2) 
yields p/ p* for all c e C(yO. Q.E.D 


5. The Structure of Firms 


In this section we adopt another strategy for achieving optimality. We 
do not restrict the economy’s technology so as to rule out interfirm comple¬ 
mentarities, e.g., with (Cl) and (Al). Now we allow complementarities, 
but we also allow firms to integrate or to cooperate in their innovation plans, 
i.e., to efieclively change the structure of firms (as decision-making units). 

It is widely believed that if there is perfect competition and constant returns 
to scale (or additive production sets) then the structure of firms is completely 
indeterminate. In particular vertical and horizontal integration, e.g., through 
mergers or joint ventures, is inexplicable. We show that “complete markets,” 
or absence of interfirm complementarities in innovation, are crucial to the 
validity of this belief. In particular, we show that there exist incentives to 
vertical and/or horizontal integration—even given that there are constant 
returns to scale and additivity—whenever there are interfirm complementari¬ 
ties preventing the innovation process (under an arbitrary, fixed firm struc¬ 
ture) from reaching an optimum. 

Let us suppose that F now represents the set of basic firms in the economy, 
before any vertical or horizontal integration. And let us suppose that if in 
some W{T), {x,p), firms f'C/■ cooperate (e.g., by merger or joint venture) 
then the cooperative “firm” f(F') will have trading possibilities - - 
Z/eF' so there are no economies or diseconomies from cooperation— 
and f(F'ys profits will be distributed to shareholders in F' according to the 
“ownership shares in/(F)” 


s(iJ(F')) 


Tf^F’ s{i,f)pxf 
HfeF' PX^ 


Let be the family of all subsets F' C F, and let be a given subset of jF*. 
.F represents the sets of basic firms F’ CF that can cooperate in (x, p). Thus, 
vertical and horizontal integration among firms is always (respectively, not) 
possible in (x, p) if^ = (respectively, (J/gf {/}). And thus, 

(x, p) g FWE now only implies that (x, p) is a full Walrasian equilibrium 
when cooperation among firms is not possible in (x,/>). Let us assume 
What happens when .F 7 ^ ? 

Let ^(F) represent the economy consisting of, as before, (a) individuals 
/g/ with trading possibilities AT* and preferences A^, but also, (b) firms 
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f'GF{F')-r.F\F'Uf{F') with trading possibilities X^' and (c) ownership 
shares defined by the function s above from / x F{F') to R+. Obviously 
our formal model of Sections 1-3 applies to any S\F'), i.e., to any given 
firm structure F{F’\ F' e Furthermore, it is easy to verify that if 
(x, p) e IV(T), then for any F' e .¥* (x(F'), p) s W{T) for the economy 
where x{Fy =- x’ for all j $ F' and This is consistent 

with the widely held belief mentioned earlier. But the same invariance does 
not in general apply to FWE under various firm structures, as we shall shortly 
see. 

If (x(F'),p)€ W{T) for S{F') and F' is a perfect competitor in {x(_F'),p) 
—i.e., when F' operates as the cooperating unit/(F)—then Theorem 1 says 
that shareholders in F' (or, equivalently, in/(F')) unanimously favor f{F') to 
profit maximize in ^{F'). And, given the definition of s(...,f{F')) each 
shareholder in/,/e F', is at worst indifierent whether or not/joins F' to form 
f{F') in the W(T) (for ^0/])), (x, p). Thus, given the possibilities for coopera¬ 
tion in the “super economy” with cooperation (these possibilities being 
summarized by .F), it is natural to define a full Walrasian equilbrium given 
the possibilities for horizontal and vertical integration, a FWE (.F), as an 
(x, p) 6 W(r) (for some TCC) satisfying for each F'e^ (xiF'), p) e FWE 
in T for the economy S'(F'). That is, there are no profits to innovation for 
any firm or possible coalition of firms in (x, /?). 

It may be helpful to remark at this point, before proceeding, that it is 
easiest to visualize the innovation process when JF in terms of the 
two-step sequence mentioned in Remark 2.2. Thus, if a firm leaves one 
coalition to enter another, it can assume that all firms outside the new 
coalition—including firms in the old coalition that do not enter the new 
one—will not change their marketed commodities (recall the definition of 
T(y^), and the consequent definition of 7'(y‘'''>)): The firms in the old 
coalition may be visualized as being in Step 2 while the new coalition is 
embarking on Step 1. So, the firms in the old coalition that are not in the new 
one do not lose any necessary inputs by the old coalition breaking up; in 
Step 2 there are many available suppliers of all necessary inputs to these 
firms. 

For the sequel, we extend our earlier assumption of perfect competition 
to assume that any possible coalition F' e -F would be a perfect competitor 
in any W(T) in ^(F'), 

Corollary 1 (profits to integration). Suppose (x, p) e W(T) and some 
T'-feasible allocation y dominates x. Then, if T'\TC\JfeF' C(f) for some 


* In the current context, when we simply write (jr, p) e fV(r), it should be understood 
that we mean ix,p)e IV(T) for the economy ^({/}], where/eF. This is consistent with 
our previous notation. 
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there are profits to innovation by f{F") in S{F'); i.e., (x, p) is not a 
FV/E(rF). 

Proof. Follows immediately from Theorem 2. Q.E.D. 

Corollary 2. tf (x, p) c. FWE(.^) and integration is always possible 
(i.e., -F .^*) then x is a Pareto optimum. 

Proof. Immediate from Corollary I. Q.E.D. 

Corollary 3 (detcrminacy of firm structure). Suppose (.v, p) e FWEO:^) 
when integration is not po.ssible (i.e., when ■‘F Then (jc, p) e FWE(.^) 

even when any integration is po.<!sible (i.e., when ■F' — iff x is a Pareto 
optimum in ^<(\f\). 

Proof. Given Corollary 2, we need only show that if jc is a Pareto optimum 
then there are no profits to innovation for any /(E') in (x(F'),p), a W(T) 
for /‘>(F'). Assume the contrary, i.e., that there exists a e such 

that pnr\ynF‘) -~px(Fy^’"'‘ - -pT.ja 'where e /'''>) 

in the economy ^(F'). By Theorem I, y dominates x(F') in the economy 
So. clearly, there exists a feasible allocation v' in <?({/!) that dominates 
A. Q.E.D. 

Corollary 3 says that the firm structure is completely indeterminate (in 
the .sense that there are no potential profits to forming any cooperative 
ventures) iff the innovation process without cooperation leads to a Pareto 
optimum. But if there are interagent complementarities leading to inefficient 
FWE (without cooperatives), then Corollary 1 says there exist potential 
profits to cooperative efforts. In particular, when there are cost-saving 
intermediate innovation as in Example 4.1, then there exist incentives to 
vertical integration, and when there are complementary consumption 
innovation as in Examples 4.2 and 4.3, then there exist incentives to horizontal 
integration. Corollary 2 says that if agents can form cooperatives that are 
sufficiently large to internalize all interagent innovation complementarities 
then the innovation process will lead to an optimum. 

Remark 5.1. It is a well-known empirical fact that many firms are “too 
large" to be explained by economies of scale. This theory provides one 
explanation consistent with competitive behavior. It explains a firm’s simul¬ 
taneous development of several, complementary processes or innovations 
even in the absence of joint economies of scale. See [13, esp. Sect. Ill], for a 
somewhat different model leading to a very similar explanation. 

Remark 5.2. The large, multiproduct conglomerate, replete with a 
massive R & D department, may be viewed as a social invention for solving 
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potential problems involving interfirm complementarities—producing, in 
some sense, profit signals that the price system fails to provide. But this 
does not imply that complex industrialized economies, possessing this 
invention, have solved the underdevelopment problem (in the sense of Pareto). 
Since agents in one society typically innovate “ideas” that follow a common 
known line of development, there may exist completely different, Pareto 
dominating lines of development (e.g., different life-styles with associated 
organizations) that remain nonexistent just because their development 
requires the simultaneous introduction of many complementary ideas/ 
innovations, too many for any oxganxisr—including any government—to 
figure out. They may appear in the future as a result of “lucky coincidences.” 

Remark 5.3. It is well known that joint ventures and multipurpose 
organizations are empirically common in the early pha.ses of innovation 
and development; e.g., see [14, 12]. 

Remark 5.4. The process of forming cooperative ventures obviously 
deserves further analysis beyond the casual treatment of it given here. Our 
approach was adopted only to make the simple point that if an economy gets 
stuck at a suboptimal FWE then (a) there are unexploited potential profits 
to innovation for some cooperative; and (b) there is at feast one distribution 
of these profits such that all shareholders in firms constituting the cooperative 
benefit. 
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Introduction 

We are concerned with a formal description of perfect competition in 
which small efficient scale^ and the entry of firms occupy a central role. The 
set of aggregate technological possibilities for the economy is obtained by 
summing the production sets of a very large number of productive units, 
interpreted here as firms. These units are most efficient when their output is 
small (infinitesimal) relative to demand, and the classical case of (/-shaped 
average cost is admitted in the analysis. Also, because efficient scale is small, 
firms have only an infinitesimal effect on price when confined to the region 
in which they make positive profit. This enables one to capture the notion 
that the demand curve appears fiat to a firm, while at the same time demand 
price may change substantially with substantial changes in aggregate quantity. 
The mass of firms active in an equilibrium is determined by the conditions of 
supply and demand. Small changes in aggregate demand will typically 
change the list of firms which are present in an equilibrium. Since changes in 
taste cause some firms to leave the market and others to enter, and since 
there arc usually firms “on the margin” of entry, entry plays an important 
role in the explanation of value. 

Despite the fact that our description of a perfectly competitive economy 
fits quite nicely with the ordinary neoclassical conception, the reader will see 

* We wish to acknowledge the helpful comments of the referee and also to thank the 
Na.tional Science Foundation for financial support. 

* The cITicient scale of a firm is small if it takes a large number of such firms, each produc¬ 
ing at mihimum average cost (c), to satisfy demand at a market price equal to c. 
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that both in detail and interpretation it differs in some important ways from 
modern formal competitive theory (see, e.g., Debreu [3]). P'or example, we 
will argue that the convexity of the set of aggregate production possibilities 
is irrelevant for the existence of competitive equilibrium. With small eflicient 
scale and the absence of externalities, the aggregate production set is neces¬ 
sarily convex (by Richter’s theorem, which asserts that integration with 
respect to a nonatomic measure yields a convex-valued correspondence), and 
with standard assumptions equilibrium exists. With small efficient scale and 
externalities, the aggregate production set is in general not convex, but again 
under general conditions equilibrium will exist. Small efficient scale, which 
only in the absence of externalities guarantees convexity, is the proper require¬ 
ment for the existence of perfectly competitive equilibrium. 

The argument of the paper proceeds as follows. We begin by defining a 
private ownership perfectly competitive economy <5 {X ,, ut ,. . Z(-), 

.v,(-)) and defining its equilibria. Throughout the analysis, for the in consumers, 
preferences >, are convex and initial endowments a», are interior to the 
convex consumption sets X, The framework differs from that of standard 
competitive theory in that there are a continuum of productive units whose 
output must be integrated to generate a quantity that is significant when 
compared with demand. The set Z(jS) is the technology available to unit j 8 , 
and .v,(^) is the share of firm /3 owned by /. The notion of a variable profit 
assignments economy 6'^ (A',- , a>/ , . Z, tv(-)) is then introduced. In 

addition to the m consumers this requires a specification of the aggregate 
technology Z, and for each p, m numbers w,(p), which indicate how max p • Z 
is shared among consumers: X ^lip) — max p • Z. Variable profit a.ssign- 
ments economies are of interest in their own right as they capture the notion 
of a regime in which the aggregate rent from the process of production is 
distributed to consumers according to a rule which depends on prices. (For 
example, an individual's share of max p ■ Z may depend on his wage.) 
Standard techniques from competitive analysis are sufficient to showthat 
(loosely) every variable profit assignments economy iS” — {X, , w,. , Z, 

M’(-)) has an equilibrium provided Z is convex and {w,(-)] are continuous 
for prices at which max p • Zh well defined. This is Theorem I. 

In this paper we are concerned with particular variable profit assignments 
economies. These economies, e.g., tf' ^ (X, , w, , , Z, w(-)), are asso¬ 

ciated with perfectly competitive private ownership economies, e.g., 
f?’ = {Xi , u)j , >,, Z(-), Si(')X by defining Z as the integral of the corre¬ 
spondence j6 —*• Z()S), and for every price p, and every individual /, defining 
Wi(p) as the integral of i's share of the profits made by each productive unit. 
In the absence of externalities, when Z is well defined it will be convex 

“ Rather than /« consumers one may postulate m types of consumers, or with little 
additional difficulty, consider a continuum of consumers. 
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(by Richter’s theorem) and mild conditions on the functions .v,!-) will 
guarantee that the functions vi’i(-) have the continuity property necessary 
for the application of Theorem 1. 

The central point here is that the convexity of Z does not in any way 
depend on the convexity of the sets Z(j8). From a descriptive point of view, 
the convexity of Z is a consequence of the fact that efficient increases in 
output require a larger number of active productive units, these units “come 
in” at minimum average cost, and in the order “lower minimum average 
cost comes in first.” Thus, we have the rather classical description of increases 
in output being achieved by the successive addition of small scale productive 
units, with the necessity of using on the margin a unit which is less efficient 
than those which preceded it. If the production possibilities available to each 
firm arc shared by an unbounded measure of similar firms, then constant 
returns to scale obtains in the aggregate. But, if firms differ greatly in their 
maximum efficiency, then the boundary of the aggregate production set will 
exhibit substantial curvature with changes in scale. In the latter case it is 
typical that economic rents will accrue to the productive sector. The /th 
agents share of these rents is a function of price, since price determines which 
firms are profitable. Some price vector may make every one of the firms which 
an agent owns unprofitable (then his share of economic rents will be zero), 
while another price vector may result in high profit for several of the firms 
which he owns. Even in economies with only two firms and two consumers, 
if the firms are not identical, and if each firm is not held equally by each 
individual, then the share of aggregate profit which is distributed to each 
agent will vary with price. 

Under rather mild assumption on the correspondence j8 -> Z()S), there is a 
natural correspondence between the equilibria of a private ownership 
economy ff - (A',-, cu,, >,•, Z(-). rX’)) and the equilibria of the associated 
variable profit assignments economy <^' (A',-, w,, >,, Z, w,(-)). Specifi¬ 
cally, (p, X, r(-)) is an equilibrium of implies (p, x, is an equilib¬ 

rium of <?', and with some technical assumptions (p,x,z) for /I' implies 
there exists an equilibrium of <?, {p, x, r(-)), such that J r(/3) z. 
Similarly, there is a natural correspondence between the Pareto-efficient 
allocations of S' and the Pareto-efficient allocations of S'. If the allocation 
(.X, z(')) is Pareto efficient for S’, then (.x, Jz(/3) d^) is Pareto efficient for S', 
and if the allocation (x, z) is Pareto efficient for S” then there exists a Pareto- 
efficient allocation of S, (x, z( )), such that z =■■ J r(j8) d^. With these observa¬ 
tions in hand the existence of equilibrium for the perfectly competitive 
private ownership economy S' is established; this is Theorem 2. The striking 
feature of the statement of the result is the absence of the assumption that 
the production sets Z(j3) are convex. The general argument of the proof is 
that (a) the production set Z of the associated variable profit assignments 
economy S' is convex (Richter’s theorem), (b) equilibrium exists for S" 
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(Theorem 1), and (c) an equilibrium for S' is naturally associated with an 
equilibrium for Theorem 3 gives conditions under which equilibria of a 
perfectly competitive private ownership economy 6 — (A',-, cu,-, 

are Pareto efficient. The idea of the proof is (a) every equilibrium of S 
naturally corresponds to an equilibrium of the associated variable profit 
assignments economy S', (b) equilibria of are Pareto efficient (standard), 
and (c) Pareto-efficient allocations of S' naturally correspond to Pareto- 
efficient allocations of S. 

Finally, Theorem 4 and its corollary establish that every Pareto-efficient 
allocation of a perfectly competitive private ownership economy S is an 
equilibrium subject to a suitable assignment of ownership. Again, the 
striking feature of the statement is the absence of the assumption that 
production sets are convex. The general argument of the proof is (a) each 
Pareto-efficient allocation of S' naturally corresponds to a Pareto-efficient 
allocation of S" — (A',, to,, >,, Z, w,•(•)), (b) the production set Z is 
convex (Richter’s theorem), (c) every Pareto-efficient allocation of S' is an 
equilibrium of S ' for a suitable assignment of ownership (standard), and (d) 
every equilibrium of S' naturally corresponds to an equilibrium of S. The 
formal analysis is followed by six remarks which explain some consequences 
of our formulation; included here is a reinterpretation of the classical 
theorems of welfare economics. Externalities and taxation are introduced 
into the analysis, and a potential cause of market failure is identified which 
does not appear in the Arrow-Debreu theory. 

Define A —{pe /?+': Xy Pi — 1}J integration is in the sense of Lebesgue. 
For integrals of correspondences see Hildenbrand [4, Sect. D, II]. 

The Model 

(a) A private ownership perfectly competitive economy S - (X ,-, to,-, 

>,, Z(-), .v,(-)) is 

(al) for each consumer / 1, 2,..., m, a consumption set A’, C R\ 

an initial endowment vector to, e R', and a complete preference preordering 
>/CT, X A',, 

(a2) for each firm /3 e [0, cxj), a nonempty production set Z(j8) C /?', 

(a3) for each (/, jS) a nonnegative number .y,(j8) which indicates the 
fraction of firm jS owned by individual /. For each j3, Y.,- .v,(j8) 1. 

(b) An equilibrium for the private ownership perfectly competitive 

economy S = (A",, to,, , Z(-), .v,(-)) is a triple (p*, x*, c*(-)) x 

nXi X (integrable functions from [0, oo) to where r*(j8) e Z(j8) for all j8) 
satisfying 

(bl) p* • p* • to, + / SiiP) p* • r*(j8) t(8, / == 1, 2,..., m. 
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(b 2 ) + and p* ■ (I.i xf - f z*0) dp ~ 

Li <^i) = 0, 

(b3) Xi >, xf implies p* • Xi >p* • a>, J Siip)p* • z*(P) dp, i == 

1 , 2 ,..., m, 

(b4) p* • z> p* ■ z*(P) implies z $ z(P), for a.e. p. 

(c) Given the private ownership perfectly competitive economy 
— (Xi, o}j, >,, Z(-), ^,(0), the associated variable profit assignments 

A-D economy S” — (Xi, tOf, >,•, Z, w,( )) is defined by 

(cl) Z^-jZ(p)dp 
(c 2 ) for all peA, 

Wiip) = J Si(p) sup{p ■ z-.ze Z(p)\ dp if it exists and is finite 
— 0 otherwise. 

(d) An equilibrium for the variable profit assignments A-D economy 

(Xi ,oii, >i, Z, w,( )) is a triple ( p*, x*, z^)eA x UXi x Z satisfying 

(dl) p* • xf ---= p* • oj, -)- Wiip*), i = 1 . 2 . m, 

(d2) Y.i xf < z* f L. <^i and p* ■ (£# xf - z* - 1, a>,) = 0, 

(d3) Xi >, .vf implies p* • Xf > p* ' 01 , + Wiip*), i ~ 1,2 m, 

(d4) p* ’ z > p* • z* implies z^ Z, 

(d5) p* • z* ------ X, Wiip*). 

(e) An allocation for the private ownership perfectly competitive 

economy (Xi, w,, >,, Z( ), j,(*)) is a pair (x, z( )) elJXf x (integrable 
functions from [0, 00 ) to R\ where zip) e Z(j 8 ) for all P) satisfying Xi x, ^ 
smdfi + z, cji. The allocation (x, z(-)) is Pareto efficient if there does not 
exist an allocation (x', z'(')) for S’ with the property that for all i 

and for some k. 

(f) An allocation for the variable profit assignments A-D economy 

S' iXi, iOi, >i, Z, Wii')) is a pair (x, z)enXi x Z satisfying Xt Xi < 
z + Li ■ The allocation (x, r) is Pareto efficient if there does not exist an 
allocation (x', z') for S' with the property that for all / and x'^^^-x,. 

for some k. 


Theorems 

For reference we state an interchangeability lemma. 

Lemma 1 . If the graph of the correspondence P -*■ ZiP) is measurable and 
f ZiP)dp ¥= 0 then for every ps Jwp{p • z: ze f ZiP)dP) — / sup[p • z: 
zeZmdp. 


642 / 22 / 2-9 
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Proof. The proof is similar to that of Proposition D, II, 6 of Hildenbrand 
[4] with minor modification since the measure is not a probability measure. 

Lemma 2. Given the private ownership perfectly competitive economy 
ft (A', , w,, , Z(-), .vXO) ond the associated variable profit as,signments 

A~D economy 6 --- {Xi , oi ,, >,, Z, h’,(*)), then 

(i) (p*, X*, is an equilibrium of 6 implies {p*, x*, Jz*(j8) d^) is 
an equilibrium of . If the corre.spondence -> Z(j8) is closed valued, has a 
measurable graph, and for each i, s,{-) is measurable, then 

(ii) (p*, X*, s*) is an equilibrium for S" implies there exists an equilib¬ 
rium of 6, (p*, X*, z*(-)), such that J z*(j8) r/jS - z*. 

Proof Trivial using the interchangeability lemma for part (ii). 

Lemma 3. Given the private ownership perfectly competitive economy 
f - {Xj, to, , >,, Z(-), .v,(-)) ottd the associated variable profit assignments 
A - D economy f ” -- (Xj , to, , >,•, Z, h',(-)), then 

(i) the allocation (x, z(-)) is Pareto efficient for £’ implies (x, J z(j3) c/jS 
is Pareto efficient for and 

(ii) the allocation (x, z) is Pareto efficient for S' implies there exists a 
Pareto-efficient allocation of S', (x, z(-)), such that z = J z(/8) d^. 

Proof Trivial. 

Theorem 1. Given the private ownership perfectly competitive economy 
S ■ {X,, to,-, >,, Z('), .v,■(•)). the as.^ociated variable profit as.signments A-D 
economy S’ -- (A", , to, , >,, Z, w,(-)) has an equilibrium if 

(i) for every i, Af, is closed, convex, bounded below, 

>, is continuous,^ convex,^ and there is no .satiation 
con.sumption, to, e int X,-; 

(ii) Z is closed, Z n (—Z) -- {0}, and Z D (—/?+'): and 

(iii) there is a compact cube KC W such that contains all alloca¬ 
tions (x, z) in its interior^ and for every i, w,- is continuous and nonnegative on 
A = {psZ: max p ■ (Z n /t) — sup p • Z} and for every peA, Xi m'/ P) ~ 
max p ' {Z r\ K). 


* is continuous if, for every x, e X ,, the sets (x. 6 X,: x,- ^ .xj} and {x, 6 A'i: x) ^ ,x,} 
are closed in Xi. 

‘ is convex if x)>»,Xi implies Ax'- + (1 — A)x,>-,x, for ail A e (0,1). 

‘ Note that the definition of allocation requires feasibility of (x, z). By a standard ar¬ 
gument (i) and (ii) imply that such a K exists. 
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Proof. By Richter’s theorem Z — f Z(J3) is convex, so by (ii) there is 
■a. pe A such that p ■ Z r'-O -- p • 0, and A is nonempty. The set A is also 
closed so for each i there is a continuous function vv,: A -► R+ such that 
wiip) = - Wi{p) for all peA and Xf Wi(p) = niax p ■ {Z n K) for all pe A. 
By application of a standard technique (the abstract economies approach) 
due to Arrow and Debreu [1] the variable profit assignments A-D economy 

, Z n K, vv,(-)) has an equilibrium (p*, x*, z*)which 
is also an equilibrium of S”. 

Theorem 2. The perfectly competitive private owner.ship economy 
S {Xi, to,, >,, Z(-), ^,(‘)) has an equilibrium if 

(i) for every i, X, is closed, convex, bounded below, 

>i is continuous, convex, and there is no satiation 
consumption, o),- e ini Xi ; 

(ii) the correspondence j3 ^ Z(p) is closed valued with a measurable 
graph and 0 e Z(j3) for all )3; 

(iii) JZ(^) d^ — Z is closed,^ Zn (—Z) = jO), and ZD and 

(iv) for every i, the function Si is measurable. 

Proof Consider the associated variable profit assignments A-D economy 
S' ^{Xi, a>,, Z, w,(-))- By (i), (iii), and a standard argument there 
exists a compact cube A C /?' such that A’"+^ contains all allocations (x, z) in 
its interior. Using this A, assumption (iii) of Theorem 1 holds by (ii) and (iv). 
By Theorem 1 there is an equilibrium of S” and by Lemma 2(ii) there is an 
equilibrium of S. 

Theorem 3. Suppose that the perfectly competitive private ownership 
economy £' — (A',, w,, >,, Z{-), .v,(’)) satisfies the condition that A', contains 
no point of local satiation for each i. If (p*, x*, z*(-)) is an equilibrium for S, 
then {x*, z*(-)) is Pareto efficient. 

Proof. Consider the associated variable profit assignments A-D economy 
S'={Xi,u)i, >i,Z, w',()). By Lemma 2(i), (p*, .x*, j z*(fi) dff) is an 
equilibrium of S', so by a standard argument (x*, J z*(j8) dff) is Pareto 
efficient in S'. Thus by Lemma 3(ii), (x*, z*(-)) (and any allocation (x*, z(-)) 
such that J z(ff) dff =- z*) is Pareto efficient in S. 

* The closedness of Z is not implied by (ii). Additional assumptions could be made 
about the correspondence /3 Z(fi) to ensure that Z is closed. For example, if Z(j3) is the 
samp for all j9 and for every nonzero y on the boundary of the least closed convex cone 
containing Z(fi) there is a (nonzero) multiple of y in Z(/3) then Z is closed. 
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Theorem 4. Lei the private ownership perfectly competitive economy 
S =- (A', , tu,, >,, Z(-), be such that 

(i) for every i. A', is convex and >,• is continuous and convex, and 

(ii) the correspondence ^ -*• Z(^) is closed valued and has a measurable 
graph. 

Given a Pareto efficient allocation (x*, r*(-)), where x"^ is not a satiation 
consumption for some k, there is a nonzero price vector p* e such that 

(iii) for each i, x'f minimizes p* ■ Xi on e A",: }, 

(iv) for a.e. p* • z > p* • z*(^) implies z $ Z(j8). 

Proof Consider the associated variable profit assignments A-D economy 
S' -■ {Xi , oi, , Z, Wi{-)). The allocation (x*, J z*{^) dp) is Pareto 
efficient in S" by Lemma 3(i), and Z is convex by Richter’s theorem so by a 
standard argument there exists a nonzero p* e R‘ such that (iii) holds and 
[p* ■ z > /)* • J z*{p) dp implies z ^ Z]. Then (iv) easily follows using (ii) and 
the interchangeability lemma. 

Corollary. If the conditions of Theorem 4 hold and x'f e int Xi for each 
i and (—/?./)CZ - ^Z{P)dp, then {p*, x*, z*{‘)) is an equilibrium for 
some assignment of endowments and ownership shares. 

Proof. Trivial. 

Remark 1. If for each j e { 1 ,..., n) and p e [0, oo) we define Z{j, P) to be 
the production set of firm j, p (with ownership shares Si{j, P)), then Z,- = 
J Z{J, P) dp is convex. If we let Wi{p,j) be consumer I’s income from industry 
j at prices p, and Wi{p) -■= then the variable profit assignments 

A-D economy S” =- {Xi , coj , >, , Zi Z„ , >Vj(-)) is quite similar to a 
standard Arrow-Debreu economy. However, the interpretation is different. 
Here Zj is an industry production set, where the industry is made up of a 
continuum of infinitesimal firms, each of which has no effect on price. Thus 
the industry acts competitively, and as prices vary the industry output varies 
both because active firms change their productions and because firms enter 
and leave the market. This corresponds to the classical intuition about 
perfect competition. 

Novshek and Sonnenschein [7] treated a special case where for each j, 
Z{j, P) is the same nonconvex production set for all p. While each firm had 
efficient scale bounded away from zero (in the scale of the firm), the industry 
production set was a convex cone. These are the analogs of U-shaped 
average cost and horizontal supply in partial equilibrium. They consider a 
sequence of finite economies with noninfinitesimal firms. Each economy 
has the same production sector with a countably infinite number of firms 
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while the consumer sector in (?■* is a A:-fold replication of the consumer sector 
of . In per capita terms, as k becomes large the converge to the perfectly 
competitive economy S. In the finite economies firms set quantity in order 
to maximize profit, recognizing their effect on price. ^ They show that if ^ 
has an equilibrium satisfying a condition called DSD, then whenever the 
efficient scale of the firms is sufficiently small relative to the market {k is 
sufficiently large) a Cournot-Nash equilibrium with free entry exists for , 
and the set of Cournot-Nash equilibria with free entry converges to the set of 
(perfectly competitive) equilibria of S which satisfy DSD.* These results 
suggest that in the intuitive model of perfect competition, with entry and exit 
of many small (infinitesimal) firms producing the changes in output, only 
those equilibria which satisfy DSD are true equilibria. From this perspective, 
other equilibria are artifacts of a perfectly competitive specification in which 
firms are regarded as points rather than infinitesimals. For k large, no 
equilibria of can exist near a Walras equilibrium of S at which DSD 
fails: entry is always profitable for additional firms. 

The DSD condition is a “generalization” of Marshallian stability: at 
quantities “greater” than equilibrium, demand price is “less” than supply 
price, and thus prices provide the correct entry and exit signals. If F{z ^,..., r„) 
is the function giving the prices that arise when industry productions are 
z,,..., r„ , and {p*, x*, rf , r? ,..., z*) is an equilibrium of S’, then p* — 
F(z^ z*) and p* • zf ■■■■■ 0 for all J since Zj is a cone. 

The DSD condition is .satisfied at an equilibrium (/?*, x*, z*) if for each j, 
a “small increase in output” to (1 1- A) zf for A small, positive, leads to 
prices F{zf,..., (1 A) z*,..., zf) p(X) such that p{X) zf ^ 0 so 
that entry is unprofitable. The DSD condition is not a pathological 
condition. It is satisfied at an equilibrium of S if a weak local version of the 
weak axiom of revealed preference holds at the equilibrium or if the consumer 
sector acts as a single consumer near the equilibrium. However, it is also 
not pathological for a specific equilibrium of S to fail to satisfy the DSD 
condition. Failure of DSD can occur in a two-commodity economy in which 
the aggregate production set is a cone and utility functions are homogeneous. 

When firms in an industry do not have identical production sets the DSD 
condition must be carefully defined. At an equilibrium (p*, x*, zf,..., zf) of 
S, the DSD condition must be applied to those firms which are not yet active 
and will therefore depend on the industry outputs zf. If there is a positive 
measure of firms which are inactive in the equilibrium and each of which can 
“approximately” produce some vector jf, then for DSD to be satisfied, a 

’ Prices are such that the excess demand of the price-taking consumer sector equals the 
asserted quantity actions of the firms. 

' Some technical qualifications are needed; in particular the inverse demand function F 
must be C* in a neighborhood. This of course includes the requirement that F is defined 
in a nei^borhood of the Cournot equilibrium. 
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small change in production of A_y for A small, positive must lead to prices 
p(X) such that p(X) ■ y 0 so that entry is unprofitable. If the firms in 
industry j can be ordered in terms of efficiency (e.g., Z{ /, j3) C Z{J, j3') if 
jS /S') and only firms [0, /3"] are active in equilibrium then DSD must be 
checked by “entry" of the next most efficient firms, those in (/S®, /3" -|- e). 

Remark 2. Theorem 3 is often referred to as the first theorem of classical 
welfare economics; it asserts that competitive equilibria are Pareto efficient. 
Even with DSD added as a requirement for equilibrium, the conclusion 
will of course still hold. Theorem 4 is the second theorem of classical welfare 
economics; it asserts that Pareto-efficient allocations are perfectly competitive 
equilibria subject to a suitable assignment of ownership. Here the result is 
somewhat different than in the Arrow-Debreu theory. First, we observe that 
convexity of the set of aggregate production possibilities, which is one of the 
central hypotheses in standard treatments of the second welfare theorem, is 
not assumed; here it is a consequence of small efficient scale and the absence of 
externalities (Richter’s theorem). Next we note that our definition of perfectly 
competitive equilibrium docs not require DSD. Even if we succeed (by 
suitably assigning ownership) to support (in the conventional sense) a given 
efficient allocation as a perfectly competitive equilibrium, DSD may fail; 
therefore, prices may give the wrong entry signals, and in this case free entry 
and exit may drive the economy away from the given efficient allocation 
However, suppose, for example, that preferences are homothetic. If the 
efficient allocation is supported as a perfectly competitive equilibrium, and if 
endowments and ownership are distributed so as to be proportional among 
individuals, then the consumer sector will act as a single individual and 
equilibrium will satisfy DSD. This suggests that, rather than convexity, 
small efficient scale and the possibility of assigning ownership so that prices 
give the correct entry signals may be the important considerations in formulat¬ 
ing the second welfare theorem. 

Remark 3. The model can be extended to include externalities. We will 
indicate how the existence theorem. Theorem 2, can be modified to include 
production externalities such that each firm’s production set depends on the 
aggregate production of each industry. Using the notation of Remark 1, 
where C/, is the aggregate production of industry k, let Z{j, /3, ,..., z„) be 

the production set of firm /, j 8 when the aggregate productions are Zy ,..., r„. 
Then the aggregate production set (by industry) ^ = {(zi ,..., z„): Zj e 
J Z(./,/ 8 , z,,..., z„) f/j 8 for each j}, STj = {Zj'. {zyz„) g ^ for some 

Zy . Zj ,, .z„}, and the aggregate production set if - {Z" j 

(zi.z„) 6 ir} may not be convex. Let ^ (respectively be the smallest 

closed convex cone containing ^ (respectively 

Condition (i) of Theorem 2 is unchanged while conditions (ii), (iii), and (iv) 
are modified to: 
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(ii) ' For all (z^z„) e«}, the correspondence ^ 

■^0. A is closed valued with a measurable graph and 0 e Z{j, jS, 

Zi,...,Zn) for all / 8 . 

(iii) ' is closed, ^ n (-i#) = { 0 |, (-/?,'), and the are 

positively semi-independent. 

(iv) ' For every / and /, the function . 9 ,( 7 , •) is measurable. 

We add a condition which is similar to condition (iii): 

(V) I, J Z(j, jg, 0. 0}c/pD(- R^>) and 


(E / Z(j, fi, 0 . 0 ) d^) ^ (- I / Za | 8 , 0 ,..., 0 ) d^) - { 0 }. 

Finally we add a new condition which requires that the effect of externalities 
on production is continuous in the aggregate: 

(vi) For all / and j, and for any nonempty compact cube K C R' 
centered at the origin, the corre-spondences (z^,..., r„)->• A" P> JZ(./,/3, 
-1 .-r.) and (z,.z„) K r\ J.y,(/, P)ZU, jS, Zi,..., z„) rfjS are contin¬ 

uous. 

In order to prove the existence of an equilibrium with externalities under 
these conditions we consider an associated economy with 


u'iip, Zi ,..., r„) ^ J SiU, fi) s\ip{p • 2 : z p Z(,/, /3, 2 i. z„) d^ 

if it exists and is finite. 


;-1 

— 0 otherwise. 


The existence of an equilibrium for the associated economy follows, as in 
the proof of Theorem 1, from application of an abstract economy existence 

theorem, where the industry / production set (constraint set) given (p, x,. 

x ,„, z,.z„) is A n J Z(y, j3, Zi,..., z„) dp. The existence of an equilibrium 

for S' then follows as in Lemma 2(ii). 

Remark 4. Clearly, perfectly competitive equilibria are not efficient in 
the presence of externalities of the type introduced in Remark 3. Even though 
with externalities the set of aggregate production possibilities is not convex, 
is it possible to state and prove a theorem that every efficient allocation is an 
equilibrium subject to the proper assignment of ownership shares and the 
appropriate Pigovian taxes?* This can be achieved; e.g., by applying the 
ideas of Shafer and Sonnenschein [ 8 ] to the specification of an economy given 
in Remark 3. One may conclude the convexity of the set of aggregate produc¬ 
tion possibilities has nothing to do with the second welfare theorem (with 


“ This^ is done in a more explicit .setting by Chipman [2]. 
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externalities and corrective taxes.) Once again, small efficient scale is the 
appropriate condition. As before, the possibility of not being able to distribute 
ownership so that DSD is satisfied remains a problem for the result; and 
with externalities, this may not be possible. 

Remark 5. In the Arrow-Debreu theory the convexity of the set of 
aggregate productions Z plays a key role in establishing the existence of 
perfectly competitive equilibrium. As we have observed several times, without 
externalities, the required convexity is a consequence of Richter’s theorem, 
and so does not have to be assumed. But with externalities present, Z may 
not be convex; nevertheless, the previous remark demonstrated that a general 
existence theorem still obtains. We assert that the convexity of the set of 
aggregate production possibilities is not relevant to the problem of the exis¬ 
tence of competitive equilibrium. The existence of perfectly competitive 
equilibrium depends fundamentally on small efficient scale, which in any 
case is the economically natural condition for perfect competition to apply. 
Downward sloping demand in the appropriate region, so that prices give 
the correct entry signals, remains an additional possible requirement. These 
remarks are very much related to the work of Chipman [2] who makes some 
similar observations in a more specialized model. 

Remark 6. McKenzie [5, 6] introduces a nonmarketed entrepreneurial 
factor which is private to the firm and owned by the owners of the firm, in 
order to prove the existence of equilibrium in an economy with convex, 
noncone production sets via an existence theorem for an economy with 
constant returns to scale. Application of a similar technique to the economy 
S' would require the introduction of a continuum of new commodities, one 
for each firrn.^® On the other hand, application of the technique to the 
associated economy S' would yield “ownership shares” Wi{p)IY.k 
which vary (perhaps discontinuously) with price. 
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1. INIRODUCTION AND SUMMARY 

A Standard Justification for the study of perfect competition is that in 
large economies, the set of monopolistically competitive equilibria will be 
approximated by the set of perfectly competitive equilibria. It is the primary 
purpose of this paper to examine the general validity of this proposition. 

In the present context, the distinguishing feature of monopolistic competi¬ 
tion is that there exist agents who act in an individually rational way by 
exploiting the fact that their actions influence prices. However, monopolistic 
competition eschews the notions of group rationality that are to be found in 
equilibrium concepts like the core; in particular, monopolistically competitive 
equilibria will usually be Pareto ineflicient. Thus, although the famous limit 
theorem of Debreu and Scarf [6], showing that core allocations are approxi¬ 
mated by perfectly competitive equilibria in large economies, is extremely 
suggestive, it is not of direct relevance to the present problem. 

The possible validity of the proposition rests upon the idea that in large 
economies, individually rational behavior is “close” to price-taking behavior. 
In a recent study, Roberts and Postlewaite [14] showed that under seemingly 
weak assumptions, this was the case. It will become clear from the present 
study that such a result is not so generally true as Roberts and Postlewaite 
have suggested. 

In keeping with the literature on limit theorems for the core, this paper 
adopts the replication technique of Debreu and Scarf and, within this frame¬ 
work, investigates the limit points of monopolistically competitive equilibria. 
This framework of analysis is similar to that of Gabszewicz and Vial [8]. 
The main difference between the two analyses, and the explanation for the 
difference in results, is that Gabszewicz and Vial invoke very strong assump¬ 
tions. In this paper, a general approach is adopted and the assumptions 
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imposed are the standard ones of general equilibrium theory when studied 
in a differential framework. As one such assumption is the convexity of 
production sets, monopolistic competition with free-entry as studied by 
Hart [9], Novshek [12], and Novshek and Sonnenschein [13] is ruled out. 
Although there seems to be no conceptual difficulty in extending the analysis 
to cope with free-entry, it will turn out that the structure under investigation 
admits a sufficientiy rich set of possibilities without this complication. It 
should be stressed that a free-entry assumption has no power in diminishing 
these possibilities. 

As mentioned above, this paper investigates the limit points of mono¬ 
polistically competitive equilibria. It is shown that if a limit point occurs 
where the excess demand function given fixed production levels is not at a 
critical point then the limit point is a perfectly competitive equilibrium. 
However, if the limit point occurs at a critical point then no such inference 
can be drawn. In this case, the limiting equilibria are called critical equilibria. 
With critical equilibria, monopolistic elements can remain important even 
though the economy is large; furthermore, agents may incur large losses by 
adopting price-taking behavior. Although the occurrence of perfectly competi¬ 
tive equilibria at critical points is pathological (Debreu [3]), the existence of 
critical equilibria is a robust feature of an economy. For without specific 
knowledge of production possibilities, it seems that the only way to rule out 
such equilibria is to impose the restriction that the excess demand function 
possesses no critical points. As is well known (Arrow and Hahn [2, Chap. 12]), 
this implies that, for fixed production levels, the economy always has a 
unique perfectly competitive equilibrium. 

If the limit points of monopolistic competition cannot be restricted to 
perfectly competitive equilibria, one can at least hope that perfectly competi¬ 
tive equilibria will be limit points. Here the results are more satisfactory. 
For if a perfectly competitive equilibrium occurs at a point where the excess 
demand function given fixed production levels and the excess demand func¬ 
tion including a competitive supply response are not at critical points then 
the equilibrium will be a limit point of monopolistic competition. Competitive 
equilibria without these properties are pathological (Debreu [3]) so that 
competitive equilibria will almost always be limit points. Of course, the 
existence of a limit point implies that monopolistically competitive equilibria 
mu.st exist at most .stages of replication. In fact, it will be shown that it is 
almost always the case that, beyond some stage of replication, a monopolis¬ 
tically competitive equilibrium exists(see also Novshek and Sonnenschein [13]). 

The general organization of the paper is as follows. The problem to be 
investigated is formulated in the next .section. Section 3 is concerned with 
showing that, under suitable conditions, a perfectly competitive equilibrium 
is a limit point and vice versa. Critical equilibria are investigated in Section 4 
and their nonpathological nature is demonstrated. Pathological counter- 
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examples are provided in Section 5. These demonstrate why only generic 
and not universal statements are possible. Then, in Section 6, it is shown that 
because of their “fragile” nature, critical equilibria, of the form studied in 
earlier sections, are not robust to the introduction of uncertainty. However, 
other, very similar, possibilities emerge when uncertainty is introduced. These 
results suggest that it may be difficult to find a “reasonable” specification of 
the economy under which it is true that when the economy becomes large, 
monopolistic competition always approximates perfect competition. 
Concluding remarks are contained in Section 7. 


2. The Model 

The structure of the model to be laid out is standard. As we shall be 
interested in the limit points that arise undet monopolistic competition when 
an economy is replicated, we start by describing an economy £,. at stage r of 
replication. 

There are m types of individuals in the economy and r individuals of each 
type. Individual {/, q] is the q th individual of the /th type. Similarly, there are 
n types of firms and r firms of each type. Firm {/, q) is the ^th firm of the 
./‘th type. Firms produce and individuals consume goods.’ There are / )- I 
goods in the economy, good 1 being the numeraire (e.g., leisure). The price 
of good 1 is taken to be unity and the price vector for all goods is given by 
pe S {1} X UJ.^ An element of IR'+’ may be interpreted as a consumption 
(or production) bundle. 

Individual {i, q} possesses an initial endowment w, e IR'*’ and receives a 
share 9^ 0 (Xi ^ 1) of the average profits earned by firms of type /; 

i.e., if TTj, is the profit earned by firm {,/, q} then {/, q’] receives 

7^/ ^ Z (y Z 

3 <7 

Thus all individuals of the same type have the same endowment and receive 
the same level of profits. Individuals of the same type also have identical 
preferences. {/, q} chooses a commodity bundle x,, e IR++’ (the consumption 
set) to make himself as well-off as possible, subject to the constraint 

^ TT, + pwi , (2) 

where p is treated as exogenous, i.e., individuals are price takers. As differen¬ 
tiability properties of the economic structure will turn out to be of relevance, 

* This is more restrictive than necessary. In fact, individuals are agents who are price 
takers and firms are agents who recognize the effect of their actions upon prices: com- 
petitjve producers could be classed as individuals. 

* IR+' is the interior of the positive orthant. 
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it will be assumed that this choice gives rise to a twice continuously differen¬ 
tiable (C®) demand function 

/•': 5 X R+ — (3) 

The chosen Xiq is given by f\p, and all individuals of the same 

type make identical choices. 

Two further restrictions will be imposed upon demand functions. First, 
it will be assumed that preferences embody local nonsatiation so that 
pfKp, + pti^t) = TTj -f- ptiii. Second, to rule out the possibility that an 
equilibrium can occur where some prices are zero or infinite, it will be assumed 
(see Debreu [3]) that, for some type of individual, the sum of demands is 
unbounded as any price approaches zero or infinity. It may be noted that 
such an assumption effectively rules out the existence of pure intermediate 
goods. As the notion of monopolistic competition used in this paper is 
unlikely to be relevant when pure intermediate goods exist, economies with 
such goods demand separate attention. 

Turning to the production side of the economy, firm {./, q) chooses a 
production plan y;, from a production set Yj C (negative arguments 
are inputs, positive arguments are outputs). The following conditions are 
imposed upon T,; 

(1) OeT,, 

(2) Yj is closed and bounded above, 

(3) Yj is strictly convex and the boundary of T, possesses strict Gaussian 
curvature. 

Apart from the assumption of strict Gaussian curvature, these conditions 
are standard. But given strict convexity, strict Gaussian curvature is unlikely 
to be a problem except at zero production. As will become clear, some 
relaxation of the condition at such points could be admitted without affecting 
the results. 

The profit of firm {./, q} is given by 

TJ-j, -= PYiQ . (4) 

To analyze the behavior of firms, we start by defining an exchange equilib¬ 
rium. 

Definition. An exchange equilibrium in the economy E, is an array 
{p,y)eS X where 

I /* (p, p^i +1 ^npy) - E - Z 0 (5) 

» ^ i i i 


andy^(y^),y = l,n. 
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Here, y, is to be interpreted as the average production level of type ./ 
firms. Given fixed production levels - (jJ, if (p, j’) is an exchange equilib¬ 
rium then p is the price vector which ensures that all markets clear. With 
zero production, the exchange equilibrium is the perfectly competitive 
equilibrium of an exchange economy and this always exists (cf. Debreu [3]). 
Generically, such equilibria are isolated, finite, and odd in number (Debreu 
[3]). However, difficulties arise with nonzero production. For then there 
exists the problem that some individuals may not be able to attain allocations 
that lie within their consumption sets. This problem is alleviated in the present 
context because firms, through profit maximization, act to slacken attaina¬ 
bility constraints upon individuals. 

Firms in the economy have monopolistic power and recognize that a 
change in production will cause a change in prices which restores equilibrium. 
Given the possibilities of nonexistence or, more importantly, multiple equilib¬ 
ria of the exchange economy, some selection mechanism must be prescribed. 
Define 0( v) by 

Q(y) -- {p'' \p\ y] is an exchange equilibrium} C S 


and let 

T = {y: ^(>’1 is nonempty} C 
Consider a mapping 

P:SxTxT-^S ( 6 ) 

which satisfies the property that if /? e Q{y) then 

P(p^y,y')^{p*- i!/?* -p\\ \\p' -p\\ '^p*,p ^Q{y')]- 

It will be assumed that if production levels are initially y and the price 
vector is p then, with a change in production to y', the new price vector is 
P{p,y,y') (when equilibrium prices exist). This definition implies that 
prices change by the smallest amount necessary to restore equilibrium. 
Essentially, an attempt is being made to choose a well-behaved selection 
mechanism. However, there exist other mechanisms which are just as 
appealing. For instance, it could have been assumed that the price moved 
to the equilibrium that would result under a tatonnement price adjustment 
mechanism. In that case the characterization results would be dependent 
upon the local stability properties of the equilibria under investigation. 

Define Z(p, >’) to be the last / arguments of the function 

£/*(/), pwi -f BijpyX yi • 

t ' i i J 
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By Walras’ law, if Z(p, y) = 0 then {p, y) is an exchange equilibrium. Z is 
defined on a neighborhood of (p,y) if individuals’ incomes are strictly 
positive, i.e., 

pco, + I duP}-j > 0 V,. (7) 

J 

Equation (7) will hold if profits are nonnegative (pyj ^ 0 for all j). Thus 
if there are nonnegative profits, Z can be differentiated.® Let (p,y) be a 
regular {resp. critical) exchange equilibrium if Z(p, y) --- 0 and the Jacobian 
Zp is nonsingular (resp. singular). 

By the Implicit Function Theorem (see, e.g., Dieudonne [7]), if Z„ is 
nonsingular then in a neighborhood of {p, y) there exists a unique C® function 
p{-) such that Z{p{y'), y' --- 0. Thus foi y' sufficiently close to y, the function 
P must be the function /)(•)• 

Lemma 1. Ifip, y) is a regular exchange equilibrium and pyj ^ 0 for all j 
then for all y' in some neighborhood of y, P{p, j’, y') is a function of y'. 

The content of Lemma 1 is that under well-defined conditions the selection 
mechanism will be well behaved. Of course, the conditions required are 
dependent upon the selection mechanism utilized. Consider again the selection 
mechanism induced by tatonnement adjustment; (/?, y) will be a locally 
stable exchange equilibrium if the eigenvalues of Z,, have strictly negative 
real parts. As Z is C®, the equilibria (/>(>'0»J'') thrown up by the Implicit 
Function Theorem will also be locally stable (see, e.g., Hirsch and Smale 
[10, Chap. 16]). Thus in this more sophisticated situation, the selection 
mechanism will be C® if (p, y) is a regular and locally stable exchange equilib¬ 
rium with pyj 0 for all j. 

A monopolistically competitive equilibrium is defined as a situation of 
exchange equilibrium where no firm can increase its profits with the recogni¬ 
tion that prices depend upon production levels.'* Let >'-> “(yi.yj-i. 

jj+i y ii)’ 

Definition. A monopolistically competitive equilibrium (MCE) in the 
economy is an array (p, (y;,))e5' x IR'’"*''** such that {p, ((I/r) 
is an exchange equilibrium in , 

yj., yi y/, <7, 
pyi, ^ 0 y/, q. 


* Differentiation of a function with respect to p is taken to mean differentiation with 
respect to the last / arguments of p\ the price of the numeraire remains at unity. 

* The fact that profit-maximization by price makers is generally not numeraire free is 
ignored. See, e.g., Gabszewicz and Vial [8]. 
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and ^{ 7 , q] and y'j^ e Yj such that 


P(p^{y yj -t Olr)iyj^ - ys^)}) y',^ > pyj, . (8) 

Equation ( 8 ) is a Cournot-Nash equilibriunn assumption. However, it 
would be easy to admit conjectural variations, i.e., to endow firms with a 
belief that other firms will respond to a change in production plan in a well- 
specified manner. With suitably smooth functions capturing conjectural 
variations, the analysis of this paper goes through in a straightforward 
manner. 

A MCE changes with replication of the economy and part of this change 
will be the interest of this paper. However, perfectly competitive equilibria 
are independent of the stage of replication. 

Demnition. a perfectly competitive equilibrium (PCE) in the economy Er 
is an array (/>, ((I/r) X<r >;<,)) e -S' X such that (p, {{\jr)Y<iyi<i)) is an 

exchange equilibrium in , 


y'm e Yi y/'. 9. 
and ^{ 7 , and y'^^ e Yj such that 

py'jo > py’iQ • ( 9 ) 

As Yj is strictly convex, it may be noted that yj^ = for all 7 , q, q'\ 
identical firms act identically. Thus, if (p, y) is a PCE then firm { 7 , q) must 
have>'j as its production plan. It is a simple consequence of the definition of a 
PCE that if (p, y) is a PCE in E^ then it is a PCE in £,, where E, is the economy 
at any other stage of replication. 

At a PCE, all agents are price takers. From the assumptions that have been 
imposed upon production sets it can be concluded that, given a price vector p, 
there exists a production plan j/(p) which maximizes profits for type 7 
firms. That is a continuous function is a standard result (Arrow and 
Hahn [2, Chap. 3]). However, by amending the analysis of Debreu [4] to apply 
to producers instead of consumers (see also Laroque [11]), it may be con¬ 
cluded that, as the boundary of Yj possesses strict Gaussian curvature, 
will be a continuously differentiable (C^) function. A PCE will be defined 
by the relation 

Z<^ip)=Z{p,y%p))=0. (10) 


(p, y) will be a regular (resp. critical) PCE if Zf is nonsingular (resp. 
singular). As in Debreu [3], Sard’s theorem may be invoked to show that. 
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for an open and dense subset of initial endowments, perfectly competitive 
equilibria will be regular and isolated.'^ 

That a PCE exists under the assumptions that have been laid down is 
well known. However, because of the possibly discontinuous behavior of 
firms when acting monopolistically (see, e.g., Roberts and Sonnenschein [15]), 
the existence of a MCE must remain an open question for the present. 

Finally, we shall be interested in the properties of monopolistically compe¬ 
titive equilibria when r becomes large. Instead of looking at the production 
plan of each firm, we shall be interested in the average plan of firms of each 
type. Define M(r) as follows: 

- j(p, ((l/r) X >’;«)): (p, (yj,)) is a MCE in £,j. 

We shall be interested in the limit points of monopolistic competition. 

Definition. A limiting monopolistically competitive equilibrium (LMCE) 
is an array {p,y)eS x which is the limit of sequence {{p'',y')} 

such that for all r greater than some r*, (p% y^) e M(r). 

Our main interest will be the connection that exists between the set of 
PCEs and the set of LMCEs (note that it makes sense to ask the question 
whether a PCE is a LMCE and vice versa). 


3. Perfect Competition and the Limits of Monopolistic Competition 

The possible equivalence of PCEs with LMCEs depends upon the form 
of the exchange equilibrium at the point under investigation. By definition, a 
PCE is an exchange equilibrium. We also have 

THEOREM 1. A LMCE is an exchange equilibrium. 

Proof. Let ( p, y) be a LMCE. By definition there exists a sequence 
^(P^ y'^)], (p^ y'') e for all f greater than some r*, such that p^ -* p 
and y'-^y. As (p% .v'’) £ A/(r), r > r*, (p’’, y^) is an exchange equilibrium 
(from the definitions of M{r) and MCE). Thus Z(p^ yO ~ 0 Vr > r*. Now, 
as pyx ^ 0 and as the values of endowments are bounded away from zero, 
the demand functions, and hence Z, are defined at ( p, y). Z is and thus 
continuous so that Z{ p, y) -- 0. | 

'' [>ebreu considered a pure exchange economy with price-taking individuals. However, 
under the assumptions that have been laid down, price-taking firms are like a special type 
of individual. 

642/22/2-10 
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Given Theorem 1, we can separate out those LMCEs which occur at a 
regular exchange equilibrium from those which occur at a critical exchange 
equilibrium. In this section, we investigate the regular equilibrium case. 


Theorem 2. If a LCME is a regular exchange equilibrium then it is a PCE. 

Proof. Let ( p, j') be a LCME which is also a regular exchange equilib¬ 
rium. If it is not a PCE then 


3_/, y* e Yj, e :> 0. such that pyj — pyj f e 0. (11) 

Here, use has been made of the fact that yj c Yj , which follows from the 
closedness and convexity of production sets. Now, as ( p, y) is a LMCE, 
there exists a sequence \(p^, 3 ''')], (p', jO g M{r) Vr > r*, such that ^p 
and y^ -> y. If ( y') e M(r) because (p^ (j-;;,)) is a MCE (>■'' = ( I /r) Z., >'[,)) 
then, from the definition of a MCE 


V^: P(p', y\ (.v^., r/ I (l/r)( v* - r;„))) r* : p% (12) 
if P is defined. 

As p' for all r r* and p support exchange equilibria, these vectors 
contain no zero arguments and are bounded above (as production possibilities 
are bounded). Yj is bounded above so that yf and are drawn from a 
bounded set, as pyf 0 (from (11)) and p'Vf, > 0. Thus yf — is bounded 
and as p* ^ p and y’’ —>• y, we can choose r"^ large enough so that the argu¬ 
ments of /’(•) in (11) belong to any small neighborhood of (p, y). Lemma 1 
applies, as (p, y) is a regular exchange equilibrium and pyj > 0 for all j 
ip^yf -> ppj and py/ > 0 ), so that (12) becomes 

Pip\.v\f).vr-klr* (13) 

where ^ 5? 0 is a bounded scalar (as P is continuously differentiable in yj 
and relevant production plans are bounded). Averaging (13) over q and 
noting that P(p^ yO ^ p*" gives 

pyf-kjr* <py/. (14) 

Choosing r* > Ikje and taking limits yields 

py* - ^12 Ppj, (15) 


which contradicts ( 11 ). | 

Remark. It may be noted that Theorem 2 requires and follows from the 
continuity of P. With the approach of this paper, this result requires only 
that demand functions be (so that the Implicit Function Theorem can be 
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applied). An alternative approach is to assume that exchange equilibria arc 
unique (see Gabszewicz and Vial [8]). As the limit of exchange equilibria is an 
exchange equilibrium (see the proof of Theorem 1), the continuity of P 
follows directly under the uniqueness assumption. Thus if multiple exchange 
equilibria are ruled out, a LMCE is always a PCE. 

We now prove a partial converse to Theorem 2. 

Theorem 3. If a regular PCE is a regular exchange equilibrium then it is a 
LMCE. 

Remark I. For an open and dense subset of initial endowments, all 
perfectly competitive equilibria will be regular and will occur at regular 
exchange equilibria. Therefore, generically, all PCEs will be LMCEs. 

In the present context, however, the most important remark that can be 
made concerning Theorem 2 is 

Remark 2. If a PCE is a LMCE then, beyond some stage of replication, a 
MCE must exist. As a PCE exists, the existence of a MCE in a large (but 
finite) economy is generic.® 

Proof. Let (p, y) be a regular PCE which is also a regular exchange 
equilibrium. We shall be interested in proving the existence of monopolistic- 
ally competitive equilibria which are arbitrarily close to ( p, y). If the economy 
is kept within a small neighborhood of (p, y) then Lemma 1 is applicable: 
given levels of production y\ the price vector will be given by a function 
P{y’). Consider some firm {./, q) in the economy E",.. If other types of firms 
have average production levels y*j and other firms of the same type have an 
average production level yf then (/, q] chooses to solve the problem 

max7r(y^yJ P{y*j,y* I (l/'-)(>% “ jf)) s.t. e T, (16) 

(profits may be defined to be zero when there is zero production). As Yj is 
bounded above and exchange equilibrium prices are always bounded away 
from zero and infinity, we can restrict attention to the choice of y,^ drawn from 
a bounded set. Thus, ify* is sufficiently close to y. {y*j ,yf )- (l/r)(yj,i -y*)) 
will be close to y for r large enough and P in (16) will have the desirable C® 
properties alluded to in Lemma 1. The maximand in (16) is therefore C- and 

7r„^„ - P + (l/r) P,,y,, (17) 

- ( 2 //-)/’., 1 ( 18 ) 


” Although a similar result is provided by Novshek and Sonnenschein [13], the generic 
features of the economy that they utilize arc not easily interpretable. 
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For r large enough, P being C* ensures that (17) will be nonzero and the 
curvature of the profit function (see (18)) will be less than the curvature of 
the boundary of the production set V) (as the boundary of Yj has strict 
Gaussian curvature). Thus the same point will be chosen under a linearization 
of the maximand; i.e., if solves (16) then solves 

max Jy *,<!,„) s.t. y,, e K,. (19) 

However, this is just the problem faced by a perfectly competitive firm when 
prices are given by must therefore satisfy 

i'ja))- (20) 

where y/- is a C function giving the competitive supply function. 

Using (20), (F(y*), y*) will be a MCE for E ,., r suitably large, if y* is in a 
small neighborhood of y and 

y/:y; -y;(7r„^/y\yf)). (21) 

Note that this is a MCE where firms of the same type have identical production 
plans. Using (17), we seek to show the existence of a y* close to y such that 

y/: =--- ymy*) + yt) ( 22 ) 

and r 1 /«. When a ~ 0 in (22), we know that, as ( p, y) is a PCE, 

vj:yj -=y/(^(y)). (23) 

As (22) is a continuously diflerentiable (C*) function of y* and a, the Implicit 
Function Theorem can be applied to show that in the neighborhood of y 
and « - 0 , there exists a unique function y*(a) which solves ( 22 ) (feasi¬ 
bility of y* follows from the fact that it is feasible for competitive producers 
at some prices). We need only check that the nonsingularity condition holds 
so that the Implicit Function Theorem can be applied. Stacking the vector 
functions in ( 22 ) and differentiating both sides with respect to y* gives the 
result that, for small tx, the nonsingularity condition will hold if 

^ - y/C P) Py* (24) 


is nonsingular. If (24) is singular then there exists a n 7 ^ 0 such that 

V — yvip)Py*v = 0 . 

Premultiplying by P,. yields 

(/ - Py.y/(p))w = 0, 


( 25 ) 
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where v -- PyV 0 (as i? = However, invoking (10) and notinj 

that = -(Zp)-^Z„ gives 

(/ - Py.y/ip))v =r.-. (ZJ >Z/« ^ 0 

as (p, y) is a regular exchange equilibrium (Zp nonsingular) and a regula, 
PCE (Zp' nonsingular). This contradicts (25) and proves the nonsingularit] 
of (24). Thus for « small enough, or r greater than some r*, there exist: 
a MCE and 

Vr > r*: iPiy*illr)), 1 /r)) e M(r). (26 

Hence there exists an infinite sequence {(p% y^)}, (p’’, y') e M(r) for al 
r > r*, converging along a O manifold to ( p, j?); i.e., ( p, y) is a LMCE. | 

Remark. It has been shown that for r large but finite, there exists i 
monopolistically competitive equilibrium. Essentially, existence follow: 
because the nonconcavities in firms’ profit functions, as, for instance, analyzet 
by Roberts and Sonnenschein [IS], are removed by replication of the economy 
Note also that it has been shown that monopolistically competitive equilibrii 
exist which are very close to some perfectly competitive equilibrium. No 
only is this true in the aggregate (similar prices and average production levels) 
but it has also been shown that there exist equilibria where firms of the sami 
type act identically (not just similarly). Finally, convergence is very wel 
behaved as it takes place along a manifold. 

4. Critical Equilibria 

The results of the last section give a partial characterization of the connec 
tion that exists between the limit points of monopolistic competition anc 
perfectly competitive equilibria. Generically, a set of limit points exists anc 
this set contains the set of perfectly competitive equilibria (Theorem 3) 
Further, all limit points occur at an exchange equilibrium (Theorem 1) anc 
those which occur at a regular exchange equilibrium are perfectly competitivi 
(Theorem 2). We now need only investigate limit points which occur at j 
critical exchange equilibrium. Such points will be called critical equilibria 

Definition. ip,y) is a critical equilibrium if {p,y) is a LMCE and s 
critical exchange equilibrium. 

One could hope to show that for an open and dense subset of initial endow 
ments, critical equilibria could not arise. However, despite the usual implica 
tions of Sard’s theorem concerning the likelihood of critical values (set 
Debreu [3] for an economic application), we will show that critical equilibrii 
are a robust feature of an economy. Therefore, the set of limit points o 
monopolistic competition will generally be the union of the set of perfect!} 
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compietitive equilibria and a set of critical equilibria; if perfect competition is 
studied because it is a limiting solution then critical equilibria should also be 
analyzed. 

Our results for critical equilibria can be expressed by the following theorem. 

Theorem 4. The existence of critical equilibria which are not perfectly 
competitive is nonpathological; i.e., such equilibria may exist and are not 
necessarily eliminated by perturbations of the excess demand function. 

To prove, it is sufficient to provide an example. First, however, it may be 
noted that as for almost all y exchange equilibria are regular, monopolistic- 
ally competitive firms must have an incentive to “seek out” critical exchange 
equilibria. 

It is useful first to explain the rationale of Theorem 4 and this will suggest 
an example. Consider a situation where firms (which are all identical) 
produce one good, with price p, using one input (the numeraire) supplied by 
consumers. Fig. I gives the excess demand function for the produced good 
under the assumption that each firm uses the minimum input necessary to 
produce the output. To give a better understanding ot this function. Figs. 2 
and 3 give cross-sectional cuts at different output levels and at Z ■ 0, 
respectively. As is well known (Debreu [5]), if the number of different types 
of individual m is at least as great as the number of goods / | ■ 1 then, at any 



Figure I 
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‘>1 



Figure 3 

•articular y, the excess demand function can take any form compatible with 
Valras’ law and continuity.’ In particular, the excess demand curve passing 
hrough C and C in Fig. 2 is possible. 

When there is a small number of firms (ri), monopolistic power is 
ecognized and a MCE occurs at p -- A. As the economy is replicated, 
lonopolistic power partially dissipates and a MCE occurs dX p — B. As 
lore firms enter, the MCE tends to the point p — C and price becomes 
lore sensitive to changes in production levels (see Fig. 3). Although there 
re more firms, monopolistic power is retained. Also C may be such a low 
rice that no firm is willing to destroy the equilibrium at C. Thus, as an 
conomy is replicated, the MCE tends to be “held back” if critical exchange 

^ This fields over any bounded set of strictly positive prices. In fact, we have imposed a 
^triction on the excess demand function when prices tend to zero or infinity. 
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equilibria are encountered. There is therefore no reason for the economy 
to tend to a PCE which occurs at a point p ~ D, say, in Fig. 2. 

It must now be shown that for r large, monopolistically competitive 
equilibria can arise at a price close to C, With r large, no firm will contemplate 
changing the average production level by more than a small amount (see 
the proofs of Theorems 2 and 3). Thus only local behavior around C need 
be analyzed. If C is a nondegenerate critical point then the Morse lemma can 
be applied to give the result that the excess demand function is locally 
quadratic in p. We shall be interested in the existence of equilibria where all 
firms act identically. Assume that each firm must utilize at least F(y), F' ^ 0, 
F" > 0, of the input to produce y (now a scalar). Assume that it is profitable 
for a firm to be technologically efficient. Then, as the input requirement will 
depend directly upon the output level, Z can be written as a function of 
price and the output level and, in a neighborhood of C, excess demand can be 
approximated by 

Z - a=‘j8(>-* -y)- p(p - Cf (27) 

if, at C, Zv ■< 0. In (27), a, y* > 0 are parameters which change with 
perturbations in the excess demand function (the critical point occurs at C 
when average output is y*). Equating (27) to zero gives the equilibrium 
price as a function of average output: 

p = C i- a(y* — >’)’/^ y < y*, (28) 

(the selection mechanism picks out prices which exceed C). 

Given this specification, it is not difficult to show that a MCE in 
exists, where each firm has an output y defined by 

<y* - 7 ) + (C - F'iy)Xy* - yr’^ - f-- - 0. (29) 

This gives the point where first-order conditions of profit maximization are 
satisfied. Further, it is easy to check that second-order conditions are always 
satisfied (given only a > 0). If C > F'(y*\ so that price-taking firms would 
increase production, profit-maximizing output is defined by (29) and tends 
to y* as r tends to infinity. From (29), output at stage r (when r is large) is 
given by 

We have shown that a LMCE occurs at (C, y*) if firms do not wish to, or 
cannot, destroy the equilibrium at C and so push the economy to C. As is 
clear, if feasible output is bounded at a point just beyond y* then it will be 
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impossible for any firm to recuperate losses created by the price drop from 
C to C. However, (30) implies that C could be destroyed by an increase in 
total production which is proportional to 1 jr. Thus, for large r, each firm 
could destroy the equilibrium at C. In particular, the equilibrium would be 
destroyed if any firm decided to adopt price-taking behavior. Thus, even in 
large economies, an agent may lose significantly by adopting price-taking 
behavior. It is interesting to compare this result with those obtained by 
Roberts and Postlewaite [14]. They reached the opposite conclusion but, in 
essence, this is because they ruled out, by assumption, the possibility that 
critical equilibria could exist. 

Finally, a LMCE continues to exist at a point close to C when the excess 
demand function is subject to C* perturbations. For perturbation corresponds 
to small changes in at, and y*: the existence analysis continues to apply. 
Nonpertectly competitive critical equilibria have therefore been shown to be 
nonpathological and Theorem 4 has been proved. 

The example given to prove the theorem clearly demonstrates why a 
critical equilibrium can arise as a LMCE. If the excess demand function 
has a critical point then it is possible to converge to this point in a way that 
permits price responses to grow at the rate of replication. 

Such a situation can also arise in an economy with many goods. Close to a 
critical point, firms will recognize that changes in production will significantly 
affect prices. Consider the form of the price response close to a critical point 
where Z„ is of rank I — 1. Let r, be the derivative of the excess demand 
function with respect to a change in a component of some y ^. The price 
response A p will be given by 

XpAp-^Zy^^. (31) 

If the last row of Zj, is close to a linear combination of the other rows then 
(31) may be partitioned to give 



' z ^ n 

• Ap~^ ■ 



. Xz„ + €f-' 

1 Az'p + . 

. Ap^ . 


— 7 ^ 


is an / — 1 X / — 1 matrix which, by a suitable reordering of columns, can be 
taken to be nonsingular (as row rank ^ column rank — / — 1). t is some 
vector and e is a scalar which tends to zero as the critical point is approached.® 
Equation (32) may be solved to give an approximate result for small c: 


€ 


\^P *1 _ r-ZpVl/ \ 

[ApH~[ 1 JU'- 


(33) 


* Superscript / denotes the /th argument (column) of a vector (matrix). Superscript - / 
denotes the vector (matrix) with the /th argument (column) removed. 
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where it has been assumed that ^ 0 (generically, this will be 

the case). 

Equation (33) shows that if e 0 at a rate directly proportional to 1/r then 
each firm in the economy will retain monopolistic power. Note also that, 
independently of the form of , the direction ot price responsiveness will be 
the same. This is a consequence of the assumption that, at the critical point, 
Zp is of rank / - 1. If Zj, is of rank / — k then a similar analysis may be 
used to show that price responsiveness will lie in a ifc-dimensional space. 
Thus, although in general all firms will possess monopolistic power when 
convergence is toward a critical point, the extent of monopolistic power 
will be inversely related to the rank of Zp . 


5. Pathological Possibilities 

The results that have been derived in this paper depend upon the local 
differentiability properties of the excess, demand function around particular 
equilibria. This is clearly true of Theorems 2 and 4. Recalling Theorem 3, it 
was shown that a PCE is almost always a LMCE, nothing being said about 
when the PCE is critical or occurs at a critical exchange equilibrium. It is 
the purpose of this section to show that in these pathological cases, the 
theorem does not necessarily hold: only a generic, and not a universal, 
statement can be provided. 

Three examples will be given. The economy is similar to the one in the 
example given in Section 4; i.e., there is one type of firm producing one output 
(at price p) using one input (the numeraire). The production technology will 
be assumed Cobb-Douglas in form, an output of y by a firm requiring an 
input of y’*.® Thus the competitive supply function is given by 

>>' = p/2. (34) 

Finally, as we are investigating existence of monopolistically competitive 
equilibria close to a perfectly competitive equilibrium, we need only look 
at the economy close to this equilibrium. 

Example 1. A PCE that is a critical exchange equilibrium. 

Let the excess demand function forpe [1, 5] be 

Z = (p - 2)2 + (1 - y). (35) 

Combining (34) and (35), there are two perfectly competitive equilibria, 
(a y) = (2, 1) or (5/2, 5/4). From (35), (2, 1) is a critical exchange equilib- 

' To conform with earlier assumptions, output may be bounded at some high level 
without affecting the analysis. 
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rium. Close to (2, 1), there are two possibilities for the price selection mechan¬ 
ism 

p --- 2 -f (y - I)>/2 (36a) 

or 

p - 2-iy- l)y^ (36b) 

and these are only possible when y ^ 1. When y < 1, assume that the 
economy moves to some high price (p > 5). The behavior of monopolis¬ 
tically competitive firms is easy to analyze by setting up the profit function. 
Under (36a), output is expanded because price rises with output. In fact, it 
is easy to show that a MCE cannot exist with average output below 5/4: 
with (36a), the LMCE is at (5/2, 5/4). Under (36b), price falls with output 
and each firm has an incentive to reduce output to unity. When all firms 
have done this there is an incentive for any one firm to destroy the equilib¬ 
rium and move to an equilibrium with a high price (p > 5). Thus under 
both selection mechanisms, monopolistically competitive firms take the 
economy away from the PCE at (2, 1). 

Example 2. A PCE that is critical. 

Around (p, v) - (2, 1), let the excess demand function be given by 

Z^^p-2y-(y-l)\ (37) 

Combining (34) and (37), there is a PCE at (2, 1) which is critical. Close to 
this point the price selection mechanism is 

p^2y + {y-\)\ (38) 

When output is close to unity, monopolistically competitive firms have an 
incentive to increase production. In fact, it is trivial to show that every firm 
wishes to produce more than the average! Thus, prices and output are driven 
away from (2, 1): it is impossible for (2, I) to be the limit of monopolistically 
competitive equilibria. 

The final example shows that pathological possibilities do not rule out the 
possibility that a PCE is a LMCE. 

Example 3. A PCE that is a critical PCE and a critical exchange equilib¬ 
rium. 

Around {p,y) = (2, 1), let Z be given by 


Z = (/;-2)«-4(j'-l)‘. 


(39) 
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At (2, 1), we have a critical exchange equilibrium and a critical PCE. An 
admissible price selection mechanism is 

p^-2-2{y~\)\ (40) 

As price rises if output rises when y < I and falls if output rises when y . - 1, 
it is easy to show that, independently of the stage of replication, a MCE 
exists where {p, y) (2, 1). Thus, the PCE is a LMCE in a very direct sense. 
The example also shows that it is possible—though unlikely—for perfectly 
competitive outcomes to be realizable as monopolistically competitive 
equilibria. 


6. Uncertainty and Critical Equilibria 

Despite the fact that critical equilibria are nonpathological, common 
sense suggests that they could not arise in “realistic” situations. The reason 
for such a deep-rooted belief would seem to be that, by their nature, critical 
equilibria are extremely fragile: if the excess demand function changes, and 
producers do not respond immediately to the change, then it will often be the 
case that there will be a jump in prices which leads to a discrete fall in 
firms’ profits. As firms “hold back” at critical equilibria to avoid this dis¬ 
crete drop in profits, it may be conjectured that in situations where firms 
have incomplete control, the incentives for “holding back” are lost. 

To investigate this conjecture, uncertainty will be introduced into the model. 
In particular, it will be assumed that individuals’ endowments are uncertain 
when firms make their production decisions. Thus equilibrium prices and 
profits are uncertain. As for behavior toward risk, it will be assumed that 
firms are risk-neutral. 

Consider adding a stochastic component e 0? to the endowment of the 
numeraire good held by individuals of type i. It will be assumed that there is an 
atomless probability measure v on » e with support 

Vf — {v: —e < Vi ^ eVi). 

Thus, as e becomes small, uncertainty about endowments becomes small. 

For individuals, unlike firms, uncertainty is resolved before they take 
decisions. If firms produce and some v is realized then the excess demand 
function Z will be given by the last / arguments of 

X (p, ptoi 4- X ^uPyt + *’<) - E “ E J'* • 

i i ' i i 
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It will be convenient to write the function Z in the form 

Z{p, y, v) X (p, \pa>i -I X dijpyj t- /',j ). (41) 

As firms are risk-neutral, they are only interested in expected prices. If the 
price selection derived from equating (41) to zero is given by P{p, y, y'\ v) 
(where Z(p, y, 0) = 0) then expected price is given by 

P*(p, y, .i ') -= f Pip, y, i ) Jv. ( 42 ) 

Here, p is used to define the appropriate selection. P* is defined if and only 
if P is defined for almost all v. 

Economies will be indexed by e. For this purpose it will be assumed that 
for each e, there exists a unique probability measure on v with support . 
Corresponding to a MCE and a PCE we have 

Definition. A MCE (f) in the e version of the economy is an array 
ip, iyj<i))^S X R’’"**'''’such that (p, (1/r) Eo Pjh) 's an exchange equilibrium 
in the nonstochastic economy; i.e., Z(p, y, 0) = 0, 

Pi, e Yi y/, q 
P*(p, y, y) yj„ > 0 

and i8{ /, q] and e Yj such that 

P*ip, y, (p i > Pi + (l/r)(p;, - V;,)}) y'j, P*ip, y) jv, • 

Definition. A PCE (e) in the c version of the economy is an array 
(P> ((i/'’)Z,Pia))e-S^ X ff*"*'*” such that (p, (1/r)S^Pi,) 's an exchange 
equilibrium in the nonstochastic economy; i.e., Z(p, y, 0) — 0, 

y^ e Yj y/, q, 

and ^{y, q] and y^, e Yj such that 

p*ip, y, p) Pi, > P*ip, y, y) yji ■ 

These equilibrium notions are defined relative to expected profit maximiza¬ 
tion (note that p defines the selection but is not an expected price). 

The closeness in the definitions of MCE (c) and PCE (c) to the definitions 
of MCE and PCE may be noted. If (p, p) is a regular exchange equilibrium 
then it will be possible to apply the Implicit Function Theorem to show that 
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F{ p, j', y: r) is dinerentiable in v around v 0. Thus, as e -> 0, /**( p, v, y) -> 
y\ y\ 0) ” P- *1 is then not difficult to show that if (p ,; ) is the limit 
point of PCE (c)s as €-*0 and ip, y) is a regular exchange equilibrium 
then ip, _)’) is a PCE (compare with Theorem 2). 

Turning to critical equilibria, a LMCE (c) may be defined in the c version 
of the economy just as LMCE was defined in the standard economy. We 
wish to know whether a LMCE (e) is a PCE Pursuing an analysis 
similar to that in Theorem 2, a LMCE (c) will be a PCE (e) if P*( p, y, v') is 
continuous in y' at y. There exi.st two possibilities: 

(1) As firms maximize expected profits, and negative profits in some 
states are not ruled out, there may exist v (of measure zero) under which some 
individuals are on the boundary of their consumption sets when production 
is y. When production is changed to y', y' close to it is possible that non¬ 
attainability will hold for a nonzero measure of states. Thus as P* will not 
be defined, the notion of a continuous change will be lost. In this case it is 
possible for the LMCE (e) to occur at a noncompetitive point where firms 
“hold back" their production to ensure existence. An example of this is 
given in Fig. 4 where, for a two-good economy, Z is plotted against p for 
different values of y(Z = Z(p, y, 0)). As the economy is replicated, production 
expands and price falls from A to B and then to C. At C, no firm contemplates 
an expansion in output because this leads to the nonexistence of an equilib¬ 
rium price. However, if all firms expanded then it would be possible to 
move to D which, it may be a.ssumed, is the perfectly competitive position. 



An investigation of the set of PCE (c) as « 0 would take us too far astray from the 

present analysis. It suffices to say that there can exist limit points which are not perfectly 
competitive for the certain economy. 
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Although the motivation for this type of equilibrium differs from that 
ot a critical equilibrium, the two concepts are very close. For as expected 
profits are nonnegative, the nonexistence problem will not usually arise it c 
is small and profits change continuously with y and v. This is ensured when 
Zp{p, y, 0) is nonsingular. However, at critical exchange equilibria, profits 
can fall discontinuously and the nonexistence problem is more likely to be 
encountered: limit points close to critical points are not unlikely. 

(2) Now assume that P* is defined for all y' close to y. Looking at (42), 
P* will be C® in y' if /*(/?, y, y'l v) is C® in y' for almost all v. When v - 0, 
P will be C“ if Z.„ is nonsingular. As Z is C\ nonsingularity will hold for all 
small V so that for small €, P* will be continuous. If Z„ is singular, so that 
the determinant, det(Z„), is zero, then P will still be for almost all v, e 
small, if the differential of det(Z,,) with respect to v is nonzero. Thus, problems 
can only arise if there exist p, v such that 

Zip, V, 0) - 0, 

det(Z,.) - 0. (43) 

J-, det{Z,.) 0. 

Transversality theory (see, e.g., Abraham and Robbin [1]) can be applied 
to show that if (43) can occur then almost any small perturbation of Z will 
eliminate the possibility. For, by (41), Z, or alternatively X, is a function of 
/ + m variables whereas (43) is a set of / -\ m + I equations. 

To sum up, in the € version of the economy with e small, critical equilibria 
of the form studied in earlier sections are pathological. However, in economies 
with uncertainty there can exist nonperfectly competitive equilibria as limit 
points, the incentive for adopting noncompetitive behavior being that 
changes in production lead to a nonexistence of equilibrium prices. Thus, the 
introduction of uncertainty is insufficient to ensure that the monopolistically 
competitive equilibria of large economies approximate a system of perfect 
competition. 


7. Concluding Remarks 

This paper has investigated and characterized the form of the limit points 
that arise under replication of a monopolistically competitive economy. Of 
particular interest has been the uncovering of critical equilibria. The non- 
pathological existence of these equilibria demonstrates a general point. 
In decentralized systems like perfect competition, there is no possibility 
for individual agents to exploit irregularities in the economic structure. 
However, when agents manipulate the system to which they belong, it is 
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possible, and not unlikely, that irregular situations will produce beneficial 
outcomes. In these circumstances, equilibria cannot be properly understood 
without the irregularities of the economic structure being understood. In 
this paper, these irregularities have been critical exchange equilibria. At 
such equilibria, it has been shown that intuition and standard results are a 
poor guide to the possibilities that can exist. 
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This paper considers whether a competitive economy will achieve an optimal 
allocation when firms produce differentiated products. In the model studied, firms 
market those products which maximize profit given the demand curves facing 
them. Markets are assumed to be open only for goods actually traded. Com¬ 
petitive conditions are achieved by replicating the consumer sector. It is shown 
that market equilibrium may be suboptimal if those products not being produced 
arc highly complementary in consumption. Sufficient conditions on preferences 
and production sets for the market equilibrium to be optimal are given. 


1. [ntroduction 

Product differentiation under imperfectly competitive conditions has been 
the focus of a number of studies in the last few years (see, for example, Dixit 
and Stiglitz, 1977; Spence, 1976). Product differentiation under perfect compe¬ 
tition has, however, received considerably less attention. One reason for this 
may be the widely held view that )producers of nonhomogeneous goods 
possess monopoly power and hence that markets where products are differ¬ 
entiated are inherently noncompetitive. In a previous paper (Hart, 1979a), 
we argued that this iS)not the case. We showed that what causes a firm 
to have monopoly power is not that the firm is producing a unique commodi¬ 
ty, but rather that the firm is a large part of the aggregate economy or, more 
precisely, of the potential market for its output. Of course, if a firm is 
producing a unique commodity, it will in general, even if it is small, earn 
supernormal profits or rents, i.e., it will have considerable market power. 
This, however, is quite consistent with the fact that it faces a perfectly elastic 
demand curve, i.e., with the fact that it has no monopoly power. 

In Hart (1979a), we used the result that a small firm faces a perfectly 
elastic demand curve to show that a monopolistically competitive equilibrium, 
in which firms maximize profits subject to correct conjectures concerning the 
demand for all potential (differentiated) commodities, is approximately 
Pareto-optimal if the economy is large. One assumption which was made in 
order to establish this result was that consumers’ preferences are convex and 
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can be represented by a differentiable utility function. This assumption may 
seem relatively innocuous at first sight, but on closer examination it turns 
out to be rather crucial. The purpose of the present paper is to explore the 
consequences of relaxing this assumption. 

Our principal result is that if preferences are not differentiable and convex, 
a monopolistically competitive equilibrium may not be Pareto optimal even 
when the economy is large. In particular, the economy can get stuck in a situa¬ 
tion where the set of goods being produced is socially inefficient. The reason 
for this is not that firms possess monopoly power. Rather, it is that, if firms’ 
products are strongly complementary, the gain (both private and social) 
from several firms simultaneously producing new products may far outweigh 
the sum of the gains to each firm from producing a new product by itself. 
To take a very simple example, suppose that neither nuts nor bolts are being 
produced. The revenue that a bolt manufacturer would obtain from setting 
up in the absence of a supply of nuts might be expected to be small and hence 
may not cover costs. The same of course is true of a nut manufacturer 
who sets up in the absence of a supply of bolts. However, if the two manu¬ 
facturers set up simultaneously, revenue will in general be much higher and 
so both manufacturers may be able to make a profit. In an atomistic economy, 
however, there may be no mechanism which coordinates the actions of the 
nut manufacturer and the bolt manufacturer. Thus, the equilibrium of the 
economy may involve neither nuts nor bolts being produced even though 
such a situation is Pareto suboptimal. 

The presence of complementarities of this type captures to some extent the 
idea that there can be pecuniary externalities in the production process (see, 
e.g., Scitovsky, 1954). In particular, the profits of one firm depend on the 
actions of another firm even under competition. We will see that such pecu¬ 
niary externalities are ruled out if consumers have convex, differentiable 
utility functions (or if they have quasi-convex utility functions). 

While a monopolistically competitive equilibrium may not be Pareto 
optimal if preferences are not differentiable and convex, it is possible to 
establish that the equilibrium is optimal in a weaker sense. We will show that, 
when the economy is large, it is impossible for a central planner to Pareto 
dominate a monopolistically competitive equilibrium allocation using only 
the goods which are traded in the monopolistically competitive equilibrium 
plus at most one new good. That is to say, a monopolistically competitive 
equilibrium is Pareto optimal subject to the constraint that a planner can 
open at most one new market. 

The paper is organized as follows. The model is presented in Section 2. In 
Section 3, the properties of monopolistically competitive equilibria in large 
economies are studied. In Section 4, examples of suboptimal equilibria when 
preferences are not differentiable and convex are presented. In one of the 
examples, the nonconvexity of preferences is caused by the presence of 
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transaction costs. Concluding remarks appear in Section 5, and proofs are 
contained in the Appendix. 


2. The Model 

We consider an economy in which there are 7 types of consumers, J types 
of firms, and {K f 1) potential goods, indexed by i 1 ,..., /, j -■■■-. i,..., y, 
and k - 0,..., K, respectively. We assume for the sake of simplicity that 
/, J, K are all finite (the extension to the case where 7, 7, A' are infinite can be 
carried out along the lines of Hart (1979a)). 

Each firm will be assumed to use good 0 as an input to produce goods 
1 ,..., K as outputs.^ In interpreting the model, we will be particularly inter¬ 
ested in cases where not all potential goods k >0 are actually produced in 
equilibrium. In contrast to the usual Arrow-Debreu model, we will assume 
that if a good k > 0 is not produced there is no market for it; that is, no 
price is quoted for it. In other words, the firms which produce a particular 
good “make” the market for that good. (However, we assume that there is 
always a market for good 0, the common input. In addition, it will be assumed 
that consumers have no endowments of goods 1 ,..., K and hence there is no 
reason for consumers to trade these goods among themselves.) 

Note that our formulation is general enough to include product differentia¬ 
tion in the Chamberlinian or Lancastrian sense. In particular, some of the 
goods 1 ,..., A may represent different qualities of the same good, or the same 
good in different locations. 

Our objective is to explain which goods are produced, i.e., which markets 
are open, and to explain the volume of trade in these markets. 

We begin with a more precise description of the agents in the economy. 

Firms 

As indicated above, firms use good 0 to produce goods 1,..., K. A type /’ 
firm (j 1,..., J) has a production set Yj C 7?_ x with the interpreta¬ 
tion that y e Yj means that it is feasible for firm j to produce the vector of 
outputs (J,,..., yic) using — j'o units of good 0.® Note that we treat inputs as 
nonpositive numbers. We assume that for each j: 

(A.l) Oe Yj, and Yj is closed. 


’ We do not consider the case where some goods are intermediate goods. See Makowski 
(1980) for a discussion of additional coordination problems which can arise when there are 
intermediate goods. 

• We use the notation jc > 0 if each component of x is nonnegative. Also we define 
/?+"* - (a: e /J" I jc > 0}, = {a- 6 A” 1 0 > at}. 
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(A.2) Given y e Yj and ue R .^, 

V f (0, u)e R_ X => >- + (0, m) 6 Yj. 

(A.3) There exists < 0 such that y e Yj and >’ / 0 > y„ y,^. 

Assumption (A.2) says that there is free disposal of produced goods. 
Assumption (A.3) says that there is a setup cost for any firm. The existence 
of setup costs is consistent with the assumption that markets exist only for 
goods k . 0 which are produced (a price will be quoted only if it is profitable 
for a firm to set up and)produce the good in question). 

Subject to the payment of a setup cost, there is assumed to be free entry of 
type 7 firms, _/ 1,..., J. 

We will not place any convexity restrictions on Yj {Yj itself will not be 
convex, of course, because of (A.3); however, we will also not require 
KjAlOl to be convex). In particular, we allow for cases where a firm may be 
able to produce several goods, but only one at any one time (e.g., if good 1 is 
a Rolls Royce, and good 2 is a Volkswagen, it may be that (, 1, 0) e Yj 
and (yd ,0, 1) e Yj , but there may be no y e Yj with y^ and y^ > 0). We will 
assume, however, that all goods are divisible. 

We will also assume that each good k 1,..., K can be produced: 

(A.4) Given k = 1,..., K, there exists j and ye Yj such that y^ > 0. 
Consumers 

Each type i consumer (/ = 1,,.., /) is assumed to have a continuous utility 
function (/,• defined on his consumption set, which we will take to be 
We will assume that good 0 is desirable and that positive consumption of it is 
essential to get positive utility: 

(A.5) For all / ~ 1,...,/: C/,(jf) > f/y(0) => Xq > 0. Furthermore, if 
.Y G R^*^, then C/,(.v f (mq , O, -, 0)) > t/,(x) if Mq > 0 and 
lim Ui(x + (uo , 0,..., 0)) 00 . 


We also assume that each good k = 1,..., K is desired by some consumer: 
(A.6) For each k — 1,..., K, there exists / such that: if x g r!^^\ then 


Ui(x f (0,..., 0, tt* , 0 ,..., 0)) > Ui(x) if Mt > 0 and 
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We will not, however, assume that preferences are convex. As will be seen 
later, the possible nonconvexity of preferences will play an important role 
in our analysis.® 

Each type i consumer is assumed to have an initial endowment of goods, 
Wi e where Wi^ = 0 for all ^ > 0 and w,o > 0, and an initial share¬ 
holding in firms. To simplify matters, we will assume that a consumer’s 
shareholding is the same across all firms of the same type, so that we can 
talk simply about a consumer’s shareholding in type j firms. We will also 
assume that all type i consumers have the same initial shareholdings. We will 
denote by 0,, the aggregate shareholding of type i consumers in type j firms, 
where 0„ 5? 0 and = 1 for each J. 


The Economy 

As indicated in the introduction, we are interested in analyzing whether the 
right mix of products is produced in a perfectly competitive environment. In 
order to ensure that the environment is indeed perfectly competitive, we make 
each firm small relative to the aggregate economy by replicating the consumer 
sector, at the same time keeping the characteristics (i.e., production sets) of 
the J types of firms j = 1,..., J fixed. (Although the characteristics of the 
production sector remain fixed, the growth of the consumption sector allows 
a greater number of firms to operate since setup costs, as a fraction of the 
economy’s aggregate endowment, become smaller.) 

This leads us to consider the economy Er consisting of r consumers of each 

type ;■ — 1./, where each type i consumer has utility function (/, and 

endowment w, as indicated above. Since all type i consumers are identical, the 
shareholding of each type / consumer in type j firms is given by Bair. 

Exchange Equilibrium in Er 

In order to define an equilibrium for the economy Er , we proceed in two 
stages. First, taking firms’ production decisions to be already determined, we 
define an exchange equilibrium relative to these production decisions. 
Second, we turn to an analysis of how these production decisions are made. 

Because of the existence.of setup costs, only a finite number of firms will 
operate in equilibrium in the economy Er . Suppose that firms of type j 
choose to operate and label these {j, 1), {j, 2),..., (./, n^). Let the production 
decisions of these firms be given by ,.—,yfn^ ^ {j = L—. J)- Define 

ji = (yji + ••• f yin,)lr (2.1) 


’ Some of the problems which are caused by nonconvexities in preferences also arise 
if consumption sets are nonconvex. To simplify matters, we will not consider the com¬ 
plications caused by nonconvex consumption sets in this paper. 
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to be the aggregate production plan of type j firms deflated by /• 0 if 

rtj ^ 0, of course), and let y - - (>’iyj). Also let denote the array 

( yjt)j 1. J.l 1.n, • 

Consider the resulting exchange equilibrium. Define R+U{a:>], and 
let p e be the equilibrium price vector with the understanding that, 

for A 0,/7tJs finite if > 0, i.e., if good A is actually produced, and 

Pk if y'ik 0. i e., if good k is not produced (we will see below that 

setting;?,, = GO is equivalent to assuming that there is no market for good A). 

We will normalize prices so that = 1. Let x„ denote the post-trade 
consumption bundle of the /th consumer of type i. It will be convenient to 
represent the consumption bundles of type i consumers by a measure. For 
each / define the probability measure p., on the Borel subsets of as 
follows: 

- -#{t I .r„e flj/r (2.2) 

for each Borel subset B of Here p^B) is simply the fraction of type 

/■ consumers whose consumption bundles lie in B. Let Supp p, denote the 
support of the measure /i, and let !| i| denote the Euclidean norm. Also define 
P (Pi . Pi). Finally, let 

y, ■{)' ()\ V.., yj) i for eachy, Vj -■ {yji | ••• f >v„y/r 

for some n, and some y'ji .e (2.3) 

We are now ready to define an approximate exchange equilibrium in the 
economy , relative to the deflated production plans y. 

Dr.iTNiTioN. An c-exchange equilibrium, e 0, in the economy Er is an 
array (p, p, y), where y e and 


p {pi ,..., p,) and each /u, is a probability measure 

defined on the Borel subsets of (2.4) 

j 

p e pn = 1, and, for A > 0, p* is finite o £ y^, > 0; (2.5) 

j=i 

p • .Y, < p ■ Wi ! X ^iiP • yj f«r all Xi e Supp /x, (/ = 1,..., /); (2.6) 

J 

For all .Y e Supp p /, 

U,(x’) > Ui(.x) + c > p • y > ;? • MV + Z &uP • Yi (i =1. A); (2.7) 


i 


* denotes the number of elements in the set C. 
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rfiiiB) is integral for all Borel subsets B of (/ = 1,..., /); (2.8) 

j I 

X dfii - X - Z • 0- (2.9) 

j-i 1-1 

Condition (2.6) says that consumers satisfy their budget constraints. 
Condition (2.7) says that each consumer’s equilibrium bundle provides 
utility which is within € of maximum utility subject to the budget constraint. 

Finally, (2.9) says that demand equals supply for each good 0. K. We 

adopt the convention oo • 0 = 0, oo • A . oo if /» > 0. It then follows that 
Xitk 0 whenever ^ oo, so that as noted above setting pt = oo is equi¬ 
valent to assuming that there is no trading in good k. 

The exchange equilibrium we have defined is an approximate one in the 
sense of Starr (1969) (it is exact if c 0). We study approximate rather than 
exact equilibria because, since preferences are not necessarily convex, an 
exact exchange equilibrium may not exist. On the other hand, given appro¬ 
priate restrictions on firms’ production plans, the convexifying effects of 
replication will ensure the existence of an c-exchange equilibrium for large 
enough r.® Note that, given e, an e-exchange equilibrium depends on the 
particular cardinalizalion t/, of consumer I’s underlying preferences selected. 
However, the set of all e-exchange equilibria, as we let e vary, is independent 
of any particular cardinalization. 

Note that different type / consumers will in general consume different 
bundles in an e-exchange equilibrium. 

We turn now to the determination of firms’ production plans. We will 
assume that each firm chooses its production plan to maximize profits 
(measured in units of good 0).* We do not assume, however, that firms are 
price takers (this assumption would in any case be meaningless in the case 
of goods not being produced since there are no prices to “take”). Instead we 
assume that each firm, acting under the Cournot-Nash assumption that 
other firms’ production plans are fixed, maximizes profit on the basis of a 
correct calculation concerning the relationship between the amount of any 
good it produces and the price which it will receive for this good (this calcula¬ 
tion is made both for goods already being produced and for new goods). 
Such a calculation is of course in general a very complicated one, and the 
assumption that firms can carry it out is therefore strong. We will make this 
assumption because we wish to consider the misallocations which result 


" An analysis of the existence of various different types of approximate equilibria may 
be found in Starr (1969). 

* Conditions under which this objective represents the interests of the firm’s owners 
may be found in Hart (1979b). 
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from the inherent characteristics of the economy rather than those which 
result from the mistakes of the agents.’ 

There is a problem which must be faced before we can complete the 
specification of a firm’s behavior. In general, there will be many e-exchange 
equilibria corresponding to a particular choice of production plan for the 
firm. The firm’s decision whether to choose the production plan will depend 
on which of these equilibria is selected. In order to surmount this difficulty, 
we follow Novshek and Sonnenschein (1978) in assuming that an exogenous 
selection is made from the set of e-exchange equilibria. Let 

Tr { y \ y ^ Tr. and there exists an e-exchange equilibrium (/.t, p, v) in EA- 

( 2 . 10 ) 

Also let G be the set of all probability measures defined on the Borel subsets of 
We assume that, for each r, there is a function F/. T,-^G’ x 
satisfying, for all y^Tr, 

(^r(>'). y) — (m. Pi y) is an e-exchange equilibrium in the economy E ,.. 

( 2 . 11 ) 


If Friy) = (/A, p), we will use the shorthand Friiy) ^ /a, F^^y) = p. 

We are now ready to define a monopolistically competitive equilibrium in 
which firms maximize profits subject to the demand curves facing them. In 
the following definition, y ; is a shorthand for ( yj i, y;,i yj). 

Definition. An e-monopolistically competitive equilibrium (c-MCE), 

e ^ 0, in Er is an array (/a, p, ‘¥), where p. — (/ia,)„.i ., and ^ = 

(yjt)i-i. j.t-i .such that 

yjt e Yf for each t, /; (2.12) 


ip, p, y) is an «-exchange equilibrium in Er, where 

y -- (yi y/) and y, yah 


for each /; 


(2.13) 


there does not exist ii,j), 1 < r ^ /ly, 1 < 7 ^ y, and y^'t e Yj, 
such that (y-,, y^ — yalr + yUlr) e T,. and 

Fniy-i , yj - yulr + y'jtlr) • yJt > p • yn ; (2.14) 

’ To put it another way, whereas in the standard Arrow-Debreu model, a good entre¬ 
preneur is simply someone who knows his firm's production set well and who can therefore 
calculate the profit maximizing production plan, in the present context a good entrepreneur 
must also be skilled at market research, i.e., at calculating the way the economy’s general 
equilibrium varies with his firm’s production plan. 
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there does not exist;, 1 <j^J, and e Yj, such that 

(y-i . yj + y'j/r) e r, and Frziy^j, h y'jr) ■ y'j > 0; (2.15) 

P • yjt > 0 for all t,j. (2.16) 

Condition (2.14) says that no firm which is already operating can increase 
its profit by moving to a new production plan, while (2.15) says that no new 
firm can enter and make a positive profit. Finally, (2.16) says that all operating 
firms break even. (It might seem as though (2.14) already implies (2.16), but 
this is not the case if ( y^j , yj — y^lr) ^ T ,.) 

Finally, it will be useful to define a feasible allocation in the economy . 

Definition. A feasible allocation in the economy £, is an array (/*, y), 
where y e K,, satisfying (2.4), (2.8), and (2.9). 


3. Properties of Monopolistically Competitive Equilibria 
IN Large Finite Economies 

We study now the properties of a monopolistically competitive equilibrium 
(MCE) in Er when r is large. 

Theorem 1. Assume (A.\)-{A.6), and that Yj is bounded for all J. Suppose 
that € >0is given. Then we can find a selection function F/. Tr->G‘ X /?***^+** 
and a number f such that, for all r '^f, there exists an e-MCE in Er. 

Proof See Appendix. 

Note that Theorem 1 establishes only the existence of an c-MCE for € > 0. 
Establishing the existence of an exact MCE, i.e., an c-MCE with e = 0, is 
considerably more complicated and stronger assumptions are needed. See 
Novshek and Sonnenschein (1978). 

Our main interest is to study the welfare properties of an MCE in a large 
economy. To this end, it is useful to introduce a measure of how far away an 
equilibrium allocation is from being Pareto optimal. Suppose that we are 
given a feasible allocation (pr . Yr) in Er which satisfies || C/,(x) — t/f(x')|| ^ c 
for all jc, x' e Supp pi (i = 1,..., /) (this is an approximate equal treatment 
condition). Let £' be the economy which is identical to £, except that the 
aggregate endowment of good 0 is (r h’io) — rh rather than (r Wm)» 
and define 

Hr(e, pr , y,) = sup {h | there exists a feasible allocation (p'r , y’r) in E'r 

such that U,ix') Udx) + c for all 
X 6 Supp pir, x' G Supp pir and / - 1,..., /). (3.1) 
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The number //^c, /^r. >'r) is a measure (in per capita terms) of how far the 
allocation (/x,., >v) is from being a Pareto optimum in £,, given that we 
insist that a planner makes everybody better off by at least e. Note that if 
(fir, >’r) is Pareto optimal, then //,.(€, fir , y,.) = 0 for all € > 0. 

As well as being interested in unconstrained Pareto optimality, we will also 
wish to consider a notion of constrained or restricted Pareto optimality. In 
particular, we want to study the consequences of allowing a planner to 
alter firms’ production plans and reallocate goods to consumers subject to 
the constraint that, in the new configuration of firms’ production plans, at 
most one new good is being produced relative to the initial allocation (/x, y). 

Given the production allocation ^ (yi let M(y) ----- {A: > 0 | 

Zj -1 yjk 0} u {0| be the set of goods which are produced at y, plus good 0. 
M( y) represents the set of markets which are open at y. Define 

//r(e, fi, y) sup {Ij 1 there exists a feasible allocation (/x', y') in E'r 

such that Ui(x') > U,(x) -|- e for all 

-Y e Supp fiir, x' e Supp fi'ir and / - 1,..., /, 

and M( y')\A/(y,.) contains at most one element}. (3.2) 

The number /»,.(€, /x, y) is a measure (again in per capita terms) of how far the 
allocation (fir , yr) is from being a Pareto optimum in Er , given that the 
planner must make everybody better off by at least c, and given that the 
planner is constrained to produce at most one new good, i.e., to open at most 
one new market (note that a planner is free to close markets, i.e., M(y') 
can contain fewer elements than M(yr)). Of course, hr(e, fir, y,) ^ 

^r(®5 H''' ’ 

In Theorems 2 and 3 below, we give conditions under which A,.(c, fir , yr) 
and Hr(e, fir , y^) are small when r is large if (/x^, Pr ^ y,) an c-MCE. In 
order to prove these theorems, we need to assume that the limit of a sequence 
of production allocations y^ e is a regular point with respect to the selection 
functions . 

Let be the smallest closed convex cone with vertex at the origin which 
contains Yj . Then TL is the smallest closed set containing all the Yr, 
r = 1, 2,..., (see (2.3)). In the following definition, limits of the measure pr 
are taken with respect to the weak convergence topology (see Parthasarathy 
(1969)) and limits of prices with respect to the standard topology on 

Definition. We say that y e nl.i is a regular point with respect to 
the selection functions Fj, F^if: 

(1) Given any two sequences (y,), (yj.) of points in F, converging to y, and 
limit points (/x, p), (p, p') of the sequences (F^y,)), (F,.(y^)), respectively, it 
is the case that p = p and p'k = Pk for all k such that A: = 0 or S/. i Yik > 0- 
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(2) Given any sequence (of points converging to y, where yr e Yr for 
each r, it is the case that y, e for sufficiently large r. 

In other words, y is a regular point as long as y^) changes continuously 
as yr varies in a neighborhood of y. For a discussion of the importance of 
regularity in cases where firms take into account their effect on prices, see 
Novshek and Sonnenschein (1978) and Roberts (1980). 

Before stating Theorem 2, we need one further assumption: 

(A.7) Y, n = {0} (./ - 1,..., J). 

Assumption (A.7) rules out cases where it is possible to get something for 
nothing in per capita terms in the limit r —>■ oo by operating type j firms. 

Theorem 2. Let c > 0 and the selection functions F,, Fg,..., be given. 
Suppose that {pr > Pr »'^^i) ^ sequence of e-MCEs in the economies Er , 

/• ^ 1, 2,..., and, for each r, define jv os in (2.1). Assume (A.1)-(A.7), and that 
each limit point y of (>»,.) is regular. Assume also that for some rj > 0 and r' 
the following is true for k > 0: either or yji^r 0 for all 

r ' r'. Dejine hr{e, pr i Yr) os in (3.2). Then lim^ hr{€, pr > Yr) 0- 

It should be noted that the condition > tj or 0 for large r 

rules out situations where the set of markets which are open changes dis- 
continuously in the limit as -► y. 

Theorem 2 is proved in the Appendix. It is useful, however, to give some 
intuition behind the result. Suppose to simplify matters that pr -*■ p,Pr-* p, 
y,. y. The proof proceeds by showing that the allocation {p, y) is a compe¬ 
titive equilibrium allocation relative to the markets M{ y) u for any 

A' - 1. K in some well-defined limit economy. In particular, in the limit, 

firms, subject to the constraint that they can market only goods in M( y) u 
lA' j, maximize profits as price takers at prices p*, where pt = p^ for ks M( y) 
and Pk> is chosen to be the reservation price for good A', i.e., it is the lowest 
price at which demand for good A' is zero even though the market for good A' 
is open. A standard revealed preference argument then shows that h,{€, pr, iv) 
must be zero in the limit. 

To see why firms must maximize profits as price takers in the limit, suppose 
that they do not. Then this means that there exists y' e Yj such that p* • y' > 0. 
Consider now the consequences of an additional type j firm setting up with 
the production plan y' in the economy Er , starting at the e-MCE {pr , Pr , yr)- 
While this action will have some effect on prices, this effect will be very small 
when r is large since the new prices are given by Fniy^ir , yjr + y'I^) and 
this is approximately equal to Frzi Y-ir . Yu) when r is large. In other words, 
firms have a negligible effect on prices when r is large since prices depend on 
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per capita production, (>'_j>, }- y'lr), and an individual firm has a very 

small influence on this (this argument is only formally correct if y is a regular 
point). 

But since Pr hardly changes and since p, p* as r -► oo, it follows that 
the new firm will make positive profits by setting up with the production plan 
y' in £, when r is large, which is not consistent with (/i,, pr , .w) being an 
€-MCE. This completes the proof. 

It should be emphasized that Theorem 2 does not tell us that a mono¬ 
polistically competitive allocation is (approximately) fully Pareto optimal 
when r is large, but only that it is (approximately) Pareto optimal subject 
to the constraint that a planner can produce at most one new good, i.e., 
open at most one new market. In fact, we will see in the examples of the next 
section that an MCE may be far from optimal in the full sense. 

If we are prepared to make further assumptions, however, we can establish 
the full Pareto optimality of an MCE in the limit r = oo. Consider first how 
we might try to extend the sketch of the proof of Theorem 2 given above 
to the case where several new goods can be produced. Define, for each good 
k' which is not being produced in the limiting allocation (/i, y), pX- to be the 
reservation price for good k'\ i.e., p*. is the smallest price which is such that 
demand for good k' is zero if markets for goods k e M{y) U {k'} are open. 
It is not difficult to show that in the limit firms are maximizing profits at 
these prices. The problem with this approach is that if we now open markets 
for goods and quote prices p*. for goods k in M( y) and p*. for goods k' not in 
M(y), there is no guarantee that markets will clear! The reason is that pX- 
may be a reservation price for k‘ when only goods k in A/( y) u {k'} can be 
purchased, and p*. may be a reservation price for k" when only goods k in 
M( j') u {A:*} can be purchased, but p*. and p*. need not be reservation 
prices when goods k in M(y) U {Ar'} u {k"} can be simultaneously 
purchased. In particular, if k' and k" are strongly complementary, then if 
only one of these goods is available, the willingness of consumers to pay for 
it may be low, i.e., the reservation price will be low, while if both goods are 
simultaneously available, the willingness to pay, and hence the correspond¬ 
ing reservation prices, may be much higher. 

While the above is in general a problem, there are some situations in which 
the problem does not arise. Specifically, there are classes of preferences for 
consumers which have the property that goods are always sufficiently sub¬ 
stitutable that the reservation)prices of the goods taken one at a time are also 
reservation prices for all the goods simultaneously. 

Given a subset 5 of (1, 2. K}, define = {xe | Xk -- 0 if k^S). 

Definition. We will say that a type i consumer satisfies the simultaneous 
reservation price property (SRPP) if given (1) any subset S of {0, 1,..., K] 
containing 0; (2) p* e /?*<*+*’ such that p* is finite for all A: ei5; (3) x e 
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such that p* • x>0, and for all S' 5 u {k'}, where k' 1,..., K, x’ e /?/ 
and U,ix') > U,{x) => p* • x' > p* • .v; then it is the case that 

j:' e and > Ui(x) ^ p* ■ x’ > p* ■ x. (3.3) 

In the above definition, we start off with a subset S of marketed goods, 
prices for these goods, and a feasible consumption bundle x containing only 
these goods. These prices are then extended to cover all possible goods in 
such a way that, if we add one new good at a time, although the consumer 
can now trade in the new good, the price of the good is sufficiently high that 
he does not wish to do so. The simultaneous reservation price property is 
satisfied if we may conclude that the consumer will not wish to trade when all 
goods are available. 

The next theorem gives conditions for an MCE to be approximately 
unconstrained Pareto optimal. It applies only to exact MCEs, i.e., to c-MCEs 
with € -- 0. 


Theorem 3. Let the ^election functions ,..., be given. Suppose that 
(pr, Pr, iVr) ^ ^ Sequence of e-MCEs, with e 0, in the economies , 
r - \, 2,..., and, for each r, define yr as in (2.1). Assume and that 

each limit point y of ( y^) is regular. Assume also that for some rj >0 and r' 
the following is true for k > 0: either Yi-.iyjkr >t) or Zj. iJV&r = 0 for all 
r ^r'. Define Hfe, pr . yr) os in (3.1). Then, if SRPP is Satisfied by type i 
consumers for all i - 1,..., I, limr^,, pr , )v) = 0. 

Proof See Appendix. 

How strong is SRPP? The following proposition provides two conditions 
under which SRPP is satisfied. 


Proposition 4. A type i consumer satisfies SRPP if either one of the 
following conditions holds: 

(1) Ui is defined on an open subset containing /?+'*, and is differentiable, 
quasi-concave, and strictly increasing in every argument: 

(2) U, is quasi-convex, i.e., Ui{x) -- U,ix') t/,(Ax + (1 — A)x') < Viix) 
ifOi^Xs^ 1 . 

Proof. (1) Consider the SRPP definition. Since U,- is quasi-concave and 
differentiable, (3) of the definition implies by the Kuhn-Tucker necessary 
conditions that there exists A >0 such that dUjdxt < Ap* for all keS 
with equality if x* > 0. Since p* • x >0, x ^ 0 and so 


A - max 

k 


&] 
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is independent of k'. Hence, by the Kuhn -Tucker sufficiency conditions, (3.3) 
holds. 

(2) Suppose that (3.3) is violated, i.e., there exists x' £ ‘ * such that 

U,(x') : ■ V,(x) and p* ■ x' ;' />*■ a*. Assume also that pf -/ 0 for all k. For 
each k' i S, let x(k') be the bundle such that x,,(k') - a^. if Ac 8 S, x^(k') - 0 
if kiSu {k') and a*-(A:') {p* • x' — T.kcgptxDIp't- ■ Then a' is a convex 

combination of the a(A:'), k' ijiS, with weights pt-xl-Kp* ■ x' — 'EkeSptx'k)- 
But since p* ■ xik') p* ■ x, we know from (3) of the SRPP definition that 
(Ji{x) -j^Ui{x{k')) for each k'iS. Therefore, since t/, is quasi-convex, 
Ui{x) ^ Uiix'), which is a contradiction. 

A contradiction can be obtained on similar lines for the case where pi ~ 0 
for some k. Q.E.D. 

Putting Theorem 3 and Proposition 4(1) together, we obtain a result which 
was also proved in Hart (1979a); if preferences are representable by a differ¬ 
entiable, quasi-concave utility function, an MCE is approximately Pareto 
optimal when r is large. 

We have indicated previously that what SRPP rules out is the case where 
goods k -- 1 ,..., K are strongly complementary, i.e., consuming two or more 
simultaneously is worth much more than consuming any one by itself. We 
see from Proposition 4 that this sort of complementarity differs substantially 
from the usual notion of complementarity. For complementarity in the usual 
sense that compensated cross elasticities of demand are negative is certainly 
not ruled out by differentiable, quasi-concave utility functions. Yet comple¬ 
mentarity in the sense of this paper is ruled out under these conditions. 

The inefficiencies that arise when the SRPP condition fails can be traced 
to a lack of coordination of production decisions provided by the market 
system. If several highly complementary goods are not being produced, then, 
while it may be socially desirable for these new goods to be produced simul¬ 
taneously, it may not be in the interest of any single firm to produce one (or 
some) of these goods alone, since the price that one new good will fetch on 
the market in the absence of the other goods may be very low.** It is important 
to note that this coordination failure is not caused by the existence of mono¬ 
poly power or by a divergence between private and social benefits. In fact, 
the private and social benefits from product innovation are (approximately) 
equal when r is large. (This follows from the fact that, as shown in the Appen¬ 
dix, a firm can market new goods at their reservation prices. This implies 
that there is no consumer surplus and hence that consumer surplus plus 
producer surplus equals profit.) To put it another way, the problem of coordi- 


* A similar phenomenon has been noted by Spence (1976) in the case where firms are 
imperfectly competitive. 
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nating the production of new goods must be faced in a planned economy as 
well as in a market economy. 

Since there is no divergence between private and social benefits, we might 
expect the coordination problem not to arise if it is technologically feasible 
for a single firm to produce all the new goods by itself on the same terms as 
all firms taken together. 

Theorem 5. Let e ^ 0 and the selection functions be given. 

Suppose {pr > Pr > "^r)« o Sequence of e-MCEs in the economies = 1,2,..., 

and, for each r, define as in (2.1). Assume (A.1)-(A.7) and that each limit 
point y of ( y^) is regular. Assume also that for some t) >0 and r' the following 
is true for k>Q: either Xj_i yikr > V or X,-. i yjkr = 0 for all r ^ r'. Then the 
following is a sufficient condition that lim,_ci. Hr{e, Pr, >’r) = 0; 

Yj — Y is independent of j and \ YCY. (3.4) 

Proof See Appendix. 

A similar result to Theorem 5 may be found also in Makowski (1980). 
It should be noted that, in order to get full optimality, it is not sufficient to 
assume that each firm can produce every good—we require the stronger 
assumption that each firm can produce these goods on the same terms as the 
aggregate economy. An example in Section 4 will illustrate the importance 
of this latter assumption. 

Wc conclude this section with a number of remarks. 

(A) The failure of the market mechanism to generate an optimal allocation 
of resources in the absence of SRPP can be traced to the existence of pecuniary 
externalities. Pecuniary externalities arise when the profits of one firm depend 
on the actions of another firm even though perfectly competitive conditions 
prevail and there are no direct interdependencies through the production 
sets (see Scitovsky, 1954). We have seen that, if SRPP is violated, then the 
profits that a firm gets from marketing a new product will depend on whether 
other firms are marketing products which are complementary to this new 
product. Hence there are indeed pecuniary externalities according to the above 
definition. Note that, in our model, pecuniary externalities only arise with 
respect to the production of new commodities, i.e., the opening of new 
markets. This is consistent with the interpretation of pecuniary externalities 
given by Heller and Starrett (1976). Heller and Starrett, however, trace the 
existence of pecuniary externalities to firms’ incorrect expectations about the 
prices that new products will fetch on the market. In contrast, in our model, 
pecuniary externalities, and the market failure that they cause, can occur even 
if all firms have correct expectations,i.e.,even if they know the function F,( >>).• 

’ The coordination problems arising in the absence of SRPP bear a resemblance also 
to those stressed in the economic development literature by Rosenstein-Rodan (1943) 
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(B) ft is important to note that the sufficient condition for SRPP given in 
Proposition 4(1)—that consumers’ utility functions be convex and differen¬ 
tiable—is a condition on individual preferences. In particular, replicating 
the economy does not convexify preferences in such a way that SRPP will 
hold approximately in a large economy (even if preferences are differentiable). 
In fact, the size of the economy has no effect at all on whether a vector of 
prices, each of which is a reservation price for a particular nonproduced 
good by itself, will serve as reservation prices for all nonproduced goods 
taken together. 

The fact that convex, differentiable preferences prevent coordination failures 
has been noted also in other contexts. See Marshak and Radner (1972) for 
examples in the theory of teams and Grossman (1977) for a discussion of 
planning when there are many planners. 

(C) We have noted that, in the absence of SRPP, the profit which firms can 
make from simultaneously producing new products may outweigh the sum 
of the profits to each firm from producing a new product by itself. One 
way around this problem is for an entrepreneur to take over or merge a 
number of firms of different types and coordinate the production of new 
products. If such mergers are costless, then any production plan which can 
be written as Y.”ii Jjv becomes feasible. Letting Y denote the set of all 
such plans, we see that 7 4 7 C 7 and hence Theorem 5 tells us that, under 
these conditions, the inefficiencies due to coordination failures disappear. 

The assumption that mergers can occur costlessly is, however, strong. 
First, finding out which firms to merge and which combinations of new 
products to produce will in general require the use of resources. Second, a 
merged company may be less efficient than a collection of firms operating 
independently. For example, suppose that ski services and hotel services 
are complementary goods. Some entrepreneurs may be very good at providing 
the former, and other entrepreneurs may be very good at providing the latter, 
but nobody may be very good at providing both services. An entrepreneur 
who attempts to coordinate production of these two services may find that 
he faces a production set which is considerably less efficient than the sum of the 
individual production sets. Finally, note that, if mergers are easy, they may 
take place not to coordinate the production of new commodities but with 
the purpose of restricting competition and exploiting monopoly power. In 
this case, of course, the competitive model studied in this paper loses much 
of its plausibility. 

This is not to deny, of course, that mergers can be important in over¬ 
coming coordination problems. In fact, it may be possible empirically to 


and others. The latter are not traced specifically to the production of new products, how¬ 
ever, and would seem to have more to do with imperfectly competitive conditions in the 
production of existing products. 
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ixplain some mergers as attempts to internalize pecuniary externalities. See 
S4akowski (1980) on this point. 

(D) It should be emphasized that the assumption that there is free entry 
)f firms, subject to the payment of a setup cost, is not crucial to our analysis, 
n particular, it is not this assumption which is responsible for the realization 
>f competitive conditions when r is large, and hence for making Theorems 2, 
1, and 5 work. As we have argued in a previous paper (Hart, 1979a), perfect 
:ompetition is achieved when individual agents are small relative to the 
iggregate economy; this is true even if an agent is the sole supplier of a 
jarticular good. Of course, an agent with unique characteristics will generally 
:arn supernormal profits or rents, but this does not change the fact that the 
igent will face a flat demand curve. Hence there will be no divergence between 
narginal revenue and price. The role of free entry is simply to bid away 
hese rents. In other words, free entry reduces the height of the demand 
;urve but it does not make it any flatter. 

While it is therefore possible to generalize Theorems 2, 3, and 5 to the 
:ase where there is not free entry along the lines of Hart [1979a], it should 
je noted that an extra assumption is now required. This is that firms’ produc- 
ion sets are bounded. This assumption is impiortant in showing that operating 
irms are maximizing profits at the prices p in the limit economy. For if an 
jperating firm’s production plan, >v > grows in such a way that jv/r is bounded 
iway from zero, then by ceasing to operate this firm will have an effect on 
)er capita supplies and hence on prices even in the limit r - oo, and so 
:ompetitive conditions may not prevail. 

While this can also happen in the free entry case, it does not matter here, 
"or, in this case, in order to show that operating firms are maximizing profit 
It prices p, it is enough to show that no new firm can make a profit from 
mtering at a fixed scale. Since when r is large, such a firm will have a negligible 
iffect on prices, competitive conditions do prevail in the appropriate sense 
wen when production sets are unbounded. (So, in particular. Theorems 2, 3, 
md 5 apply when there are increasing returns to scale.)*" 

(E) Theorem 1 establishes the existence of an c-MCE when r is large for 
he case € > 0. As we have noted, proving the existence of an c-MCE for 
: = 0 is considerably more difficult and requires stronger assumptions—see 
Movshek and Sonnenschein (1978). Among other things, it is necessary to 
issume for exact existence that demand curves are downward sloping in the 
leighborhood of a competitive equilibrium in the limit economy. While the 
ipproximate equilibrium approach studied here therefore yields some 
limplifications—in the sense that weaker assumptions are needed—the 


1 am grateful to William Novshek and Hugo Sonnenschein for helpful discussions 
)n the relationship between free entry and perfect competition. 


•42'22, 2-12 
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approach should be treated with caution. In particular, why are consumers 
prepared to put up with a utility level which is e away from the maximal 
level? It may be possible to justify this assumption by appealing to trans¬ 
action costs or information costs. In the absence of a rigorous justification 
along these or other lines, however, the approximate equilibrium approach 
is somewhat ad hoc in comparison with the exact approach. (Note that while 
the use of approximate equilibria is important for our existence result. 
Theorem 1, it is not important for our optimality results, Theorems 2, 3, 
and 5. The latter apply also to exact MCEs.) 

One assumption which we require to prove the existence of even an approxi¬ 
mate MCE is that production sets are bounded. If there are everywhere 
increasing returns to scale, our proof of Theorem 1 fails. It may, however, 
be possible to prove existence even in the increasing returns case if stronger 
assumptions are made on the demand side. For the problem that arises in 
in the usual competitive situation when there are increasing returns to scale 
— that firms will expand indefinitely— does not apply here. This is because, 
since firms are not price takers but tace demand curves with finite elasticity, 
such expansion will not generally be profitable. We hope to analyze the 
question ot existence ol monopolistically competitive equilibrium under 
increasing returns to scale in future work. 


4. Some Examples 


We now present some examples which illustrate how Theorem 3 can break 
down if SRPP does not hold. 

Suppose that K 2 and that there is only one type of consumer, whose 
preferences are represented by the utility function 


Let J = 2 and assume that -- {(—1, 1, 0)} u {0}, = {(—I, 0, 1)) u {01, 

and that the aggregate per capita endowment of the unreplicated economy -= 
Wq 3. Consider the following allocation in Er\ no firms set up, Pn = U 
Pj Pg 00 , A'o - 3 for each consumer. It is easy to see that this is an 
exact MCE for each r. The reason is that if a type 1 or type 2 firm starts 
to produce good 1 or good 2, it will make losses since 


cU 

'dx. 


a-j-O 


dv 

i^Xz 




= 0 . 


However, the allocation is Pareto dominated by one in which Xq = == Xj = 

1 and r firms of each type set up in the economy Er • 


i 
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Clearly SRPP is violated here since pi =- 0 is a reservation price given the 
bundle (>v, 0, 0) when only goods 0 and 1 can be traded, pj ^ 0 is a reserva¬ 
tion price when only goods 0 and 2 can be traded, but ----- p.^ = 0 is not a 
reservation price vector when all goods can be traded. Preferences are convex 
in this example. The reason that Proposition 3(1) does not apply is because V 
is not differentiable when = X 2 = 0. (This example corresponds to the 
case of nuts and bolts considered in the Introduction.) 

While it is clear from the above that difficulties can arise even with convex 
preferences, it might be argued that problems are likely to be rare in this 
case, since convex preferences are almost everywhere smooth.'^ We turn now 
to a case where preferences are nonconvex. We will call this the shopping 
center example.^* 

Consider a region which is served by a single shopping center. The shopping 
center is assumed to be of unlimited size so that there is no limit to the 
number of shops which can set up in it. Consumers are located in various 
parts of the region and must pay a transportation cost to visit the shopping 
center. We will assume that this transportation cost—which may be regarded 
as the opportunity cost of the consumers’ time—depends on the time of the 
day when the trip to the shopping center is made. Shops, as well as deciding 
what goods to sell, must also decide at what times to be open. 

It will be assumed that there are n “basic” commodities which can be 
provided by shops and that the day is split up into a finite number of sub- 
periods, T. Since two commodities which are available at different times of 
the day are different goods, the total number of possible goods available in 
the shopping center is Tn. To this we add the good leisure, which consumers 
arc endowed with and which corresponds to the nonproduced good of the 
model of Sections 2 and 3. Thus ! 1 - Tn \- \. 

Let us order the goods so that good 0 is leisure, goods 1.n arc the n 

basic commodities available in subperiod t ~ 1 , goods n - j 1 ,..., 2n are the n 
basic commodities available in subperiod / - 2, etc. Also let e(t, j)e 
be the vector whose zeroth coordinate is — 1, whose ((/ — !)« ■ /)th coordi¬ 
nate is I 1 and whose other coordinates are zero. We will assume that J - n 

and that Yj -- {e(l,./), e(2,y),..., e{TJ)} U {0]J = 1. n. In other words, a 

type / firm, if it sets up, uses one unit of leisure (i.e., labor) to produce one 
unit of commodity j, and this unit can then be sold in any one subperiod of 


" To be more preci.se, Mas-Coleli (1977) has shown that if preferences arc convex, 
almost all consumption bundles have a unique supporting price vector. 

In the following example, not only arc preferences nonconvex, but they arc also 
discontinuous, and hence nondifferentiabic, at some points. It is the nonconvexity of 
preferences, however, which is responsible for the breakdown of Theorem 3. Note that 
examples in which preferences are nonconvex but differentiable, and where Theorem 3 
breaks down, can easily be constructed. 
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the day. We assume, however, that it is impossible for a particular shop to be 
open in more than one subperiod or to produce more than one unit. 

To simplify matters, we will assume that there is only one type of consumer. 
The consumer’s preferences are represented by the utility function 

C/U) - - K(a„ — t(x), (Xi + x„^.i -I J£- 2 „+, I + X(r_i)„n),..., 

(x„ i + ■■■ + X-Tn)), ( 4 . 1 ) 

where V is some function mapping into R, 

t(x) - Z ( i (4-2) 

and 8( i ) ^ 1 if v ; - 0, 8( .v) - 0 if>^ 0. 

The idea behind is that consumers are interested only in aggregate consump¬ 
tion of each basic commodity and are indifferent about when the commodity 
is purchased except in so far as transportation costs are affected by this. 
Transportation costs are paid by consumers themselves out of leisure time. 
Jt is assumed that a visit to the shopping center during subperiod t uses up 
b, 0 units of leisure, t - 1,..., T, but that, once the consumer is at the 
shopping center, the cost of shopping is zero. 

The consumption set of consumers is given by 

= ^^0}. (4.3) 

In contrast to the model of Sections 2 and 'i, X ^ In fact, since t is 
nonconvex, X is not convex. However, this difference between the models is 
not important; in particular, Theorem 2 can easily be generalized to the 
shopping center example. 

What is important from our point of view is that the nonconvexity of t 
makes preferences nonconvex. That is, even if 1^ is a quasi-concave (or 
concave) function, U will not be; in particular, if -- , consumers will be 

indifferent between purchasing one unit of commodity k in subperiod 1 or 
one unit of commodity k in subperiod 2, but will prefer either of these 
possibilities to purchasing half a unit in each subperiod. 

Not only are preferences nonconvex, but also SRPP is in general violated.^ 
Suppose, for example, that n = 2 and that 

V(Xo , Xi , Ass) =- -f- AfJ'® + (4.4) 

Note that Proposition 4(2) will not generally apply here since utilities may not be 
quasiconvex over consumption within subperiod /, once the transportation cost b, has 
been incurred. 
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Consider an initial situation in which the consumer consumes)Only good 0. 
What is the consumer’s willingness to pay for commodity 1 in some sub¬ 
period t ? Since such a purchase involves a transportation cost of bt , it is clear 
that the consumer must receive at least (ft*)* units of commodity 1 to make the 
transaction worthwhile. Since V is concave, it follows that the reservation 
price of commodity 1 in subperiod /—where we normalize so that the price of 
good 0 is 1 - is just 

* dV I dV 

Pi - . evaluated at some a', {b,f, (4.5) 

cofj / r.\() 

where 

—bt — ptxt I- -yJ'* = 0. (4.6) 

At this price the consumer is just indifferent between purchasing commodity 1 
and not purchasing it. (We are assuming that the consumer’s endowment of 
leisure is large.) 

It is easy to see that (4.5), (4.6) are satisfied by 

Xi-^ibif, pi*=-l/46f. 

By symmetry, the reservation price of commodity 2 in subperiod /, p^, is also 
1/46,. 

However, if both commodities I and 2 are made available in subperiod /, 
( p^, p^) arc not reservation prices. For if the consumer sets 

Xi ---= Xa = 2{b,)\ 

then 

-bt- ptx, - ptx^ + xV^ + .xf^ > 0, (4.7) 

and so the consumer is better off purchasing commodities 1 and 2 than not 
soing so. Hence SRPP is violated. 

In fact it is easy to construct cases where Theorem 3 is violated in this 
example. Choose any subperiod t and consider the economy which is the 
same as the above except that the set of potential goods consists only of good 0 
and commodities I and 2 available in subperiod t. Replicate this economy 
and consider a sequence of e-MCE allocations in which both commodities 1 
and 2 are produced. TTien if 6,- > J for all /' t, these allocations are also 
€-MCE allocations for the economy in which the set of potential goods 
consists of good 0 and commodities ! and 2 available in all subperiods. For 
consider the consequences of a shop setting up and supplying one unit of 
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commodity 1 or 2 in subperiod t'. The revenue it obtains from this cannot 
possibly exceed pf (=- pj). But if bf ,> ], 

Pt - Pi =- < 1 , 

and so the shop does not cover its setup cost. 

However, if A,' < h, for some t\ then this sequence of e-MCEs is far from 
being Pareto optimal since a Pareto improvement could be achieved by 
getting every shop which is supplying some commodity in subperiod t to 
supply the same commodity in subperiod In other words, there is a market 
equilibrium in which all firms are op»en at the same socially inefficient hours! 
(There is. however, also another market equilibrium in which all firms are 
open at the right hours.) The reason that the economy can get stuck with 
firms being open at the wrong times is that, because of transportation costs, 
the gain (both private and social) from a single shop switching from sub¬ 
period r to /' is small, while the gain from all shops simultaneously switching 
is large.” 

It is easy to generalize this example in a number of directions. For example, 
if we drop the assumption that it is prohibitively expensive for shops to open 
for more than one subperiod, and if we introduce several types of consumers, 
then we can construct cases where it is socially desirable for each shop to 
open during two subperiods, say 9 am-5 pm and 7 pm~9 pm, but where there 
are monopolistically competitive equilibria in which shops open only from 
9 am-5 pm. One can also easily generate cases in which there is an inefficient 
monopolistically competitive equilibrium, in which no shops open at all, i.e., 
only good 0 is consumed, again because the gain to any single shop from 
opening in some subperiod is far less than the gain from all shops opening in 
this subperiod (for a case of this type, see the example below). 

It might be thought that the above inefficiencies would disappear if we 
permitted shops to produce several different commodities simultaneously. 
The following argument shows that this is not necessarily the case. 

Assume that J --- n ---- 2, and let the technologies of the two types of shops 
now be such that, at a cost of one unit of good 0, a type 1 shop can produce 
the combination (1, C) of commodities I and 2, and a type 2 shop can 
produce the combination (C, 1), where 0 < C < 1. The assumption that 
C < 1 means that shop 1 (resp. shop 2) has a comparative advantage in 
commodity 1 (resp. commodity 2). Assume also that V{xi , Xj) is as in (4.4). 

Consider an initial situation in which no shops operate at all and so only 

** Note that the shopping center example can be reinterpreted as a location example. 
Instead of thinking of goods j, n +j, 2n + J,... as being the same commodity available 
at different times of the day, we can think of them as being the same commodity available 
at different locations. The transportation cost is then the cost of traveling to a particular 
location. 
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good 0 is consumed. Suppose that a shop sets up and produces the combina¬ 
tion (yi, j/j) in some subperiod t. Then an upper limit to the amount of 
revenue which the shop can obtain is given by the aggregate willingness 
of consumers to pay for the bundle {yi, y^). To evaluate the latter, assume 
that the (>>), ^ 2 ) is divided equally among A consumers (we allow A to take 
nonintegral values). Then, the maximum amount which can be extracted 
from each consumer is given by W where 



/>’2\ 

1 A ) ' 

1 A ) 


1/2 

The aggregate amount extracted is therefore 

XW - -AA,-i A^'V^' i 
which is maximized when 
d 


dX 


(XW)=^-b^ \ i 


Substituting (4.10) into (4.9), we obtain 

(yi'- H- 


R 


4bt 


as an upper limit to the shop’s revenue. 

We see that the shop makes a profit only if 


(4.8) 


(4.9) 


(4.10) 


(4.11) 



I- yl'y 

4Ae 


1 . 


Hence no type 1 shop will set up unless 


(1 4- cV2)2 > 4bt , 


and if h, > I, we can always choose C small enough and positive so that 
this is not the case. The same argument applies of course to type 2 shops. 

Thus even though both types of shops can produce both commodities, 
neither will find it profitable to enter even when r is large. Furthermore, this is 
in spite of the fact that it is socially desirable for both types of shops to set up; 
this can be seen from the fact that total consumer willingness to pay for one 
unit each of commodities 1 and 2 in subperiod t is given by 


R = 


/■ !/•> I I ''2\2 

(K + yi ) 

4b, 


(1 -r 1)'“^ 

4^ 


Mb,, 


which/ exceeds 2, the cost of setting up one shop of each type, as long as 

b, < h 
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In Other words, allowing firms (shops) to market several goods does not by 
itself remove the possibility that the economy will get stuck in a situation 
where the wrong goods are being produced. In the above example, a profit 
could be made by a firm which produced one unit each of commodities 1 and 2 
at cost less than or equal to 2. However, by assumption, there is no firm 
capable of doing this. Type 1 firms are able to produce only the combination 
(1, C) at cost 1, and type 2 firms only the combination (C, 1) at cost 1, where 
C < 1. If the firms could combine their activities, they could produce 
(1 -j- C, 1 ~|- C) at cost 2 and so would make a profit (see Theorem 5 and 
Remark (C) in Section 3). But, acting by themselves, they cannot. We see 
then that coordination problems arise even if firms can produce several 
goods simultaneously as long as they cannot produce them in the “right” 
proportions. 


5. Conclusions 

In this paper we have considered whether a competitive economy will 
provide a Pareto optimal allocation of goods when firms must choose not 
only what quantities of goods to produce, but also the qualities of these 
goods. We have shown that in general the answer to this question is no. The 
reason is that if the products of different firms are strongly complementary 
(although not in the usual sense), then the private (and social) gain from 
several firms simultaneously producing new products may far outweigh the 
sum of the gains to each firm from producing a new product by itself. The 
market mechanism, however, provides no obvious way for different firms’ 
production choices to be coordinated. Thus, the economy may get stuck in a 
situation where the wrong (from the Pareto point of view) set of goods is 
being produced, but each agent is acting optimally given the actions of other 
agents. 

One case where this problem does not arise is when consumers’ preferences 
satisfy what we have called the simultaneous reservation price property. 
Under these conditions firms’ products are sufficiently substitutable that 
uncoordinated optimizing behavior by individual agents will ensure that the 
market equilibrium is approximately Pareto optimal in a large economy. A 
sufficient condition for the simultaneous reservation price property to hold is 
that consumers’ preferences are convex and can be represented by a differen¬ 
tiable utility function. (Note that the convexity condition must hold at the 
individual level—the existence of large numbers of agents does not convexify 
in the appropriate sense.) A second case where the coordination problem 
does not arise is if each firm has access to the production set of the whole 
economy. This case can occur even if the primitive production sets of indivi¬ 
dual firms differ, as long as it is possible for firms to merge costlessly 
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SO as to take advantage of the sum of their individual production 
possibilities. 

It may be useful to contrast our results with the “first” theorem of welfare 
economics. This theorem says that in economies with complete markets 
(i.e., markets for all conceivable commodities), competitive equilibria are 
Pareto optimal whatever properties preferences have (transaction costs of the 
type considered in our example of Section 4 cause no problems for this 
result; see Foley, 1970, or Kurz, 1974). In the model of this paper, however, 
the properties of consumer preferences play a crucial role. The reason for the 
difference is that complete market economies provide a much richer set of 
signals to agents than incomplete market economies. 

Consider again the example of the nuts and bolts manufacturers given in 
the Introduction. We argued that it might be unprofitable for either manu¬ 
facturer to set up by himself, but profitable for both to set up together. Hence, 
without coordination, a profitable opportunity may be missed. (Furthermore, 
this coordination problem can arise even if there is a firm which can manu¬ 
facture both nuts and bolts; see Section 4.) In a complete market model, this 
cannot happen. For if it is unprofitable for the bolt manufacturer to set up, 
it must be because the price of bolts is low and, if it is unprofitable for the 
nut manufacturer to set up, it must be because the price of nuts is low. But 
this means that consumers will be able to buy the combination of nuts and 
bolts at a low price and hence will register large demands for these goods 
on the two markets. In other words, in a complete market economy 
consumers can signal their demands for combinations of products which 
are not being produced, while in an incomplete market model they 
cannot. 

Finally, let us compare our results with those of Dreze and Hagen (1978). 
Dreze and Hagen also argue that the benefits from several firms simulta¬ 
neously producing new products may exceed the sum of the benefits from 
any one firm going it alone, and that, as a result, the market equilibrium may 
be suboptimal. However, they trace this phenomenon to the fact that if, as 
they assume, each firm can produce only one good at a time, then the set of 
feasible allocations of the economy is nonconvex; this in turn implies that 
the first-order conditions for Pareto optimality are necessary but not sufficient. 
In our model, however, the nonconvexity emphasized by Dreze and Hagen is 
unimportant. In particular, as we replicate the economy to obtain competitive 
conditions, the nonconvexity in the set of feasible allocations disappears 
(see the Appendix and also Hart (1979a)). In fact, as we have emphasized, 
in our model any deviations between the benefits from several firms simul¬ 
taneously producing new products and from one firm going it alone are 
caused by the nonsatisfaction of the simultaneous reservation price property 
—which is a condition on preferences—rather than by nonconvexities in the 
feasible set. 
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Appendix 

In this Appendix, we establish Theorems 1, 2, 3, and 5. We begin by 
defining the limit economy to which the economies Ef converge. 

Recall that is the smallest closed convex cone with vertex at the origin 
which contains Yj. Then the limit economy E,, is defined as follows: it 
contains / types of consumers, where each type i consumer has utility function 
Ui , consumption set and endowment W/ as in Section 2; and there are 
./ “industries” where industry j has a production set given by '9'j. 

An allocation in is an array (^, >>) (/*!/x,, . yj), where /x/ is 

a probability measure defined on the Bore! subsets of and y e 

As in Section 2, /x,(B) denotes the fraction of type / consumers whose con¬ 
sumption bundles lie in B for each Borel subset B of /?+'*. The allocation is 

feasible if ^ 

Vj el , for each/; (1) 

f -V i//x, X Yj ~ H > - 0. (2) 

(1 ' j’l »• i 

The difference between E^ and E, then is that in Ej^ we ignore the problems 
which arise from there having to be an integral number of firms (we replace 
Y; by Fj) and from there having to be an integral number of consumers 
(we drop (2.8)). 

It is easy to check that every feasible allocation in is also a feasible 
allocation in E^.. One important effect of replacing Yj by fj and of allowing 
ji, to be an arbitrary measure is to convexify the economy. In particular, it 
may easily be checked that the set of feasible allocations in £» is convex. 

We now define an approximate competitive equilibrium in £* under the 
assumption that industries are price takers and that markets are open, i.e., 
finite prices are quoted, for all goods. 

Definition. An €-competitive equilibrium in E, , e > 0, is an array 
(/X, p, j), where /x - (/x^,..., p.,), y =--{ j-j yj), such that 


(/X, j ) is a feasible allocation in E.^ ; 

(3) 

p e 

(4) 

j 

p ■ Xi - V. p ■ If, + Y ^iiP ’ yj and 



Ufx) ' > Ufxi) + e -- p • X ■> p ■ ir. + Y. ^iiP • Yj 

3=1 

for all x, eSuppjU( (i = 1,...,/); (5) 


P-yi>P’ .v^ 


for all yjefj (/--= 1,..., J). 


( 6 ) 
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Note that, since ?j is a cone, (6) implies that p • yj -=r o for all j. It is easy 
to establish 

Result I. Assume (A.1)-(A.7). Then an e-competitive equilibrium exists 
in £, for all € > 0. 

Proof. Since is a convex economy, standard techniques establish the 
existence of an exact competitive equilibrium in E ,,. An exact equilibrium is 
also an 6-equilibrium, however, for e > 0. Q.E.D. 

We will say that {p, y) is an €-competitive equilibrium allocation in E,^ if, 
for some /?, (p., p, y) is an e-competitive equilibrium. 

We now turn to the definition of Pareto optimality in £«,. We will restrict 
attention to allocations with the approximate equal treatment property, i.e., 

' Ufx) - < c for all .v, .v' e Supp (/ ^ !). 

Definimon. Consider a feasible allocation (/x, y) in £%, satisfying the 
approximate equal treatment property. We say that the allocation (/x', y') 
e-Pareto dominates (p, y) if > UXx) + e for all x' e Supp pi, x e Supp 
p, and all / 1,..., /. We say that (p, y) is c-Pareto optimal if there is no 

feasible allocation which e-Pareto dominates it. 

The next proposition follows from standard arguments. 

Resui.t 2. Let {p, y) be an ^-competitive equilibrium allocation in £» • 
Then {p, y) is c-Pareto optimal in £„ • 

So far wc have assumed that all markets are open in £*, even markets 
for goods which are not produced in a competitive equilibrium. We now 
develop a notion of competitive equilibrium which is relevant when some 
markets are closed. 

Recall that, given the production allocation y - (yi ,-.,yy), A/(y) =-• 

I A- O' 1 .Vj/,- 0} u {0] is the set of goods which are produced, plus 

good 0. Also if 5 is a subset of {0.£}, -- {x e /?*■' * j .x*. • 0 if A ^ S]. 

Defini 1 ION. The feasible allocation (p, y) in £*, is said to be an c-restricted 
competitive equilibrium allocation relative to SO M{ y) (c-RCEA relative to S) 
if there exists p e R*^ such that (p, p, y) is an e-competitive equilibrium for 
the economy in which consumer I’s consumption set is Rf and each is 
replaced by ^ - V'j n R^. 

In other words, in a restricted competitive equilibrium, prices are quoted 
only for a subset of goods and both producers and consumers can supply 
and demand only these goods (another way of looking at this is that con¬ 
sumers face infinite prices for nonmarketed goods and producers face zero 



306 


OLIVER D. HART 


prices for such goods-by the free disposal assumption, producers will 
never wish to set y,, , > 0 if A: ^ S). 

Note that we assume that prices are always quoted for good 0 and for all 
produced goods. Note also that a full e-competitive equilibrium is just an 
€-RCEA relative to S {0,..., K\. 

We can also generalize the notion of Pareto optimality to cases where not 
all markets are open. 

Definition. The feasible allocation (/u., y) in , satisfying the approxi¬ 
mate equal treatment property, is said to be an e-restricted Pareto optimum 
relative to SD M{y) (c-RPO relative to S) if there is no feasible allocation 
satisfying —0 for aJJ which e-Pareto dominates 

(p, y)- 

In other words, an allocation is e-RPO relative to S if a central planner 
who can allocate only goods in S cannot achieve a Pareto improvement. 

The following is an obvious generalization of Result 2. 

Result 3. Let {jj., y) be an e-RCEA relative toSZi M{y). Then {fi, v) ix 
an e-RPO relative to S. 

We return now to a consideration of the finite economies . The following 
lemma will be useful in the proof of Theorem 1. 

Lemma 1 . Suppose that {p., p, j) is an exact competitive ecpiilibrium in L’,. . 
Let (>'r) tt sequence of points converging to y, such that y^ e Yr for each r. 
Then, given e > 0, we can find r' such that for all r r', there exists an 
^-exchange equilibrium {pr > Pr ■> J'r )the economy E ^, with p^ ^ p. 

Proof By the definition of a competitive equilibrium in £■* , each compo¬ 
nent of p is finite. In addition, p* > 0 for all k by (A.5) and (A.6). For each r 
sufficienly large, choose an array {xur)i^i ./.j-i.r of nonnegative consump¬ 

tion bundles for the r type i consumers satisfying 

; I -v-fr - I PiT - I wv == 0, (7) 

' i,t j i 

and such that, for each /, the distance between Supp p, and the set 
t = 1 ,..., r} tends to zero as r tends to infinity. 

Although the x^r satisfy feasibility, they will not generally satisfy the 
budget constraints 

P • Xitr < p ■ + X ■ Pir • 


(8) 
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Note, however, that (7) implies that 

X P ■ - r\Y,P‘ w, -i X X ^i>P ■ .'v|- 

i.t '■ i t ! J 

Therefore we may define new bundles 

^',lr - ^ X,ir -I Tur , (9) 

where the e 7?*^'' are chosen so that (a) for each /, t either e or 
Tnr f - (b) Z-./ T.ir - 0 and (c) 

P ■ -r.ir =- P ■ «•, + X ^iiP ' - P • -V,,, . (10) 

J 

(To construct such T,,r, take goods away from those for whom (8) is violated 
and give these goods to those for whom (8) holds with strict inequality.) 

Let pr be the measure corresponding to the bundles (.v-,,.). We claim that, 
for large r, (^ir , Pr, yr) is an c-exchange equilibrium in Er. The only condi¬ 
tion that remains to be established is (2.7). Suppose (2.7) is violated for large 
r. Then we can find sequences (jf«,), (Xf„) such that 

Uiixitr) Ui(x'i,r) + e and p • xj,, p • ir, -! X ^uP ’ Xjr • (i D 

j 

Since the components of p are strictly positive, (II) implies that the 
sequence (.xj^,.) is bounded. Assume without loss of generality (w.l.o.g.) that 
lim^. oc, A'ijr x"i. Note also that, since yjr-*-y} and since each limit point of 
the (x„r) lies in Supp /x,, (10) implies that lim,.^^ Z’’ = 0. Hence since 

each Tiir has either all nonnegative components or all nonpositive components, 
it follows that lim,_<„ T,<f — 0, and so the (x-,,) are also bounded and each 
limit point of (x.'t,) lies in Supp /x,. Assume w.l.o.g. that lim,._„c x,-,, : x*. 
Then (11) implies that 

f/,(x') > VXx'i) and /; • .v* < /? • ir, f X ^nP ' yi » (*2) 

i 

which contradicts the fact that (/x, p, y) is an exact competitive equilibrium 
in £, . Q.E.D. 

Corollary. Suppose that (/x, p, >') is an exact competitive equilibrium in 
E, . Then, given c > 0, we can find 8 > 0 and r' such that, for all r r': if 
y 't Y,. satisfies 1| y' — y |l < 8, there exists an e-exchange equilibrium (/x', p, y') 
in Er. 

Proof If not, we can find a sequence (8,) tending to zero and a sequence 
( V,'.,(,) satisfying || — y !l < 8, and lim, r(t) -- oc for which there is no 
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e-cxchange equilibrium . p, j'u,) in . Since y'r^t) }', this contradicts 
Lemma 1. Q.E.D. 

Theorem J, For a statement of Theorem see Section 3. 

Proof. Let (/i, p, >’) be an exact competitive equilibrium in £, . Let 8 0 

and r' be defined to satisfy the above Corollary. Choose the selection function 
Fr so that, whenever r , -r\ y' e Yr, and — y\\ 8. F,( y') - some 

, p'r) with pI p. Let Fr be arbitrary elsewhere. 

By Caratheodory’s theorem (see Rockafeller, 1970), and the assumption 
that the Yj are bounded, we may, for each j, write Vj Y,f=i ' where 
V,, t Yj for each t — I,..., K \ 2 and the ■x-,, are nonnegative. Choose se¬ 
quences of integers (n]^) such that 

hrn (hJ,//-) - -Y;, for all ./, r. (13) 

Let '&f represent the array of production plans where n]i firms i)f type / 

produce .v„ for all./, t. For large r, .e, ^ (Z/.Z/ K/.O/ '')) satisfies 

I — V •' 8. Therefore, by the Corollary, we can find an e-cxchange 
equilibrium'(/i, , /j, >’,) in . We claim that, for large r, (/i,., />, r) is an 
e-MCE. We have already established (2.12) and (2.13). Condition (2.16) 
follows from (6) and the fact that, since Fj is a cone, p • 0. Conditions 

(2.14) and (2.15) follow from the facts that (a) (6) holds; (b) since the are 
bounded, a change in one firm's production plan will, when r is large, have a 
very small effect on y ,.. and hence will keep i' y^ - - y II • 8 and will not 
not affect prices. Q.E.D. 

Theorem 2. For a statement of Theorem 2, see Section 3. 

Proof. Assume w.l.o.g. that />,. some p f Since 'Z.j y'lkr either 

zero or bounded away from zero for large r, must be finite if Yik 0- 
For if not, good O’s price in terms of some other good - *■ 0 as r ->■ x, and 
hence per capita demand for good 0-> oo. In addition, (A.6) implies that 
Pj. > 0 for all k - I,..., K. 

Furthermore, (2.9) and (A.7) imply that (>’,.) is bounded. It follows, in 
view of the budget constraints (2.6), that we can find a compact set B such 
that p-iAB) 1 for all /, r. Hence we may assume w.l.o.g. that (/x^, >,.) 

(/i, >0- Since {pr > 3^i-) satisfies (1) and (2), and since Fj is closed, it follows 
that (/X, is a feasible allocation in £* . 

Let k' be any good 1,..., K which is not in M{y) and let S — M{y){k']. 
We will prove that (/x, ,v) is a restricted c-competitive equilibrium relative to S. 
Theorem 2 will then follow immediately. 

In order to do this, we must find prices p* e R*^ which sustain (/x, j). The 
vector p will not in general do since p^' will be infinite. We therefore define 
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P% ~ Pk if ^ £ M(y), but choose p% as follows. Given , let p be the vector 
whose A:th component is Pk\^ k g M{y) and p*- if A' -- A'. Define 

pX' - inf I £ y?* I for all ; and .v^ t Supp ju,,, .v' g /?+■* and 

UAx') . ' it ■ p- X p ■ II',■ i ^ B,jP -rj. (14) 

J ^ 

In other words, p*. is the smallest nonnegativc price for good A' such that 
consumers who are able to trade in all goods in S actually end up choosing 
to consume only goods in M(y): i.e., although good A' is available, the 
demand for it is zero. 

We show now that (/i, y) is a restricted e-compelitive equilibrium allocation 
relative to S at prices p*. We have shown that (3) (4) hold. Since any xc 
Supp Pi is the limit of a sequence of points .r, c Supp /x,-,. and since (2.6) holds 
for each r, we may take limits to establish the first part of (5). The second part 
of (5) follows from (2.7). It remains to show that (6) is satisfied. Since (2.16) 
holds for the c-MCE in E,., we know that 

p * ■ y'i 0 for each /. (15) 

We will therefore have established (6) if we can show that 
p* • _v 0 for all y e ^ = I,...,./. 

Suppose not. Then there exists some / and y e f, such that 

p* ‘ . 1 ’ > 0 . 


But since T, is the smallest closed convex cone containing Yj , it follows that 

p*-y' 0 (16) 

for some y'e Yj. Otherwise, Tj n {/! p* • y' Oj would be a smaller 
closed convex cone containing Yj . 

Consider the consequences of an extra type / firm setting up and choosing 
the production plan y' in the equilibrium of the economy . We know from 
the regularity assumption that, for large r, there will be a new c-exchange 
equilibrium. Hence, by (2.15), 

Frsiy. jr . Vjr 1 " ’ Y' ^ 0 . ( 17 ) 

Take limits as r oo. It follows from the assumption that y is a regular 
point that 


lim Fr^kiY ir , Yir -t- y'lr) -- Pi pX 

r-k'X: 


if A e jW(y). 


(18) 
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Also 

Urn inf FriAy-jr - Vjr -i- y'lr) pp , 
since otherwise, by definition of pp , 

^ ■ !.‘!V % J ^ X 

' i 1 i 

which is a contradiction. 

Therefore, putting (17), (18), and (19) together, we get 

P* •/ t 0, 


(19) 


( 20 ) 


which contradicts (16). 

This establishes that (/i, y) is a restricted c-competitive equilibrium alloca- 
cation relative to S at prices p*. (Note that (A.4) and (6) imply that pp is 
finite.) 

Suppose now that Theorem 2 is false. Then we can (choosing subsequences 
if necessary) find a sequence (A,), bounded away from zero, such that (p .^, y'^) 
is feasible in £', e'-Pareto dominates , y,.) and A/(j')\A/(y,) contains at 
most one element, where e' > e. Let {p, y') be a limit point of {p'r, y'r). 
Then (p, y') e-Pareto dominates (p, y), uses strictly less resources in £* than 
{p, y), and M(y')\M{y) contains at most one element. This contradicts the 
fact that, by Result 3, (/x, y) is e-Pareto optimal in relative to all sets of 
the form M(y) u {A'). Q.E.D. 

Theorem 3. For a statement of Theorem 3, see Section 3. 

Proof. The same argument is used as in the proof of Theorem 2. It is 
shown that under SRPP ip, p*, y) is a competitive equilibrium in £* , 
where pp is defined as in (14) for each A' ^ Miy), and where we set e — 0. 

Q.E.D. 


Theorem 5. For a statement of Theorem 5, see Section 3. 

Proof. Since all industries are alike, we may take J to equal 1 and drop 
the subscript j. Suppose that Theorem 5 is false. Then, arguing as in the proof 
of Theorem 2, we may find a feasible allocation ip', y') in £* which e-Pareto 
dominates (p, y), where ip, p, y) = limr^,c ipr . Pr , >v)- 

It follows from (3.4) that F, the smallest closed convex cone containing Y, 
={y I there exists a sequence (y,.) of points in Y such that limr.,*yr/r = y} 
(for the latter is a closed convex cone containing T). Let y' = lim,.^* y'^jr, 
where y'^e Y for each r. Consider now the consequences of a new firm setting 
up with the production plan y'p/t in Er , starting at the c-MCE ipr, Pr , yr)- 
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Since y'fiitlr — (l/r^^*) -► 0, we know from the regularity assump¬ 
tion that, for large r, there will be a new c-exchange equilibrium (/xj., , yl). 

Hence, by (2.15), 

^zr(yr + y'if»/r) • y'^i/, < 0 . ( 21 ) 

We can assume w.l.o.g. that lim,.^,, F^^iyr + yUi^lr) /?*. Moreover, since 
is a regular point, p% = pi- for all k e M{y). Hence, dividing (21) by 
and taking limits, we get 

p*-y'^0. (22) 

In addition, again since y is regular, we know that . It follows that 

.V e and (/.(a) > CZ/Xj) + e ^ p* • x > p* • -|- 0,p* • y 

for all Xi e Supp /x<. (23) 

For otherwise, consumers will not find it optimal to choose consumption 
plans in the support of when r is large. In other words, the p^ are reserva¬ 
tion prices for the nonproduced goods k i M(y) at the allocation (p, p, y). 

However, (23) and the fact that (p', y') e-Pareto dominates (p, y) imply, 
by the usual revealed preference argument, that p* • y' > p* • y. But since 
the latter is nonnegative as a consequence of (2.16), this contradicts (22). 

Q.E.D. 
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1. Introduction 

This paper is concerned with equilibrium in models where location 
(product) and price are strategic variables. Since Hotelling’s classic paper [5] 
a great deal of work on spatial and related differentiated product models has 
been undertaken, much of it featuring the assumption of zero conjectural 
variation (ZCV), or zero profits in equilibrium, or symmetry in equilibrium. 
The difficulties created by these assumptions are sometimes noted, but are 
typically ignored in the analysis. Here the equilibria of a simple, standard 
spatial model are investigated without ignoring these difficulties. Equilibrium 
with free entry when firms are technologically small relative to the market is 
of particular interest. 

It is easy to see why the ZCV assumption, that each firm views the strategies 
of all other firms as fixed regardless of its own strategy, is inappropriate for 
spatial models with price and location pairs as strategies when firms have 
constant marginal cost: no equilibrium at which ZCV is relevant ever exists! 
Suppose that for some standard spatial model with price and location pairs 
as strategies, a ZCV equilibrium exists. If all firms are at monopoly solutions 
(i.e., at locations and prices, and with demands such that if no other firms 
existed, the same price and location pair would remain an optimal strategy, 
yielding the same demand) then no firm affects any other firm, and ZCV is 
irrelevant. On the other hand, if some firm / is not at a monopoly solution, 
one of its neighbor firms, say j, must be affecting firm /’s demand, and there¬ 
fore firm i must be affecting firm j's demand. Without loss of generality, 
firm I’s profit is not greater than firmy’s profit, so that when firm i relocates 
very near firm j, and slightly undercuts firm j's price, it captures all of firm 
y’s market at a profit arbitrarily near firm y’s original profit, plus it retains 
some of its former market (some of the consumers “in dispute” between 
firms /■ and y, who originally purchased from /, but would purchase from j if 
firm I did not exist). The profit from the retained market is bounded away 
from* zero, so firm i increases its profits by this change of strategy. Thus the 
only ZCV equilibria when firms have constant marginal cost are those in 
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which all firms are at monopoly solutions.^-* Furthermore, if free entry and 
exit are allowed then each local monopolist must earn zero profit or an 
entrant, assuming ZCV, will undercut an active firm, anticipating positive 
profit (or, in the case of negative profit, the monopolist will exit). 

In some spatial (or differentiated product) models, firms are assumed to 
possess a great deal of computational ability or knowledge of the behavior 
of others. In situations where there are many firms operating, each of which 
serves only a small fraction of the market, this is not a particularly appealing 
assumption. On the other hand, when there are only a few firms operating, a 
typical oligopoly problem arises: what is reasonable firm behavior, and are 
firms allowed to threaten or collude, etc. ? Since there will be many active 
firms in the main situations of interest here, when firms are technologically 
small relative to the market and free entry and exit are allowed, only simple 
conjectural variations will be used. 

Here, as in Eaton [1,2] a modified ZCV is used. Each firm views the 
strategy of other firms as fixed so long as its own strategy does not cause its 
delivered price to match or undercut any other firm's price at that other 
firm’s own location. Each firm believes that no other firm will allow itself to be 
undersold at its own location and that other firms will reduce price if they 
are undercut at their own locations. This modification effectively rules out the 
problem with ZCV.® 

Modified ZCV is a minimal assumption in the sense that any assumption 
which will allow existence of equilibrium must effectively rule out under¬ 
cutting and modified ZCV does this with a minimum change from ZCV. It 
may seem more reasonable to assume that firms respond whenever their 
profits become negative. This type of alternative conjectural variation does not 
affect the validity of the main results of the paper contained in Proposition 2. 
In a typical equilibrium of Proposition 2 all firms earn strictly positive profit 
and no firm is (locally) constrained by modified ZCV. For any conjectural 
variation in which other firms do not respond to sufficiently small changes 
from this equilibrium configuration each active firm will have a local profit 
maximum at the modified ZCV equilibrium. If the alternative conjectural 
variations are “well behaved” globally, the modified ZCV equilibrium will 
also be an equilibrium with the alternative conjectural variations. Thus the 
results for modified ZCV are more general than is immediately apparent. 

^ If firms have average cost curves which are very sharply U shaped, then this type of 
strategy change may not improve profit, since demand may substantially change. 

* Lerner and Singer [6] discuss this type of strategy change in a duopoly context. 

* If (/>(i), x(/))7_, is a modified ZCV equilibrium in price-location strategies then (except 
for monopoly solutions) it is not a Nash equilibrium in price-location strategies. However, 

x(i), 0)"_, is a Nash equilibrium for a corresponding game in which strategies are 
triples of price, location, and response price. If firm /’s price is undercut so that it faces 
zero demand then it uses the response price (here zero) instead of p(i). 
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(Remark 3 discusses some cases in which firms conjecture that other firms 
will respond to any change in price.) 

The problem with the assumption of zero profits in equilibrium is that it 
usually leads to the generic nonexistence of equilibrium in bounded models, 
because the number of active firms must be an integer.^ Free entry is usually 
used as the rationale for this assumption, and though the conjectural variation 
assumption is not always explicitly clear, the implicit assumption often 
appears to be ZCV, which also leads to nonexistence, even in unbounded 
models.® 

There are two types of symmetry of equilibrium assumptions which cause 
problems. The first is the assumption that all firms will charge the same price, 
or will locale symmetrically. The firms are then allowed to maximize profit 
only with respect to one variable, without explanation as to why the equilib¬ 
rium should be assumed symmetric. The second symmetry “assumption” 
allows firms to maximize with respect to both price and location, but considers 
only those equilibria which are symmetric. While this is a legitimate method 
for showing existence of equilibrium, the symmetric equilibria of different 
markets are often compared. Unless it can be shown that nonsymmetric 
equilibria do not exist, these comparisons are not valid comparative statics. 

Mere the equilibria of a .simple, standard spatial model are analyzed. The 
market is one dimensional, bounded, and without a boundary: a circle with 
circumference L. All firms have identical cost functions consisting of a fixed 
cost F plus a constant marginal cost times output (by measuring all prices as 
net of marginal cost, without lo.ss of generality the marginal cost is zero), 
and choose location and price. Modified ZCV is assumed, so firms believe 
the strategies of other firms are fixed unless a strategy change for the firm 
undercuts some other active firm in which case the affected firm will respond 
by lowering its price. A continuum of consumers is uniformly distributed 
on the circle with density A, and each consumer only purchases from firms 
with the lowest delivered price, with consumers paying transportation costs. 
The delivered price at x' from a firm located at x and charging price p is 
/) + o I .x — x' 1. All consumers possess identical linear demand functions 

p) — {a — bp)IA which are functions of delivered price. The demand 
function can be generated in the usual manner from a utility function for 
/ - f 1 standard commodities one of which is available from several firms at 
various delivered prices. 

The equilibria for this model are characterized both for the case where the 
number of firms is exogenously fixed, and for the case of free entry and exit. 
Only integral numbers of firms are allowed and true free entry and exit. 


‘ Salop [8] mentions this problem. 

* Eaton {2J shows that ssmmetric positive profit equilibria often exist in a model using 
modified ZCV and free entry. 
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rather than a zero profit condition, is used. Except for some monopoly 
solutions all equilibria are symmetric. When fixed cost is small relative to the 
market then equilibrium with free entry and exit exists and is approximately 
competitive (i.e., all prices are approximately equal to marginal cost). Here 
(approximately) competitive results arise endogenously when technologies 
are small with respect to the market and there is free entry and exit, rather 
than exogenously as assumptions. 

The paper is organized as follows. Section 2 contains results for linear 
demand and constant marginal cost. Section 3 contains remarks which 
generalize the results to include nonlinear demand, U-shaped average cost, 
and differentiated products. The Appendix contains the proofs, which are 
mainly computational. 


2. Existence and Properties of Equilibrium 

Let the price and location for firm / be denoted by p(i) and x{i) respectively. 
All equilibria which differ only in the “names” of firms or consumers (c.g., 
equilibria in which two firms interchange prices and locations, or in which 
all firms move clockwise by an equal amount) are identified so let t(i) — 
cx(i) — cx(i — 1 ). The results for exogenous «, linear demand and constant 
marginal cost are summarized in Proposition 1 . (By measuring all prices as net 
of marginal cost, without loss of generality the marginal cost is zero.) For 
exogenous n the only n firm equilibria which exist are ones in which all 
active firms charge the same price. Whenever n is large enough so that all 
individual firms cannot be at monopoly solutions, then a unique n firm 
equilibrium exist, and it is symmetric in location as well as price. 

Proposition 1. With linear demand, constant {zero) marginal cost, and 
parameters {a, b, c. A, F, L), for all positive integers n there is an n firm 
equilibrium {without free entry and exit). 

(a) All firms are local monopolists if and only if n < max{l, IbcLjAa}-. 

(i) for n — \ 3bcLl4a the equilibrium is unique with price p* ^ 
(fl/26) - (cL/8) and profit it*{F) bL[{al2b) - (cL/8)]* - F: 

(ii) for 1 ^/I ^3bcLl4a {^\) equilibrium is not unique unless 
n = 3bcLl4a. For all firms t{i) > 4al3b,p* = a/36 and 7r*{F) — {4c^lTlb^c)-F. 

(b) There is a nonmonopoly equilibrium if and only if n> max{ 1, 3bcLl4a]. 
The equilibrium is unique, and symmetric with, for all firms, t{n) = cLjn, 
price p*{n) = (a/26) + (3cL/4n) - (1/2) • {[(c/6) - (cL/2/i)]^ + (3c*L®//i*)}^/* 
and profit iT*{n, F) = {Lbln)[{acLl8bn) — (25c®Z-®/16/i®) I- {IcLISn) x 
{[(a/6) - (cL/2/i)]* -1- (3c®LVn*)}V*] - F. 
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The equilibria for 1 < n < 3cbLI4a are not unique and need not be 
symmetric. The possible Jack of symmetry does not affect the welfare proper¬ 
ties of equilibrium, since the nonsymmetric gaps between the neighboring 
monopolists’ markets consist of consumers who do not purchase any of the 
product, and the measure of consumers in this situation is independent of 
the arrangement of the n monopolists. However, this lack of symmetry does 
affect the potential for entry, with symmetric equilibria offering the smallest 
maximum gap and thus the lowest profit potential for entrants. 

There are two properties that are important for the proof. First, in an 
equilibrium no active firm is (locally) constrained by modified ZCV (if any 
firm is locally constrained some firm is not at an optimum location). The 
second important property is boundary price equalization. Whenever there 
is a uniform density of consumers, each with identical downward sloping 
demand, firms maximize demand at each price they charge by locating in 
such a manner that the farthest consumers in each direction that purchase 
from the firm face the same delivered price. As the firm moves toward the 
center of its market, even if the measure of consumers purchasing from the 
firm remains constant, demand increases because the delivered prices faced 
by consumers in the firm’s market area become lower in a stati.stical sense. 
For each price p the measure of consumers purchasing from the firm at 
delivered prices less than or equal to p increa.ses (weakly for all p and strictly 
for some p) as the firm moves toward the center of its market. The remainder 
of the proof is mainly computational. 

Proof of Proposition 1. Sec Appendix. 

If we introduce free entry and exit, given parameters (a, b, c. A, F, L) 
the set of equilibria with free entry and exit is the union over all n of the n 
firm equilibria of Proposition 1 at which active firms earn nonnegative 
profit, and the best a potential entrant could do by entering is to earn a 
nonpositive profit.® 

The following example shows that equilibrium with free entry and exit 
does not always exist. Let a - - b = c = 1 and L --- e. The monopoly price is 
(4 — €)/8 with profit [«(4 — c)*/64] — F. For all n greater than one, the 
only possible n firm equilibrium has prices on the order of c/n and firm profits 
which exceed —Fby a term on the order of (e/n)*. An entrant into the mono¬ 
poly market charging price (4 — €)/8 anticipates profit of [e(4 — c)/32] — F. 
Thus for all small c there is a value of F such that the monopoly profit and 
the profit for an entrant given n = 1 are both positive, but for n > 1 profits are 
negative in every n firm equilibrium. Hence for small e and appropriate F 
no equilibrium with free entry and exit exists. 

• For « = 0 there is an /r-firm equilibrium with free entry and exit if the monopoly 
profit in Proposition 1 is nonpositivc. 
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Proposition 2 shows that whenever fixed costs are sufficiently small 
relative to the other parameters, equilibrium with free entry and exit exists 
and all equilibria are approximately competitive (i.e., all consumers are able 
to purchase the commodity at delivered prices which are approximately 
equal to the marginal cost-of production). Let i{a, b, c. A, F, L) denote the 
set of equilibria with free entry and exit when the parameters are {a, b, c. A, 
F, L). 

Proposition 2. With linear demand, constant {zero) marginal cost and 
parameters (a, b, c. A, L) fixed, 

(a) there exists an F* > 0 such that for all Fe (0, F*] £{a, b, c, A,F,L)=^^', 

(b) the number of equilibria is 1 S{a, b, c. A, F, L)\ - ^ C{F~^I^) and 

(c) if {F(k))'^_i is a sequence of fixed costs such that F{k) —► 0, and for 
each k, m(k) is the maximum delivered price paid by any consumer in any 
equilibrium in S{a, b, c, F(k), L) then m(k) —► 0. 

Proof See Appendix. 


3. Remarks 

(I) With constant marginal cost and linear individual consumer demand 
functions Proposition 1 shows that essentially all equilibria are symmetric 
and Proposition 2 shows that when technologies (fixed costs) are small relative 
to the market then equilibrium with free entry and exit exists and is approxi¬ 
mately competitive. The results of Proposition 2 can be generalized under a 
variety of assumptions: if technologies are small relative to the market then 
equilibrium with free entry and exit exists, is symmetric, and is approximately 
competitive. The important requirements are that all firms have identical 
technologies with initial increasing returns and that there be a uniform 
density of consumers with identical demand functions which are downward 
sloping at the competitive (minimum average cost) price. 

If C(y) is a basic cost function with initial increasing returns to scale, for 
a 6 (0, 1) let Co(;') := (xC(yloi). Then a is a measure of the technology: for 
the technologies of Section 2, if C has fixed cost F then C* has fixed cost 
(xF: if C attains minimum average cost at finite output y* then C„ attains 
(the same) minimum average cost at o(;p*. When 1 /a is an integer the rescaled 
cost function C, can be interpreted as measuring the original cost function 
in “per capita” or per replication terms after a (l/a)-fold replication of the 
consumer sector. 

The proof technique sketched here can be applied to nonlinear demand and 
U-shaped average cost. The first step is to note that the boundary price 
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equalization property discussed in Section 2 still applies. Let p{q, a) be the 
optimal price charged by a firm with cost function C„ (exit not allowed) 
which is located between firms at x ± ( 9 /c) which charge a price equal to 
the minimum (infinum) of average cost. For each small a, p(q, a) and 
“) + 9)/2 are invertible as functions of q for appropriate small q. 
Then, without allowing entry or exit, there is a symmetric n firm equilibrium 
if there exists a q such that (nlc)(q ~p{q, a)) = L. An entrant into this situation 
has optimal price pi[p((q, a) -\- q]l2, a). The last step is to show that for 
small a there exists an appropriate large n such that an n firm equilibrium 
exists at which active firms earn positive profit and entrants anticipate nega¬ 
tive profit from entry ([p{q, «)-( q]l2q is bounded away from one for 
appropriate {q, a) pairs so the initial increasing returns yields a situation 
similar to that of the proof of Proposition 2 where F) \ F]j[TT*{n, F) -f 
^]“^[9/16]). For small a all equilibria are approximately competitive 
because of free entry and all equilibria are symmetric because of the inverti- 
bility of p{q, a) and [p{q, «) q]j2. 

It is possible to modify the technique just sketched to apply to nonlinear 
transportation costs or differentiated products. For the differentiated product 
case there are no transportation costs but preferences vary over the differen¬ 
tiated products. For example suppose t is a taste parameter of consumers 
(distributed uniformly on [0, L]) and g: [0, L/2] -► [0, 1J is a strictly decreas¬ 
ing function with g(0) — 1. Suppose all consumers view the differentiated 
products as perfect substitutes in the appropriate ratios’ (given by g). For a 
consumer with parameter t let products be “named*’ by their distance 
counterclockwise (4 ) or clockwise (—) from t. For a consumption vector 
r of / standard commodities and consumption y{x) for each differentiated 
commodity x e [—L/ 2 , L/ 2 ], a consumer of taste t has utility m(^, J_l /2 

X |)>'(x) dx), where u is a standard utility function for / -i- I commoditie.s. 
Consumers only purchase those commodities at the lowest “effective price” 
p(x)/g(l x 1). This is similar to a situation with one characteristic where con¬ 
sumers differ in their subjective beliefs about the amount of the characteristic 
contained in each good. 

(2) The results of Section 2 and Remark 1 show that with linear demand, 
or with downward-sloping demand, technology small with respect to the 
market, and free entry and exit it is legitimate to perform comparative 
statics using only the symmetric equilibria since no other equilibria exist 
(and with an appropriate dynamic the symmetric equilibria are stable). 
With linear demand essentially all equilibria are symmetric but with general 
downward-sloping demand nonsymmetric equilibria may exist when the 
technology is large with respect to the market. This is illustrated in Example 1. 


’ See [7] for a related discussion of this substitutability. 
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Example 1. Let L -- 32/21, F ~ 3/4, and c — ^4 = 1, let there be zero 
marginal cost, and let consumer demand functions be 

h(p)=2-plr if />6[0, 1] 

- I -pjr if p£{l, r] 

= 0 if /> 6 (/•, oo). 

For every e < 1/21, if r ^ 2[(1/21) — c]'^ and S < e there is a two-firm 
equilibrium with free entry and exit which has symmetric locations and 
nonsymmetric prices (13/21) — 8 and (13/21) |- S. 

In terms of the literature on spatial models the results for perfectly inelastic 
demand cause more of a problem. Models in which each consumer purchases 
one unit of the spatial commodity regardless of price (or for all prices below 
some reservation price) are commonly treated (see, for example, [3, 8]). 
With inelastic demand the boundary price equalization argument of Section 2 
breaks down. With constant marginal cost, if fixed cost is small relative to 
the market then equilibrium with free entry and exit exists and is approxi¬ 
mately competitive, but almost all equilibria are nonsymmetric. For each 
rt-firm symmetric equilibrium there is an (/j - l)-dimensional set of non- 
syrametric equilibria “near” it. Starting at an equilibrium with symmetric 
locations there will be an equilibrium for each small perturbation of the 
locations: each firm’s location does not affect its own profit and for each 
perturbed set of locations there is a price equilibrium. 

(3) The result of Section 2, proving the existence of equilibrium with free 
entry and exit when fixed costs are small, can be extended to a class of 
conjectural variation functions all of whose members include the modification 
to ZCV which effectively eliminated price undercutting. A simple subclass of 
conjectural variation functions to which the result can be extended is the 
class of conjectural variation functions that agree with the modified ZCV 
except for the belief that a neighboring firm will change its price in proportion 
to the change in the given firm’s price, i.e., firm i believes J/)(/ ±- 1) — 
(I — k)Ap(i), where k e(Q, I]. For sufficiently small F, there is an n-firm 
equilibrium with free entry and exit in which all firms charge price approxi¬ 
mately cLjkn, when 

[(3/4) + €\UftclkFf'^ <«<(!- €)L(aclkFy/^. 

The above result also holds when k is replaced by a function of the original 
distances between the firms, | x(/ ± 1) — x(i)| = d, of the form kd‘ for 
s 6 [0, 1]. Then firm i believes that Ap(i ± 1) == (1 — kd’’) Ap{i) (this applies 
only when firms are sufficiently close that W*6(0, 1]), and for sufficiently 
small fixed costs there is an equilibrium with free entry and exit. 
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(4) One instance in which unmodified ZCV may be reasonable is that in 
which firms choose location and quantities rather than prices. The difficulty 
in working with quantity choice models in a spatial (or differentiated products) 
framework arises in determining prices which correspond to a given set of 
location and quantity choices by firms. In the linear demand model of Section 
2, if n firms are positioned symmetrically and all charge the same price, then 
at the corresponding quantities, q, the matrix [i^qjSp'l has a negative dominant 
diagonal, and is therefore nonsingular. Thus the inverse demand function, 
for quantity changes with locations fixed, can be found for quantity vectors q 
near the original symmetric q*. If only one firm, /, changes its quantity 
action, q{i), then ‘fp{i)lcq(J) and rp(i i l)l^q(i) can be found, and, with 
some computation, it can be shown that 

i'Pji 1 ) fi^ pji) 

(>q(i) / 'ciq(i) 


is (locally) approximately 1 — where n is the number of active firms 

and k is a constant determined by the parameters of the model. Quantity¬ 
setting behavior with ZCV can be thought of as price-setting behavior 
with a conjectural variation about neighbors’ price changes which is exactly 
the price change (along with price changes for more distant firms) which 
maintains quantity levels for other firms. Locally, near a symmetric price 
location 2/j-vector ( p, x), the necessary conjectural variation is approximately 
d- I )l^p(i) - - 1 — kcl\ where d is the distance between firms and s — ]. 
Recall that i \)l'<^p{i) ~ I — Arrfva is one of the conjectural variation 
functions for which equilibrium with free entry and exit exists when fixed 
costs are sufficiently small. 

(5) In a general equilibrium, differentiated products model where firms 
choose quantities. Hart [4] proves the convergence of equilibrium with 
free entry and exit to competitive equilibrium as firms become technologically 
small relative to the economy. However, he does not consider the question 
of the existence of equilibrium. The existence result of Section 2 could be 
easily extended to general equilibrium if the distribution of ownership 
shares was symmetric (i.e., each set of consumers of measure p. would own 
p/AL of each firm). Substantial problems arise in both partial and general 
equilibrium when the symmetry assumptions of the model (uniform consumer 
density, identical consumer demand functions, identical ownership shares, 
identical cost functions) are weakened in any significant way. It is then no 
longer possible to treat a representative firm: each firm must be considered 
separately. As the technologies become small relative to the economy the 
endogenously determined number of firms necessarily becomes large and 
increases the complexity of the problem. 
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4. Conclusion 

In spatial (or differentiated products) models in which location (product) 
and price are strategic variables, ZCV must be modified in order for the 
results to be nonvacuous. With modified ZCV, constant marginal cost 
production, and linear demand, essentially all equilibria are symmetric. 
Though equilibrium with free entry and exit does not always exist, if fixed 
costs are sufficiently small relative to the other market parameters, then an 
equilibrium with free entry and exit does exist, and all equilibria with free 
entry and exit are approximately competitive. The results can be generalized 
to cover a variety of assumptions including nonlinear demand and U-shaped 
average cost. In these cases, when the technology is small relative to the 
market, equilibrium with free entry and exit exists and is approximately 
competitive. 


Appendix 


Proof of Proposition 1 

A monopolist charging price p afb faces demand 2 Jo >4 •/»(/> I- rj) ds, 
where r ~ min{[(fl/A) -- p]/c, Lj2], so 

D(p) - - 0 if p alb 

~ (a — bpfjbc if ajb > p > {ajb) — (cLjl) 

= (a — bp)L — (bcL^)l4 if (o/6) — (c L/2) p. 

Maximizing profit, 7r(p, F) pD(p) — F, the monopolist’s optimal price is 
ajih if SebLjAa > 1 and is (ajlb) - (cZ./8) if IcbLjAa rij 1. When ZebLjAa 
1, the single monopolist serves the entire market, and earns profit bL^iajlb) — 
(eL/S))*' — F. When 3cbLlAa > 1, the single monopolist serves a market of 
length Aal3bc < L, and earns profit {Aa^jllb^c) — F. When 3cbLIAa > 1, 
for any n 3cbLlAa, n firms can operate as local monopolists, each charging 
price al3b, as long as the distance between any two firms is at least Aaj3bc. 
These equilibria (with 1 < « < 3cbLIAa) need not be symmetric in location 
since location does not affect the monopolist’s profit (as long as the distance 
Aal3bc is maintained between monopolists). 

Now consider an n-firm equilibrium in which some firm is not at a mono¬ 
poly solution. The demand faced by firm /, from consumers located between 
firms i and / + 1 is the integral of individual consumer demands (which are 
functions of the delivered price from firm i) for consumers between i and 
i + 1 whose lowest delivered price is from /, 

r A ■ h(p{i) + c.v) ds, 

*'o 
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where 


r = min{[/j(/ 1) - /,(/) -f /(/ -j- i)]/2c, [(alb) 

or (l/8c)(Ki 4- 1) - KO + t{i -f l))(4fl - b[3pii) + p{i f 1) + t(i + 1)]) 
if p(J ^ 1) +/»(/) -f r(i + 1) < lajb, and (a — bp{i)fl2bc otherwise, while 
the demand from consumers located between firms i — 1 and /is (l/8cXK*-l)- 
pii) -I- -I- /'(t-1) f /(Ol) if />(/-!) + Pii) + /(/) < lajb, and 

(a — bp{i)yi2bc otherwise. 

With firm I’s price fixed, demand (and hence profit) is maximized by locating 
in such a manner that the farthest consumers in each direction that purchase 
from firm / face the same delivered price. 

Therefore in a nonmonopoly equilibrium, for all /, 

pii) + pii + 1) + /(/ + 1) pii - n -f pii) + /(/) 

and every firm is at an interior (unconstrained) profit-maximizing solution, 
so the first- and second-order conditions for profit maximization can be 
used to characterize equilibrium. For the following analysis, constrain firm i 
to remain between firms / — 1 and / -f 1, so a “global” solution is only global 
in that restricted domain. 

The unique global profit-maximizing solution for location, x(/), satisfies 
pii -1- 1) — pii — 1) 4- cxii 4-1)4- cxQ — 1) — 2cx(/) = 0 (this is the loca¬ 
tion that equalizes the boundary-delivered prices). Taking the partial deriva¬ 
tive of profit with respect to price, pii), after the optimal value of x(/) has been 
substituted into the profit function, the first-order condition requires that 
ibll6c){36p\i) - 8/)(/)(.v 4 4alb) 4- i^sajb) - j*} = 0, where j -/7(/ 4- 1) 4- 
pii — 1) -1- cxii 4- 1) — cxii — 1). Note that the second-order condition 
is only satisfied at the smaller of the two solutions to this equation. Substitute 
tQ) exQ) — cxii — 1) into the two systems of first-order conditions. 
The n first-order conditions for locations yield only n — 1 independent 
equations, but 1 *'t =- cL,® so, solving for / as a function of p. 


- 0 

1 0 ■ 

• 0 

~1- 


--I 1 

0 . 

•• 0-1 


rO-i 

-1 

0 1 
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•• 0 


0 -1 
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•• 0 
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0 
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-1 
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. 0 
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_ 1 1 

. 1 

1. 


^cL^ 


* 1 * is the n vector of ones and ' denotes transpose. The vector t has /th component 
r(/) for all /. 
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and 

/ - icLln) J * 4 - (2//I) J *l *'p - [1 4- D}p, (1 > 

where D is the « x n matrix with all zero entries except for ones just below 
the diagonal (/' — 1, i entries) and in the upper right corner (1,« entry). 
Substituting this expression into the n equations corresponding to the first- 
order conditions for prices, and simplifying, 


48 


r/?(i) 0 o-| 


0 p(2) 0 


Lo ••• 0 /i(h)J 


p - 8((6fl/i) + k)p + (Oba/h)k~-4k^)]*= 0, 


( 2 ) 


where k = (cL -f- 2{p'\*)ln. Thus every p{i) must satisfy the same quadratic 
equation, and a computation shows that the larger solution fails to satisfy 
the second-order condition for profit maximization. Thus all prices are the 
same, and letting />*(«) be this common price, substituting p --p*(n) 1* 
into (2) yields further simplification to 

/)**(«) — ((fl/6) 4- (3cL/2/i)) p*(n) 4- (acLjbn) — {c^L^I4ri^) -- 0 
with the correct solution being 

p*{n) - (allh) 4- (3cL/4n) - - icLI2n)Y 4- (3) 

For large values of n, this is approximately (cL/n) — {’ic^L^bjAri^a), or 
approximately cLjn. Since all the prices are equal, from (1), t ^ (cLIn) 1*. 

This result was based upon the assumption that in the equilibrium, some 
firm was not at a monopoly solution. Now check to see which values of n 
satisfy that condition by finding those values of n for which the borderline 
consumer between neighboring firms faces a delivered price less than ajb; 
i.e,,p*(ft) 4- {cLl2n) < o/h. Substituting (3) into this inequality, this condition 
holds if and only if n > ZcLblAa. Thus for n < max{3hcL/4o, 1}, the only 
possible equilibria are the previously discussed monopoly equilibria, and for 
n > max{2bcLI4a, 1}, all equilibria are symmetric, with prices and locations 
equal to the just-computed values, and firm demands and profits 

D*in) = (Lbmal2b) - (ciL/n) 4 - UKalb) - (cLI2n)? 4 - (3c*L‘'/n*)}V2] 
and 

F) = {Lbjn)[iacLj%bn) - (25e®I*/16n®) 4- (IcLl^n) 

X {[(alb) - (cLl2n)f + (3c‘L‘ln^)Yf^] - F, 


respectively. 
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It remains to show that each firm is at a true global profit-maximizing 
solution. This is obvious for monopoly solutions. By the symmetry of all 
nonmonopoly equilibria no firm can improve profit by Jumping between 
two firms separated by a gap of L/n (as compared to its present position in a 
gap of 2L/n). It is always most profitable to retain location x(i) because of the 
boundary price equalization property and modified ZCV. At location x(i) 
it is not possible to undercut any other firm since p*{n) — (cLjn) < 0. Q.E.D. 

Proof of Proposition 2 

Since in every equilibrium, all firms charge the same price, the best location 
for a potential entrant is exactly between two firms which are at least as far 
apart as all other neighboring pairs of firms. An optimal location for the 
entrant is (x{i) + x{i l))/2, where x(i + 1) — .v(/) > x(j + 1) — x(J) for 
all 7 (if « ^ 1, x(l) + (L/2) is the optimal location). If 3cbLI4a > 1 and 
x(i + 1) — x(/) ^ Sajibc, then the entrant can be at a monopoly solution, 
just as all other firms. When n — 1 and L < (4flf/696c) x [(73)^/® — 2] 
then the optimal price for the entrant, [(ajib) — (5cLIS)Y, “almost under¬ 
cuts” the monopolist and the entrant faces demand bL[(al2b) -f- (3cL/8)]' 
and earns profit {{bLl4)[(a^lb^) — (acLIlb) — (l5c'^L^Il6)] — F}~. In all 
other cases, using the first- and second-order conditions for profit maximiza¬ 
tion, the optimal price, demand, and profit for the entrant are 

(j/9) + (4al9b) - 0im[i64aW) - (40salb) + 

(bl2\6c){i56salb) - Ih* - {32aW) 

-1 [s + (4a/6)] • [i64aW) - i^Osajb) + \3s^n 

and 

(6/3888c){-35.v3 ^ (^Us^alb) -|- {480sa^lb) - (SllaW) 

[(64a^lb^) - i40salb) + - F, 

respectively, where s — 2p*{n) -f- cxii -f 1) — ca'(/). 

(a) For active firms F -|- 7r*(n, F) = (acL^jn^) + and for 

entrants F+ Trfn, F) = (9acL^ll6n’^) + ^(n"’^)- Thus there exists an integer 
N > max{ 1, 3bcLj4a) such that for all n > N,F + 7T*{n, F) > (0.81)(acL®/n®) 
and F 4 7 r,(/i, F) < (0.64)(ocL2/«2). Let F* minHacL^I\00), .Jrnin,,.,'^ 

F) -f- F}]. To show that d{a, b, c, F, L) # r for all Fe (0, F*], 
fix Fe (0, F*]. Then by the choice of F* (0.64){acL?/N^) - F > irfN, F) ^ 
2F* > F. Let n be the smallest integer greater than ./Vsuch that (0.64)(flcI*/«®)- 
F < 0. By the choice of F*, {0M){acL^l{n-\f]-F > 0 implies 
F > 0 so 7r*(/j, F) > (0.81)(acL2/«*)-F >0> iOM)(acL^ln^hF > 7rfn, F) 
and there is an «-firm equilibrium with free entry and exit. 

(b) It is clear from the proof of part (a) that for any c > 0, for each 
sufficiently small F there will be an «-firm equilibrium with free entry and 
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exit for each integer n e [(2 -j- e)L(aclF)^l\ (1 — e)L{aclFyi^], and there will 
be no «-firm equilibrium with free entry and exit for each integer n e 
[0, (I - €)UaclFfl^] or [(1 f €)L(aclF)y\ oo). 

(c) For all n, F + n^n, F) >0 so there exists an > 0 such that 
7T^(n, F) > OforF < F„ (F„ = (9flcL*/16«*) + />(«~*)). Thus asF(A:) converges 
to zero, n{k), the smallest number of active firms in any equilibrium in 
Sia, b, c, F{k), L), becomes arbitrarily large. Hence for large k the maximum 
delivered price m{k) = p*{n(.k)) 4 - (cLj'hiik)) < {3cLl2n(k)) and m(k) con¬ 
verges to zero. Q.E.D. 
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The entry process in an industry embodying more or less close substitutes is 
considered. One examines whether the increase in the number of substitutes 
induces pure competition when prices are chosen noncooperatively. It is shown 
that there exists an upper bound on the number of firms which can compete in 
the market: when this upperbound is reached, any further entry entails the exit 
of an existing firm. Jn spite of this fact, new entries imply the decrease of prices 
to the competitive ones. 


Since Cournot [3], there has been a long-standing tradition according to 
which entry into a homogeneous market, where oligopolists use quantity 
strategies, restores pure competition (see, for instance, [5] or [7]). Intuitively, 
when the number of firms increases, the ability of each oligopolist to alter the 
value of the inverse demand function through his own strategic choice must 
necessarily diminish, and vanishes at the limit. By contrast, if the firms use 
price strategies on the same market, it has been known since Bertrand [1] 
that pure competition obtains already with two firms. Clearly the loss induced 
by undercutting the competitor’s price is broadly compensated by capturing 
the whole demand. With Hotelling [4] and Chamberlin [2], the idea was 
developed that firms operate through product differentiation in order to avoid 
price competition “a la Bertrand.” Nevertheless, within such a context, the 
problem remains open whether, by analogy with the homogeneous case, the 
increase in the number of substitutes in the industry induces pure competition 
when prices are chosen noncooperatively. 

In order to deal with this problem, the approach employed for the homo¬ 
geneous case suggests starting out with an entry process where the entrants 
arrive in the industry with products which are more or less close substitutes 
for the existing ones, and then studying the asymptotic behavior of non- 
cooperative prices when the number of entrants tends to infinity. It is the 
purpose of this article to show through an example that this procedure 

* The major part of this work was done while the first author was visiting Bonn Univer¬ 
sity. Financial support from the Sondcrforschungsbereich 21 is gratefully acknowledged. 
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cannot be transposed as such to the case of a differentiated industry with 
price strategies. 

Our example suggests that the number of firms which can coexist in a 
differentiated industry cannot exceed a finite value n* (in our example, the 
number «* is determined by a set of parameters which describe our simple 
economy, inspired by a previous work of the authors [6]). Surprisingly, if 
more than n* firms try to remain on the market, they will necessarily jostle 
each other, and this struggle will provoke the exit of one of them. Still more 
surprising is that this upper bound on the number of firms does not preclude 
that entry reinforces the tendency toward pure competition. 

In fact, the entry process decomposes into three successive phases. The 
first one corresponds to the situation where the number of firms is such that 
the whole market is not supplied at the equilibrium prices. The second 
obtains when the whole market is served, but where room is left for the entry 
of some additional firms. In the third, and last, phase, the number of potential 
firms is larger than n*. It will be shown that in both the first and second 
phases, new entries entail decreases in prices of the products already sold on 
the market. As for the third phase, a new entry is now necessarily accompanied 
by the exit of another firm. But, in spite of the fixed number of firms still 
allowed on the market, equilibrium prices must necessarily decrease to the 
competitive ones when the number of entrants increases. 

Finally, it must be noted that competition can also be restored with means 
other than the number of firms, because product differentiation adds a new 
dimension to the rivalry among firms. Our example suggests that, more than 
from the number of firms, perfect competition could emerge from the close 
substitutability among the products, thus confirming the “objection peremp- 
toire” of Bertrand against Cournot. 


The authors have recently proposed a model for dealing with a situation 
of differentiated duopoly [6]. Its extension to an arbitrary number of firms 
can provide a natural framework for settling an example in which the above 
questions can be discussed. 

Imagine an industry constituted by n firms, indexed by k, k = I,..., n; 
firm k sells, at no cost, product k; all these products are more or less close 
substitutes for each other. Let T = [0, 1] be the set of consumers, which 
are assumed to be ranked in T by order of increasing income, and let the 
income Rft) of consumer r e T be given by 

R(t) = Jii "T ^2^9 Ri ^ R 2 ^ O’ 

Consumers are also assumed to make indivisible and mutually exclusive 
purchases. Thus if consumer t decides to buy one of the products, k, he buys 
that product only, and a single unit of it. 
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Let us denote by u{k, H) the utility of having one unit of product k and an 
income /?, and by u(0, R) the utility of having no unit of any product and an 
income R. Fn our example we take the further specification^ 

u{k, /?) - M* • /? = u, • [1 + cc(k - D] R, a 0, (1) 

and 

1/(0, R) - ««• R (2) 

with «i > «o 0. 

In this specification, Uj. is a “utility index” which ranks the quality of the 
products: if k > A, product k is more desired than product h. The parameter 
a is a measure of the substitutability between products k\ thus, for a = 0 
all products are perfect substitutes, and substitutability decreases when a 
increases. 

Let Pk be the price quoted by oligopolist k: product k would be bought by 
customer t rather than product j,j ^ k, if and only if 


uik, R{t) - /»,,) - Ml • [1 + ct(,k - !)](/?, + R^t - Pk) 

> Ml • [1 + «(./■ — !)](/?! 1 ~ Pj) — 

To be sure that / buys product k, we must further have 


m(./, R(t)- Pi). 

(3) 


u{k, R(t) - pk) = Ml • [1 f a(A - 1)](/?! f R^t ~ Pk) 

u, ■ (Rk + R,t) = u{0, R(t)). (4) 


(The consumer must prefer to buy product k rather than nothing.) 

In what follows we want to characterize a noncooperative price equilibrium 
for the above framework. By this we mean an n-tuple of prices such that no 
firm can increase its profit by any unilateral deviation and such that each of 
the n products obtains a positive market share. To this end, let us derive the 
contingent demand function for each oligopolist, under the assumption that 

each of the n firms has a positive market share. Let Mk{ P\ Pk .P«) be 

the market share of firm k defined by 

Mkipi ^--.Pk ^—,Pn) - {t 1 1 buys product k at prices (p, Pn)}, 

and let (r, t) be a pair of consumers such that t < t (which implies that t is 
poorer than t). Using (1), it is easily seen that if t chooses to buy product k, 
then T will not choose to buy a product k —j of lower quality, with ./e 

’ Note that this formulation does not imply any restriction with respect to our analysis 
in [6], when n = 2. 
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k — Similarly, again using (1), if t chooses to buy product k, then 
t will not choose to buy a product k + j of higher quality, with ye { 1 ,..., n-k}. 
It follows that Mhi PiPk Pn) is defined by an interval 4 of [0, 1] and 
that the intervals 4 are ranked from the left to the right of [0,1 ] in an increas¬ 
ing order. Given our hypothesis that each consumer of brand k buys only a 
single unit of that product, the contingent demand function of oligopolist 
k is equal to the length of the interval 4 • To determine that length, it is 
sufficient to identify both extremities of 4 • First, let k be a product such 
that 1 <. k < n. The lower extremity of Jk is given by the consumer who is 
just indifferent between buying product k or product k ~ \, since by assump¬ 
tion all the firms are on the market. Similarly the upper extremity is defined 
by the consumer who is just indifferent between purchasing product k or 
product k \ 1. According to (3), the lower and upper extremities of J,, are 
consequently given by 


and 


4(Pl 


^k Pk — ^k-lPk- l _ 
def {Uk — /?2 ^3 


h-i, l(Pl VI Pk 



“*-tlP/.Ml ~ td kPk 


R., ' 


(5) 

( 6 ) 


so that the demand function fi[Mk(Pi ,:.,Pk » P»)l equal to 

Pi Pk ?•••» Pti)] “ 411( Pi »•••> Pk »•••» P«) 4( Pi VI Ph)* (f) 

Let us now consider the case of product n. Since no brand of higher quality 
exists, the upper extremity of I„ is provided by the richest customer t ^ 1, so 
that the demand function of oligopolist n is given by 


H-[M„(pi ,..., Pk 


Pn)] 1 4(Pl »•••? Pk '•••> Pn) 

_ j ^nPn lPn- 1 j 

~ (u„ - u„ i) R-i ' /?2 ■ 


( 8 ) 


Finally let us envision the case of product 1. Since no brand of lower quality 
is offered and if the whole market is not served, the lower extremity of 4 is 
provided by the consumer who is just indifferent between buying product 1 or 
buying nothing, i.e., using (4) with Ar = 1, 


4(Pl '•••■> Pk 


n t = »iPi _ A • 

R.,' 


(9) 


the demand function of oligoplist I is then given by 

»•••> Pk Pn)I ~ ^iXPi »•••* Pk >•••> Pn) 4CPl Pk Pn)* (10) 
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On the other hand, if the whole market is served, the lower extremity of 
is dehned by the poorest customer t -- 0, so that the demand function of 
oligopolist 1 is then equal to 

p* p„)] = /,(p,p„). (11) 

Denote by Pi.{ p*p„) ^ p* • n[M^( pip the profit 
function of firm k. A noncooperative price equUibrium is defined as an n-tuple 
of prices (p*,..., p* p*) such that no firm k can increase its profit by any 
unilateral deviation from p^ when other firms,/ stick to prices pf,j ^ k, and 
p? . pj)] > 0, V k = 1 ,..., n} 


Let us now determine the equilibrium prices, successively, when the whole 
market is not served (X"_i Pt)] < 0 when it is entirely 

served (XLi Pt)] “ !)• In the first case, the demand functions 

are described by (7), (8), and (10), Assuming that there exists a noncoopera¬ 
tive price equilibrium, the following first-order conditions must be satisfied: 

(1 -i- Uipt - 2t/iPi* _ lUjpt _ Q 

^P\ (j>*.;ij) aMi/?2 (Ml — Mo) 


(«•.jiJ) 


(1 -i- (vk) MiP^i - 2[1 -I- a(k - 1 )] MiPfe 

2[l i- a(k — 1) ] RiPfc ~ [1 + a(k — 2)] MiP*_i _ 

oMj/?, 

k - - 2,..., « — 1, 


bP 

-T—JL 

'<^Pn 


<"1*. 


1 - 


2[1 + a(n - !)] MiP,! - [1 -{- a(/l - 2 )1 u,p* .i 


aw,/to 


+ — = 0 

^ R2 


* The contingent demand functions we have derived above are only valid in the restricted 
domains of price strategies for which all the n oligopolists obtain a positive market share. 
Without this assumption the possibility should indeed be recognized that, for any group 
of products, n-tuples of prices can be found which would cancel the demand for any 
product in that group. Nevertheless, it can be shown that the equilibrium prices calculated 
in the restricted domains are in fact equilibrium prices over the whole domains. The reason 
is that the profit function of each oligopolist is quasi-concave over the whole domain of 
its strategies, so that a local best reply is also a global one. This subject will be dealt in a 
forthcoming paper. 
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which reduce to the system of difference equations; 

(1 + a)(Mi — — 2[(t/i — Mo) -1 aM,]/Jj* - 0, 

(I + ok) pU - 4[1 - 4 - 0 L{k - 1)] /»? + [! + 0 L{k - 2)] pt I = 0, 

k - 2.« — I, 

—2[1 4- 0L{n — l)]p* -I- [1 + a(« — 2)]/?*_i ^ i- /?2)- 

Using the change of variables defined by 

.V, = [1 +oc{k- \)]p* (12) 

the above system can be rewritten as 


(«1 - Mo) ^2 - 2 [(Mi - Mo) -f Q£Mi] Xi 0, 

= 0, k = 2,...,n — (1} 

—2ji:„ -4- x„_i = —a(/?j + R^, 

the solution of which is 

;c, = A„(2 + 3*/=»)* + B„(2 - 3^*)* 

with 

. __ a(2 - - Mo ) + 2aMi](/g, -j- R^) _ 

" /(3mi - 3mo -I- 2 • 3V2aui)(2 + 3^2)"“ \ 

I - (3mi - 3mo - 2 • 3V2aMi)(2 - 3V2)"-V 

and 

«(2 + 3>/*)[3V2(„, _ „^) „ 2«M,](/?i H- /?2) 

” ■■ /(3mi - 3mo + 2 ■ 3i/*«m 0(2 + 3V*)«-i v ' 

\ - (3Mi - 3Mo - 2 • 3i/2aMi)(2 - 3V2)«-i/ 


Given (12), we finally obtain 


“ [I + -1)1 

These prices are only valid when the whole market is not served. In order to 
guarantee that this condition is satisfied, we must have, in particular, that 
the equilibrium price pj for oligopolist 1 obtained from (13) is larger than 
[(ui - Mo)/mi] ^1 (by (4) with k = 1), i.e., 

<_2Mia 3*^^_ 

^2 /3(mi - Mo)I( 2 + 3i/2)»-i - (2 - 31 /*)"-'] \ ^ ^ 

\ + 2Mia 3V2[(2 + 31 /*)"-! 4- (2 - 3V*)»-i - 1]/ 
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In the case where the whole market is served, the demand functions are 
defined by (7), (8), and (11). Hence an interior noncooperative price equilib¬ 
rium must verify the first-order conditions 

^ (1 + g) — 2ui p^ ^ ^ 

^Pi (i>*. P‘i 


'^JL. 

(^Pk 



(1 + Oik) - 2[1 + a{k ~ 1)] u^pt 

aUiRi 


2[1 + - I)] u,p,*- [1 + ^jk - 2)] ^ ^ 

QLH^ /?2 


k = 2 ,..., n. 




2[1 -f a(n - 1)] Mip* - [1 + (yjn - 2)] u^pt i 

f^UiRi 


+ A 

R-i 


0 , 


which, for the change of variables (12), arc equivalent to the system of 
difference equations 

Xi ~ 2xi = ccRi , 

•^*+1 — 4 j <:* 4 - = 0 , k --- 2 ,..., « - 1 , {2} 

—2x„ 4 x„ 1 ^ —<x{Ri + Rz), 


whose solution is given by 

X, -= A'„{2 + 3‘'-T 4- 5;(2 - 3^y 

with 

„ (3 - 2 ■ 3i/2)[^(2 - 3i/2)”-i - f Rz)] 

A„ — 3[(2 + — (2 — S'/O" M 

and 

(3 4-2- 3‘/2)[^(2 J 3^/*)"--^ /?i - «(/?, 4- R 2 )] 
Bn - 3[(2 H 3''*)""^ - (2 - 3'/®)"-’] 


so that is defined by 

p. „ . m;(2 + yy -I B-,(2 - yyi (is) 

[1 4- a{k — 1)] 

These prices are only valid when the market is entirely served and when 
each oligopolist gets a positive market share. To this effect, the equilibrium 
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price pt of oligopolist 1 given by (15) must be smaller than or equal to 

[(«! - Mo)/«i] , i-e., 


2m,« 3’/*“ ^ /?, 

/3(Mi - m„)[(2 + 3V^)« * - (2 - 3'/2)«-i] X R,^ 

V -I- M,<^ 3i/2[(2 -f 3*/=*)"-! + (2 - 31 / 2 )"-’ - 2]I 

and /?*)] must be positive, i.e., 

._ 2 _ 

K, (2 + 3i/2)»-i + (2 - 3i/2)«-i - 2 • 


( 16 ) 


(17) 


So far, we have characterized equilibrium prices in an industry embodying 
n firms selling products whose respective utility indices satisfy relationship 
(1). Equipped with this framework, we may now study the change in prices 
and market shares when the number of firms increases. To proceed in that 
direction, we shall assume that new firms always enter the market with 
higher-quality products, namely, that the (n + l)st firm enters the market 
with a utility index equal to (1 -f an) m, 

To begin with, let us assume that the starting number n of firms is such that 
the whole market is not served. In this case, we know that condition (14) must 
hold and that equilibrium prices are given by (13). Defining n as the largest 
integer for which condition (14) is verified, it means that n < n. If a new 
firm enters, then either « -f- 1 is still smaller than or equal to /7, or /; + 1 is 
greater than it. In the first alternative, it is easily verified that the "after-entry''^ 
equilibrium prices for existing firms, still given by (13), are smaller than the 
"pre-entry" equilibrium prices. Consequently, as long as the whole market is 
not served, equilibrium prices form a decreasing sequence of the number of 
the new entrants. In the second alternative, the whole market is served. 
Assuming that an interior noncooperative price equilibrium is observed with 
(n -1- 1) firms (which is fulfilled if condition (16) holds for h 1), the equilib¬ 
rium prices are then given by (15). Computing from (15), we obtain 

the result that, as soon as the whole market is served, equilibrium prices 
again form a decreasing sequence when the number of entrants increases. 

Our major finding is that this entry process cannot allow a continuously 
increasing number of firms with a positive market share. Indeed, for all the 
firms already on the market to maintain a positive share, we know that condi¬ 
tion (17), among others, must be satisfied. As the right-hand side of (17) is a 
decreasing function of n, there exists a maximal number, say n*, of firms for 

■ Although the use of this particular entry process entails some loss of generality, that 
loss is comparable with the loss of generality which follows from assuming that all firms are 
identical, a hypothesis usually made in the theory of entry with homogeneous products. 
Moreover, analogous processes are considered in the recent literature in location theory 
(see, for instance, [8]). 
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which (17) can still hold. For n > n*, the converse of (17) must be verified: 
income disparities, as expressed in our model by the value of , are no 
longer sufficient to sustain an industry embodying a larger number of firms. 
In other words, the income distribution determines endogenously the maximal 
number of products which defines the industry. It is our belief that the number 
n* can be viewed as a kind of long-run equilibrium number of firms in the 
sense that, when this number is reached, no room is left for a larger number 
of products. 

Does it mean that no other firm with a higher-quality product can enter 
when the long-run equilibrium number n* is reached? The answer is no. 
Indeed the entry of a new firm can take place, provided, however, that it is 
accompanied by the exit of another. Assume that a firm selling a product 
with utility index «„.+] = (I 4 a«*) «i decides to enter. It then follows from 
the definition of «* that at least one other firm must necessarily obtain a null 
market share at the after-entry equilibrium. In fact, it can be shown that only 
one firm must exit at the after-entry equilibrium and that it can be only firm 1 
(see the proposition given in the Appendix). Consequently, after entry of 
firm n* 4- 1, the industry again embodies n* firms, but now with indices 
{2,..., n* 4- 1}. More generally, the entry of firm «* + m, with utility index 
M/iMm = [1 + «(«* f ~ 1)] . would similarly lead to an industry 

profile defined by the firms [m i 1,..., n* f m]. Interestingly, the after-entry 
equilibrium prices form a sequence decreasing to the competitive prices as the 
number m of new entrants increases. Indeed, the equilibrium price of firm k is 
given by 

p ! = 1 ) H 

with k = m + 1,..., m + n* (again see the proposition of the Appendix). 
Among other things, this result implies that we may observe low prices in an 
industry embodying a fixed, and possibly small, number of firms provided ni 
is large enough. 

Let us illustrate the whole process we have just described when the long-run 
equilibrium number n* is equal to 2. Let firm 1 initially be a monopolist in 
the industry and sell a product with utility index Mj . By the choice rule (4) with 
k == 1, one easily checks that the market share M^{pi) is defined by the inter¬ 
val f whose lower and upper extremities are respectively given by 

/,(Pi) - Max jo, 

and 1. The demand function /u[A/i(pi)] faced by firm 1 is then 

ttiPi _I ^1 j 

(Ml — Mo) Ri Ri) 


Min 1, 1 - 
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Assuming < 1, a simple calculation shows that the monopoly price is 
equal to — Ko)/wi](^i + -^z)- Since, at this price, all the consumers are 
not served, room is left for entry of firm 2 with utility index = (1 + a) . 
Assuming also that condition (16) holds for n = 2, namely, 

_2_< A. 

3(m, — i/o) -1- oiUi Rz ’ 


we deduce from the above that the whole market is supplied at the equilib¬ 
rium prices 


^(R-j Rt) 

Pi = -5- 


and 


* «(2/?2 + /?i) 

' 3(1 -I- «) ’ 


consequently, n l.« Suppose further that condition (17) is not fulfilled 
for n --- 3, namely, that ^ < R 1 IR 2 \ accordingly, n* =2. Hence under the 
hypothesis 


max 


3(mi — Mo) + 


6) ^ 7?2 ^ ’ 


two firms, and only two firms, may remain in the industry forever. If firm 3 
with utility index M3 = (1 + 2a) would in turn enter the market, then a 
new equilibrium would emerge at which firm 1 has been enforced to exit, 
with prices 


* <^(^2 - 

3(1 -h oc) 


and 


* _ ^( 2R2 ~f- 7? i) 5 
~ 3(1 4- 2a)" • 


It remains to study the role of substitutability among the products at the 
equilibrium. First note that, whatever the fixed number of products, a value 
of a sufficiently small exists for condition (16) to be satisfied. In this case, 
equilibrium prices are then given by (15). Second, these equilibrium prices 
form a decreasing sequence which converges to zero as the substitutability 
between products increases, that is, as a tends to zero. As stated above, pure 
competition is the limit of a process where products become more and more 
homogeneous. At the limit this is nothing else but the “objection peremptoire” 
of Bertrand against Cournot. 


Appendix 

Proposition. Let q and m be two arbitrary integers such that q ^m-\- I 
and let the firms defined by the set of indices {q . n*,..., n* + m}. A non- 

* A more extensive discussion of the market solution for n — 2 is contained in [6]. 

^ This illustration shows that the long-run equilibrium number is not necessarily very 
large. A priori, to any value of n, there corresponds an income distribution which authorizes 
a number of firms at most equal to this value. Possibly, with a high degree of income 
dispersion, a large number of products will be observed. 
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cooperative price equilibrium involves exactly n* firms given by the set of indices 
{m + n* + m}. Furthermore, the equilibrium price of firm k, with 
k — m -{■ 1,..., n* -f- m is given by 

p* “ \+J(lc- 1 ) ■ '"‘"•<2 + 3 *'')*'" + - 3 ‘'“)*-”)- ( 18 ) 

Proof. Assume that the firms defined by {q,..., n* f m} have a positive 
market share at the equilibrium and that the firms defined by {1,—» 4^ — f} 
have been put out of business. In this case, the equilibrium prices must 
verify the following first-order conditions: 

(1 + ocq)p*^i - 2[1 + <x(q — \)]p* - ocRi = 0 , 

(1 f Pm - 4[1 + oc{k - l)]pt + (1 + «(A: - 2)]pt, = 0, 

k ~ q + 1 n* + m — 1, 

( x(Ri + R ^ ~ 2[1 -F oi(rt* f m - 

I- [I + + W - 2)] P^+m-l 0- 

Using the change of variables defined by (12), we obtain 

A-g+i — 2x„ — ocR^ = 0, 

^ft+i — 4- =0, fc = g 4- 1,.-, n* 4- m — 1, [3} 

®(/?l 4“ 7 ^ 2 ) 4“ 1 ~ 0* 

Furthermore, setting j = k — q + I yields the system 

X 2 — 2xi — aR-i = 0, 

- 4xj 4- Xj.i =0, j = 2 . n* + m-q, {4} 

4” 2Xn*^n,— «+l 4" ■^n*+T»-B 0- 


This system is identical to system {2}, with n —n* m — q + 1, so that 
its solution is given by 

X, = /f;,,„._B+i(2 4- 3^'^Y -h - 3^'*)^ 

j = 1,..., n* A m - q + 1, 


Xk ■^n*+m-B+l(* 4" * j I" On*4m-9+lt^ * ) » 

k = q . n* 4- m. 
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which leads to 

* 1 
" 1 + y(k - I) 

• [/!;*„« „+i(2 + 4- - 3’'^-'''’]. (19) 

By definition of a noncooperative price equilibrium, each firm must have a 
positive market share. In particular, this must be true for firm q, so that 

^9+lPa+i ^qPq oiRi . 

The latter condition is verified if and only if condition (17) holds for 
n* + m ~ q + I, which is impossible as long 'ds q < m + 1. Consequently, 
firm q cannot afford a positive market share. As a similar argument applies to 
firms k q -\- 1 ,..., k — m, exactly n* firms, namely, the firms defined by 
{m 1- 1 ,..., n* -f m], remain on the market and the corresponding equilib¬ 
rium prices are provided by (19), where q -- m 1, i.e., by (18). Q.E.D. 
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The paper investigates the conditions under which an abstractly given market 
game will have the property that if there is a continuum of traders then every 
noncooperative equilibrium is Walrasian. In other words, we look for a general 
axiomatization of Cournot’s well-known result. Besides some convexity, con¬ 
tinuity, and nondegeneracy hypotheses, the crucial axioms are: anonymity (i.c., 
the names of traders are irrelevant to the market) and aggregation (i.e., the net 
trade received by a trader depends only on his own action and the mean action 
of ail traders). It is also shown that the same axioms do not guarantee efficiency 
if there is only a finite number of traders. Some examples are discussed and a 
notion of strict noncooperative equilibrium for anonymous games is introduced. 


1. Introduction 

In this paper we shall attempt an axiomatization of a central theme of 
economic theory, namely, the idea that the noncooperative equilibria of 

* This paper brings together and supersedes Dubey and Shubik (1978) and Mas-Colell 
(1978). We are indebted for discussion, suggestions, and amendations to K. Arrow, W. 
Heller, L. Hurwicz, Ch. Kahn, £. Maskin, A. Postlewaite, and W. Thomson. The usual 
caveat applies. A. Mas-Colell’s research was supported by NSF Grant SOC76-19700A01 
and SOC77-06(X)0. The latter grant was at the Institute for Mathematical Studies in the 
Social Sciences, Stanford University. The work of Dubey and Shubik relates to Department 
of the Navy Contract N00014-77-C-0518, issued by the Office of Naval Research under 
contract authority NR047-006. 

339 

0022-0531 /80/020339-24$02.00/0 



340 


DlJBtY, MAS-COLELL, AKD SHUBIK 


market-like economies with many relatively small traders are Walrasian 
(hence efficient) or, in other words, that price-taking behavior is, in a mass 
market, the natural consequence of “message taking” behavior. The classical 
partial equilibrium reference is, of course, Cournot’s (1838). Two modern 
general-equilibrium version of Cournot’s model are represented by Shubik 
(1973) [see also Shapley (1976), Shapley and Shubik (1977), Jaynes, Okuno, 
and Schmeidler (1978)] and by Gabszewicz Vial (1972) [see also Hart 
(1979) and Novshek-Sonnenschein (1978)]. The work reported here develops 
from the Shubik line. 

We take as our conceptual starting point the notion of Strategic Market 
Game, to be understood as a complete specification of trading rules and 
transaction constraints with respect to which a noncooperative equilibria 
is reached. This is to be contrasted with the theory of the core of a market, 
[which originated in Edgeworth (1881); see Hildenbrand (1974) and his 
references] where final outcomes are completely unconstrained by institu¬ 
tional mechanisms of trade. 

The game being played in real economic life is quite complex. It is clear 
that there is not a unique, somehow given, way to formalize it as a strategic 
market game. So it is sound research strategy to build a gallery of models 
emphasizing different important features, their fine structure reflecting the 
host of institutional features of the economy not usually taken into account 
by the economic theorist, but of importance in the understanding of market¬ 
ing and transaction technologies. Nevertheless, experience with different 
models indicates that a number of facts are quite robust to changes of speci¬ 
fication. Among them: the noncooperative equilibria of markets with a 
finite number of traders tend (this is a suitably vague verb) to be inefficient, 
and the noncooperative equilibria of markets with many relatively small 
participants tend to be (almost) efficient. Thus, it seems justified in order to 
bring out the robustness of these phenomena to engage in axiomatics. 

We proceed by sidestepping the modeling problem and assuming (ad¬ 
mittedly, this is quite a lot to assume) that a strategic market game is given 
to us in an abstract manner. We then try to identify general principles 
yielding the efficiency results. Our axiomatization will be fairly transparent 
and, from the mathematical point of view, trivial. The basic principles turn 
out to be: 

(i) convexity: traders have available a convex set of strategies. 

(ii) anonymity: from the point of view of the market, only the message 
sent by the trader matters. 

(iii) continuity: of outcomes with respect to strategies. 

(iv) aggregation: the trading possibilities of any player are influenced 
by the messages of the other players only through the mean of those messages 
(and not, say, through the variance). 
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(v) nondegeneracy; it must be possible for individual players to in¬ 
fluence to a substantial extent their trading possibilities in the market. 

With the given axioms we first prove some inefficiency results for the 
finite number of traders case and then establish efficiency for the large 
number of small traders case. As in Aumann (1964) for “large number of 
small traders,” we shall adopt the idealization of the continuum. We do this 
merely for convenience and in order to sharpen the essential facts. We 
will, however, devote one section to the asymptotic, in contrast to limit, 
theory. It is fortunate that the consideration of a large number of small 
traders (in the limit a continuum) has simplifying implications for non- 
coofjerative analysis. Indeed, under general condition.s, if individual players 
are, in whichever is the relevant sense, very small relative to the size of the 
game, the only sensible expectations (at “equilibrium” or at “disequilibrium” 
plays) of individual players is that the rest of the players will not react 
(or react very little) to changes of their actions. Thus, in contrast to games 
among few, simple Cournot-Nash equilibrium emerges as the natural 
noncooperative solution. Our treatment of Cournot-Nash equilibrium in the 
continuum builds on a paper of Schmeidler (1973) which deserves to be 
better known. 

There are clear similarities and connections between our formal structure 
and the extensive literature growing out of Hurwicz's (1960) seminal contri¬ 
bution on the designing of resource allocation mechanism. But it is important 
to keep in mind that the spirit of our work is very different. In particular, 
we do not attach normative significance to our results. For us, the market 
mechanism is given, and we merely analyze its properties. 

The paper is organized as follows; Sections 2- 5 present the basic model. 
Section 6 enumerates the axioms. Section 7 looks at the continuum as a 
limit of the finite but large situation. Section 8 discusses a nondegencracy 
issue for equilibria. Sections 9 and 10 present efficiency results for the finite 
and continuum cases, respectively. Section 11 looks at examples; and, finally. 
Section 12 defines and discusses a type of noncooperative equilibria of 
special relevance to market situations. 


2. Commodities, Agents, Assignments 
The commodity space is RK 

We let I, the set of agents names, be either a finite set equipped with the 
counting measure or the interval [0,1] with Lebesgue measure (denoted A). 
Thi^ will allow us to treat simultaneously the finite and the continuum cases. 

An assignment is an integrable map x; IR} such that Jx(r)df = 0. 
Note that we are concerned only with net trades. 
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3. Economics 

We now look at the agents in / as the traders of an economy. 

A trader is characterized by; 

(i) a closed, convex, nonempty set X C of net trades, interpreted 
as the set of contracts the trader can honor, and 

(ii) a complete and transitive preferences relation >CX x X. Every 
X is assumed to satisfy free disposability, i.e., if x e A', then x + /?+* C X. 
Preferences > are taken to be continuous, convex, and monotone. The set 
of characteristics is .?/ - {{X, >)]. As in Hildenbrand (1974), one can view 
.c/ as a measurable space by endowing it with the tr-field derived from the 
closed convergence topology on the closed subsets of 

We define an economy a la Aumann (1963), i.e., as a (measurable) map 
I - > .f/. We denote <5' (/) by {Xi , ^<). 

An assignment w 1 R} is feasible if x{t) e Xt for a.e. t c /. 

The existence of two types of trade constraints is a basic distinction in our 
treatment. We have the public constraints embodied in the fact that the sum 
of net trades must be zero (i.e., markets should clear) and the private con¬ 
straints requiring that individual net trades belong to the individual trading 
sets. As a matter of interpretation we take that the private constraints are not 
publicly observable. 

A feasible assignment x is efficient if there is no other feasible assignment 
x' such that x'(0 'Zt ■’c(0 for a c- and x'{t) >i x{t) for a set of t's of 
positive measure. 

A feasible assignment x is Walrasian if there is e /?* such that for a.e. 
tel, \{t) is >( maximal on {x e A't ; /> ■ x < 0}. It is, of course, well known 
that, with the hypothesis made, a Walrasian assignment is efficient. 

Remark 1. Note that (i) individual production (i.e., firms with a single 
owner) is encompassed by the model, (ii) consumption or technological 
externalities are not permitted. 


4. Strategic Markets Games 

We now look at the set of agents 7 as a set of players. 

There is given a nonempty set S called the message, action, or strategy 
space. We assume that S is a subset of a separable Banach space. It will be 
conceptually simpler if the reader thinks of S as lying in a finite-dimensional 
space, i.e., a subset of some 

A play is an integrable function s: I ~*S. 
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A strategic market game is specified by the set of players /, the strategy 
space S and an outcome rule 0, which associates with every play s an assign¬ 
ment cP(s): I-*RK If 0 is understood, we write x, for <P(s). 

For the measure theoretic treatment to be sensible, we should require 
that the outcome rule satisfies the following property: if [s] — [s'], then 
[Xg] = [Xj'J. The symbol [ ] denotes the equivalence class of the function 
(i.e., all functions which are a.e. equal to the given function). Informally 
speaking, this property, which is nonvacuous only for the case / - [0, 1], 
has the implication that (again for I = [0, 1]) individual actions do not 
have a macroscopic influence on market outcomes (i.e., pecuniary exter¬ 
nalities are absent), which is a well-known heuristic requirement for a 
competitive process to yield efficient outcomes. 

Let us illustrate with some examples. They will be discussed with more 
detail in Section 11, from where, especially for Example 1, a clearer under¬ 
standing of the underlying economics will be gained. 

Example 1. [Shubik (1973)]. There are two commodities. The strategy 
space is A message (.Ti , ^ 2 ) is to be interpreted as follows: (resp. ^ 2 ) is 
the amount of commodity 1 (resp. 2) a trader proposes to deliver to the 
market. Let s be a play. Suppose first that J s^, J Sj > 0. Then the outcome 
is given by 

x .(0 = (-7^ 82(0 - Si(/), Si(/) - S2(/)). 

\jS2 Jsi / 

If either J Sj — 0 or J Sj = 0, we put x, 0. 

In the next two examples the strategies are whole demand-supply functions. 

Example 2. Again / = 2. The strategy set is 5 = {fs C([0, r]): /(O) > 0, 
/(r) 0), where r is some large number and for p e [0, r] one interprets 

f(p) as a proposal to buy (“sell” if negative) f(p) units of the second com¬ 
modity in exchange for pf(p) units of the first commodity. Let s be a play. 
Define 

p -- max jp e [0, r]: (J s) (p) - oj. 

Then the outcome is given by 

x,(/) = {-P sitXp), s(,tXp)). 

This example shows that there is substance in the implicit hypothesis that 
to ev.ery play s there corresponds a unique assignment. The rule for choosing 
one among the possibly many price equilibria is completely arbitrary. In 
the next example, the equilibrium is naturally unique. 


642/22/2-15 
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Example 3. identical to Example 2 except that now S = {/e C([0, r]) : 
/(O)0, f(r) < 0 and f is decreasing}. 

Remark 2. In the case where S is infinite dimensional (which shall not 
be emphasized), “integrable” is taken to mean Pettis integrable [see, for 
example, Yosida (1971)]. 

Remark 3. We could in the definition of a play require simply that s 
be measurable, thus allowing for nonintegrable plays. But not much would 
be gained, since in fact we will have a need to integrate. 

Remark 4. In the present approach the outcomes of a play are not 
necessarily feasible assignments. This is in keeping with the modelling of 
market institutions as blind to private characteristics. Any player is free to 
send any message to the market although the outcome of a play can be 
realized only if almost every trader can honor the proposed contract without 
going bankrupt. Thus, our strategies are more in the nature of proposals 
than actual actions, and to that extent the use of the term “game” may be a 
little abusive. A modeling via Debreu’s Generalized Games (1952) would 
have been possible. The present situation can be contrasted with the well- 
known price tatonnement. Here public constraints are always satisfied, but 
private ones need not be. There private constraints do hold, but not ne¬ 
cessarily the public ones (i.e., at given arbitrary prices, there may be excess 
demand or supply). 

Remark 5. The concept of strategic market games introduced in this 
section is formally related to the concept of allocation mechanism growing 
out of Hurwicz’s (1960) approach to the design of resource allocation 
methods. [See, for example, Hurwicz (1979) and Schmeidler (1978)]. 


5. Noncooperative Equilibria 

For fixed I let an economy d: I-* ji/ and a strategic market game 0 
with message space S be given. 

Definition. A play s is a Cournot-Nash (CN) equilibrium if x, is 
feasible and for almost every tel, x,(t) is maximal on Xt n{x„(t): 
s'(t') = s(/') for all t' ^ /}. 

The assignment x, corresponding to a CN play will be called a CN assign¬ 
ment. 

Since we will very quickly specialize our model, we shall not dwell on a 
discussion of this definition. 
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Remark 6. For the continuum, i.e., 1 [0,1], the definition of CN 

equilibrium has taken inspiration in Schmeidler’s (1973) work on the non- 
cooperative theory of games with a continuum of players. 


6. Axioms 

Let the strategic market game 0 on a set of players 1 be given. 

We shall restrict our consideration to strategic market games whose 
outcomes depend only on the strategies played and not on the names of the 
players. More precisely: (i) if two traders choose the same action, they get 
assigned the same net trade, and (ii) for a given fixed action of a trader, the 
net trade assigned depends only on the distribution of the strategies of all 
traders. Those are particular conditions, but they embody the anonymity 
principles of well-functioning markets: the trading possibilities of any 
particular economic agent are limited only by their availability of com¬ 
modities to trade. 

Our wish to impose an anonymity axiom explains two aspects of our 
treatment of strategic market games: the strategy sets of different players were 
assumed equal and the outcome of a play was not required to satisfy the 
private feasibility constraints. 

Let be the set of probability measures on 5 with finite mean. To every 
S '. 1-^S there corresponds an v, A o 6 

Anonymity Axiom. There is a function G S y. Jf -*■ such that, for 
all plays s, x,{t) — C(s(r), v,) for all tel. 

Clearly, for / finite, the function G is not unique, while for / = [0,1 ], 
it is trivially so. 

Under the Anonymity Axiom, a play s: /-►5 is a CN equilibrium if 
Cf(-, Vg): /->/?* is a feasible assignment and, for a.e. tel, G{s(t)y v.) is 
maximal on Xf n {(7(j, i',): seS}. 

A second, important axiom is: 

Continuity Axiom. The function G given by the Anonymity Axiom is 
jointly continuous when ^ is endowed with the topology of the weak con¬ 
vergence [see (Hildenbrand, 1974, p. 48), for a definition]. 

Under the continuity axiom the uniqueness of G in the continuum case 
(i.e., I ~ [0,1]) can be sharpened to: if for all veJ(,G and G' are con¬ 
tinuous and coincide on supp(v), then G — G'. 

A third axiom will be: 

Convexity Axiom. The strategy set S is convex. 

Given the previous axioms, our key hypothesis is: 



346 


DUBEY, MAS-COLELL, AND SHUBIK 


Aggregation Axiom. For any v, v eJlf if j idv == J idv\ then G{‘, v) 
G(-, v'). The symbol / denotes the identity map. 

In words: the net trade proposed to a player by the strategic market game 
does only depend on the message sent by this player and the mean message 
of all players. Particular as this condition is, we would argue that it reflects 
well the aggregate nature of the impact of demand and supply in organized 
markets. To be sure, it is quite possible that an economic trading situation 
may be most succinctly and naturally described in a way which does not 
satisfy the Aggregation Axiom. The point is, however, whether or not it 
can be described in some way for which it does, even if it perhaps involves 
a much expanded, but still convex, strategy space. For example, a typical 
competitive problem among firms may involve as individual strategies, 
price and quality (suppose there are only m possible qualities). The concept 
of mean quality is then irrelevant to the equilibrium problem. It may not 
even be defined. So, the Aggregation Axiom is not satisfied. On the other 
hand, if we view as the set of messages the much larger set of supply (and 
demand) functions for the m quality goods (with arguments the ni vector 
of prices), then the Aggregation Axiom will hold. 

We will postpone a more detailed discussion of the role of the different 
axioms until after the statement of the efficiency results in Section 10. 

If the four axioms of this section are satisfied, it will be simpler to desicribe 
the strategic market game by the continuous function F: S x S -> /?' 
such that G(s, v) — F(j, J idv). 


7. The Continuum as a Model for a Large Number of Participants 

Suppose we have a continuum of traders I = [0, 1], an economy : 
I jd and a strategic market game tP, with player set /, which satisfies the 
Anonymity, Continuity, Convexity, and Aggregation Axioms of the previous 
section, i.e., the strategic market game can simply be defined by a continuous 
function F:S x R}. In which sense does this amount to a model for 
an economy and strategic market game with a large number of participants? 
We address this question now. Given the limited nature of the strategic 
games we deal with (anonymous, aggregable), this is not a difficult problem. 
Even so we shall not attempt to obtain the most general possible results. 

Suppose we are given a sequence of trader sets /„, #/„ < oo, economies 
and strategic market games with player set /„ and a common 
convex strategy space S. We assume that #/„ -*■ oo. 

As in Hildenbrand (1974), we say that if the distribution of charac¬ 

teristics induced by converges weakly to the distribution of characteristics 
of • 

For the sequence of strategic market games we assume: (i) there is a 
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function H: S x S -*■ R\ where § is the cone spanned by S, such that for 
all n, plays s : 5 and / 6 /„, 0„(sX/) = s(0) and (ii) the 

function H is homogeneous of degree zero in its second arguments, i.e., 
H{s, m h) for all A > 0. This could be called the Homogeneity 

Axiom. 

We say that converges to F if (i) S'n ^ and 

(ii) F H\S X S. Since H, F remain fixed, we identify (^„ , (P„) 
with • 

A comment to this definition may be useful. The requirement that H be 
common to all terms of the sequence is in order since we want to formalize 
the idea that the number of participants in some fixed market institutions 
increases. For the same reason, i.e., the market institutions do not depend 
on the number of participants, the function H is given in an unnormalized 
way. Thus the homogeneity axiom emerges as fundamental since it is this 
axiom which allows us to replace sums by averages and therefore to define 
a meaningful continuum model embodying the notion of the negligibility 
of individual participants. The sequences generated as in Examples 1-3 
satisfy the axiom. 

If assertions about CN equilibria in the continuum are to be relevant, 
then it should at least be true that the “limits” of CN equilibria for are 
CN equilibria for the limit «f. But what is a limit of CN equilibria? We 
borrow the notion of equilibrium distribution introduced by Hart, Hilden- 
brand, and Kohlberg (1974). Given a (Borel) distribution (i on x 5, let 
1 be the respective marginals. We say that /x. is a CN distribution for 
(resp. <f) if (i) is the characteristic distribution of (resp. <?) and 
(ii) for all (AT, s) g supp(/x), F{s, J i/xj) is ^-maximal on Af n {F(s’, 
J idfi'^) : all s' e S}, where / is the identity map on S and fi’ is the distribution 
obtained by transferring a total mass of l//ifrom (AT, s) to (X, s') 

(resp. n fi'). Note that the concept of CN distribution captures everything 
essential in the definition of CN equilibria in the sense that if two CN 
equilibria have the same distribution, then they arc identical up to a relabeling 
of the traders’ names. 

Then we have: 

Proposition 1. Assume that for all n and tel„, Xt — /?'. Let /m„ be a 
CN distribution for and /x weakly. Then is a CN distribution for S. 

Proof If /i, then /Xj^ and n„s -*■ fj-s ■ So the first condition 

in the definition of CN distribution is satisfied for /x. Now let (^, s) e supp (/x) 
(we can forget about X as X “ R% Take (^„, s„) -*■ (^, s), (^„, sj e 
supp. (n„). Call X = F{s, J idfis) and for arbitrary 5' e S let y = F(s', J id fig). 
By the continuity of F, x„ -* x and y„ -*■ y, where ~ F(Sn , J idu^s) and 
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y„ - F(s', J //iiii). Hence ^ > as for all n. So, the second condi¬ 

tion is also satisfied. | 

Proposition 1 is a closed graph property for the CN equilibriunt correspond¬ 
ence (defined from distribution on to distribution on x S). It is well 
known that in order to prove results of this sort it is essential that constraint 
sets correspondences be continuous. To guarantee this we take Xt in 
Proposition 1. Of course, more general conditions could be given. 

A stronger result than Proposition 1 would be the upper hemicontinuity 
of the equilibrium correspondence. Only then can we assert that the equilibria 
of large economies are near the equilibria of the continuum. Upper hemi¬ 
continuity obtains under the hypothesis of Proposition 1 and, for example, 
the very strong assumption that S be compact (this is trivial to prove). If 
upper hemicontinuity fails (as it may well be the case in the context, for 
example, of an Example 3), then the behavior of the equilibria in arbitrarily 
large economies may differ markedly from the continuum situation. See 
Thompson (1978) for examples where precisely this happens. This is an 
important point which does surely deserve closer investigation. 


8. Proper and Full Cournot-Nash Equilibria 

Our aim is to establish efficiency properties for CN equilibria. It is clear 
that, informally speaking, a necessary condition for efficiency is that in¬ 
dividual net trades be responsive enough to individual actions. Indeed, if all 
markets are closed, every play is a CN equilibrium. It will be useful to disting¬ 
uish two types of not totally unrelated local rigidities. The first would arise if 
in some markets there were quantitative limits on trades and some traders 
had reached them. The second would arise if some markets were effectively 
closed at the CN equilibrium. This motivates the following definitions. 

Let the agents set /, economy and strategic market game 0 be given. 
Suppose that s is a CN equilibrium. For every t let 5, = {0(s')(O : s'(C) - 
s(/') for all t' r}. 

We say that the CN equilibrium s is proper if for some « < / and a.e. 
t el, a. neighborhood of x,(r) on 5, is homeomorphic to R". If we can take 
« > / — 1, we say that the equilibrium is full. 

Note that the notion of proper equilibrium is compatible with traders 
being at the boundary of their private trading sets. 

We shall see in Section 11 that it is quite possible, and even typical, that 
for the same economy a strategic market game exhibit both full and nonfull 
CN equilibria. Improper equilibria would appear to be more pathological 
in “flexible prices” models, but they would be typical in rationing models. 
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9. On the Efficiency of the CN Net Trade Allocations 
IN THE Finite Number of Traders Case 

Let F: S X S --*■ R’ represent a strategic market game satisfying the 
four axioms of Section 7. It is fairly clear from the usual examples that if F 
acts on an economy with a finite number of traders, there is no reason to 
expect the CN equilibrium allocations to be efficient. We shall here illustrate 
this point by proving, under a number of simplifying but reasonable hy¬ 
potheses, that given F and n>2, there are economies with n traders ex¬ 
hibiting nonefficient full CN equilibria (which, further, cannot be perturbed 
away). 

Let / be a traders index set with #/ = n. Given a play s: I->S and 
tel, it is convenient to define : Sf - l/(« — 1)Z/Vi Let also H: 
5 X 5->- /?* be given by H(s, s') -- F(s, (!//»)((« — 1) 5 ' -f i)). Then 5,- ~ 
H{S, .v') is the public budget of any tel at any play s with s' = l/(« — 1) 

We shall make the following hypothesis; 

(I) S is open and H is C^. 

(II) For all s, s', rank D„H{s,s’) — l—\ and Range D„H(s,s')i^ 

/?,« - { 0 }. 

(III) For some s and s' rank H(s, s') - - /. 

These are very reasonable hypotheses. Assumption (11) asserts that it is not 
possible by an infinitesimal displacement to get .something from nothing, 
but that, subject to this fact, rank D,H{s, s') is maximal, i.e., / — 1. This is a 
clear requirement if there is to be any hope that the allocations induced by 
the CN equilibria of the strategic market game be efficient. Assumption 
(III) asserts that at some combination of actions the strategic market game 
allows, if cooperation prevails, for (local) unrestricted variation of an 
individual allocation (i.e., cooperation makes it possible for some individual 
to get something from nothing). It is satisfied if, for example, H{S x S) 
contains an open set. 

Proposition 2. If H satisfies (1), (11), and (111), there is an economy 

: / —>• and a play s : / -> 5 such that: 

(i) s is a CN equilibrium, 

(ii) the net trade allocation of s is not efficient. 

Proof. Let s and s' be as in Assumption (Ill). With / = we 

consider the play s(l) = s, s(j) = s' for 2 We let 5, = s(/), . 

By (II), for every i there is a unique Pi ^ 0, HpH = 1, such that 
Pi ■ DgH(Si, jf) - 0. Let X :/-►/?' be the net trade induced by s. If x is to be 
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efficient for any economy which satisfies our hypothesis and makes s into a 
CN equilibrium, then Pf must be the same for all i. Indeed, for every we 
can take — W and choose monotone preferences >,• representable by a 
utility function and such that x(t) is maximal on Bg‘. By Assumption 
(11) this can be done (it is easy to verify that at any s' and xe , B/ n 
({x} + R+‘) -- {at}. See Fig. I), and it makes s into a CN equilibrium. By 



the usual efficiency conditions, if x is efficient, then the normalized gradients 
of utility functions, which equal the p<’s must be the same. 

So, let Pi -= ••• = Pn = Z’- Differentiating //(j, , j*') with respect to 
Sj, we get D,H(sj, s •) + = 0 for all j. Therefore, Yih 

p ■ , J-) = 0 for all / As p • D,'H{Sj , s'^ — p • , s^.) = 

X<#;P • B,'H(Si , si) — P • D,’H{Si , 5,') = 0 for all j, j', we conclude 
that p • D,'H(Si , s'i) = 0 for all i. In particular, p • Dg’H{si , s[) =- 
p • Dg'H(s, s') = 0. But then p • D,,,’H{s, s') = 0, which implies rank 
D,yH{s,s')^l- 1 and contradicts Assumption (111). Therefore not all 
Pi’s are the same, and we are done. | 

Remark 7. Proposition 2 is a weak result as it asserts only the existence 
of an economy exhibiting a nonefficient CN equilibrium. We would surmise 
that the general picture is as follows: 

Postulate Hypothesis (Ill) for all s, s'. Then restricting ourselves to the class 
of smooth economies, it would be the case that, but for some exceptional 
economies (i.e., “generically”), the set of efficient net allocations is a codi¬ 
mension one smooth manifold in the space of net trades allocations and the 
set of CN allocations induced by the strategic market game is also a smooth 
manifold. Further both manifolds intersect transversally. This means that 
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if a particular noncooperative theory of market allocation is deterministic 
in spirit (i.e., generically the set of CN equilibria is finite), then but for 
coincidental cases, no CN allocation will be efficient. This we have verified 
for the case dim S = I — \ [see Dubey (1979a), where a particular model 
is thoroughly analyzed]. More generally, the efficient CN allocations will 
form a lower-dimensional submanifold of the CN manifold. The investiga¬ 
tion of this topic, which does require the methods of differential topology, 
we have not pursued at much length although we think its clarification is of 
importance. For a study of the generic properties of CN equilibria in a 
purely game theoretic context, see Dubey (1978). 

Remark 8. Without the Continuity Axiom the conclusions of Proposi¬ 
tion 2 may well fail [see, for example, Dubey (1979b) and Schmeidler (1978)] 
The same is true for the Aggregation Axiom [see Hurwicz (1979) model, 
where the CN equilibria are efficient, but outcomes depend on the squares 
of the messages]. 


10. On the Efficiency of the CN Net Trade Allocations 
IN THE Continuum of Traders Case 

We now take up an examination of efficiency of CN allocations in the 
continuum of traders-players situation. We will be led to qualitatively differ¬ 
ent results from those in the finite case. 

From now on / = [0,1], and we have given a strategic market game 
satisfying the Anonymity, Continuity, Convexity, and Aggregation Axioms. 
So, the mechanism is summarized by function F: S x S-*- R’. After stating 
our main results, we will discuss the role of each of the axioms. 

The first obvious consequence of being in the continuum of agents is that 
all traders face the same public budget set, as no single trader can affect the 
average action and anonymity holds. For every s'eS let B,- =F(S,s'). 
Then given a play s: / —► S, the common public budget set is Bg where 
s -- J s. Of course, a play s is a CN equilibrium if for a.e. tef F(s(/), s) is 
>1 maximal on B^n Xi. 

The second and fairly obvious consequence of being in the continuum of 
agents is that for every s' e S, B/ is in fact a convex set. Aggregation is the 
crucial axiom here. 

Proposition 3. Under the Anonymity, Continuity, Convexity, and Aggrega¬ 
tion Axioms, B,’ is a convex set for every s’. 

Proof. Let s' c be given. By the continuity axiom, we can assume 
without loss of generality that c belongs to the relative interior of S. We 
proceed to show that F{-, c): S-* R^ 'k then linear. Let : S -+■ /i be any 
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of the coordinate functions of F(-, c). We know that if s is a play with 
J s c, then J (/. <> s) dt -- 0. If/«, which is continuous, is not linear, then 
an easy argument shows the existence of 5,, e S and 0 a < 1 such that 

'‘/'.(•'i) + (1 - «)/c(a' 2 ) =/-=/c(aJi f (1 - a) Si). 

Let (■: / - *■ 5 be a play with J c c and such A(c~'(>yi)) > 0, A(c"‘(52)) > 0. 
Such a c exists because c belongs to the relative interior of S. Now let c' 
be as c except that for a small e > 0 an amount of mass equal to rxe (resp. 
(1 - rt)e) is transferred from {.Vi} (resp. {ja}) to aj, + (1 — • We still 

have J c' c. Therefore, J (/^ - c) dt ^ J (/.» But this is impossible 
because /(/;" c)dt 0 = J(/.« c)<5fr. 

Hence. c) is linear and since S is convex, F{S, c) is convex. | 

For all s' wc also have 0 e , since the constant play s'(0 -v' should 

yield, by anonymity and aggregation, the null set trade. Let L,, be the linear 
subspace spanned by B/ . Then we have: 

Proposition 4. Under the Anonymity, Continuity, Convexity, and 
Aggregation Axioms, ifs: I -fS is a proper CN play, then for a.e. t. F(s(/), ,y') 
is >, maximal on O Xi, where s' — Js. 

Proof. The proof is trivial. Since s is a CN equilibrium, it is true that for 
a.e. t F(s{t), s') is -maximal on B^- r\ X,. As the CN equilibrium is 
proper and B/ is a convex set containing 0, we have that for a.e. t e I, 
F{s(t), .y') belongs to the relative interior of B„>. Now suppose that for some 
of those t we had x e L/ r\ Xt, x >< F(s(r), «')• As preferences are convex, 
we could take .v in 5,,- , but this is impossible. Hence the proposition is 
proved. | 

Proposition 4 could be interpreted as saying that proper CN equilibria 
yield Walrasian allocations relative to the set of markets which, given the 
equilibrium strategies, are open. This is particularly clear if L/ belongs to a 
coordinate subspace. It can well happen (see Section 11) that the set of open 
markets is different at different CN equilibria. 

One could ask about the efficiency properties of proper CN equilibria. 
Taking a cue from the previous paragraph, one could assert the efficiency 
of the equilibrium allocations relative to a properly defined subset of net 
trades allocations. It is not clear, however, if this would amount to much, 
as the really interesting property would be the efficiency of the CN net trade 
allocation relative to the net trade allocations which are feasible within the 
given strategic market game. Unfortunately, it is easy to convince oneself 
that proper CN equilibria are not necessarily efficient in this sense. 

So, we are left with the following corollary of Proposition 5, which, 
being the main result of this paper, we call a theorem: 
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Theorem 5. Under the Anonymity, Continuity, Convexity, and Aggrega¬ 
tion Axioms, every full CN equilibrium allocation is Walrasian, hence efficient. 

Remark 9. Let’s restrict ourselves to strategic market games on I 
[0, 1] satisfying the Anonymity and Continuity Axioms. It will be convenient 
and admissible to identify a game with the continuous function G : S x 
.M -> As we are in the continuum case, the public budget set is common 
to all traders. So, if the game G is understood, we let B, - G{S, v) for any 

V G 

We show now how given any interval TCR, continuous function g: 
T-* R, and nondegenerate probability measure satisfying J idv =■■ 0 
and J gdi/ — 0, we can construct an anonymous strategic market game G 
for a two-commodity world with / = [0, 1] and Be ■-= Graph g. 

Indeed, it suffices to define 


G(s, u) (J ! .VI dvjj [ s I dv'j 

(■' - j 1^^ / ■' *<■" - Ti^;- /" 


If JI .VI i/v 0 put G(s, v) - 0. The Continuity and Convexity Axioms are 
satisfied, but the Aggregation one is not. Also, if g(0) - 0, then 0 g for 
all V 6 Obviously, this G does not have any particular economic inter¬ 
pretation, which is not surprising, given the failure of aggregation. 

It is therefore possible to have strategic market games satisfying the 
Anonymity, Continuity and Convexity Axioms and generating CN equilibria 
as the ones depicted in Figs. 2a, b, c, d. In every case, the economy is formed 
by two equal weight types with X /?“ and the indicated preferences. The 
play distribution is in all cases K{^i}) KW) a- 

Figure 2a exhibits an improper equilibria. Figure 2b gives a proper, but 
not full equilibria. Both equilibria are inefficient. It is obvious that both 
pictures could be sustained by strategic market games satisfying the Aggrega¬ 
tion Axiom. Figures 2c and 2d provide examples of full equilibria failing 
to be efficient on account of the lack of aggregation. 

Remark 10. It is important to notice the interplay between the Aggrega¬ 
tion axiom and the convexity hypothesis on the strategy space 5. It is the 
latter which gives force to the first. Indeed, it is always formally possible, 
by expanding S, to satisfy approximately the aggregation axiom. But the 
expanded S may fail to be convex. For example, ifS = [0, 1 ] and the outcome 
net trades depend on plays through the mean and the variance of the message 
distribution, we could extend the message space to S' = {(j, j®) : j e [0, 1)} C 
[0, 1]*. Then, the Aggregation Axiom is satisfied, but the Convexity Axiom 
is not. 
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Remark II. Under the hypothesis made, the Theorem concludes that 
CN allocations are not just efficient, but in fact Walrasian. Essentially, this 
is a consequence of the Anonymity Axiom. Under quite general circum¬ 
stances, it is the case that if the allocation derived from an anonymous 
continuum strategic market game is efficient then it is Walrasian. See 
Hammond (1979) for this point. Ch. Kahn (1979) has succeeded in for¬ 
mulating and proving an analog of the Theorem without the Anonymity 
Axiom. He gets that CN allocations arc still efficient but not necessarily 
Walrasian. A common price system and linear budget sets still obtain, but 
lump-sum transfers at equilibrium are possible. 

Remark 12. The Continuity Axiom is troublesome. It is basic to our 
approach since, as we saw in Section 7, we need something like it if the 
continuum model is to be of any use as a representation of a finite but large 
situation. But there is no denying that there are sensible economic models 
for which this axiom poses problems. As an instance, the outcome rule may 
be naturally multivalued (as in Example 2; more generally, this will tend 
to be the case if the outcome is itself the result of some equilibrium process). 
Or think of price competition along strict Bertrand lines, or on retaliation 
strategies, etc. See Green (1979) for a discussion and analysis of the con¬ 
tinuity problem in a different (dynamic) context. 

At any rate, if continuity fails the properties of equilibria for both the 
finite and the finite but large models may be very different from the con¬ 
clusions of this paper. We may have models where equilibria are always 
efficient, even in the finite case (Bertrand-like models, for example) and 
models where there is no tendency for the equilibria to become efficient even 
if the economy is very large [see Green (1979)]. 

Once we place ourselves in the continuum, the Continuity Axiom plays 
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only a minor role in the proofs of efficiency of a CN play s. It is obvious 
from the proofs that it could be replaced by either of the hypotheses “J s g 
I nt 5” or ‘T is continuous on 5 x {Js]”. 

Remark 13. It is easy to convince oneself that we cannot dispense with 
the convexity of preferences. It is this hypothesis which, for each trader, 
makes a local optimum (and this is all we can prove for a CN equilibrium 
with our axioms) into a global maximizer in the budget set. 


11. Some Examples 

We shall now examine some specific examples in the direction of the ones 
introduced by Shubik (1973). See also Shapley (1976) and Shapley and 
Shubik (1977). 

The space of traders is /, finite or infinite. 

As a first step, let there be only two commodities, h ^ 1,2. 

The simplest model calls for strategies which are nothing more than the 
single act of sending messages promising delivery of a certain amount of 
goods to either side of a single market, i.e., 5 = where by (.v,, j^) eS 
we understand a commitment to supply s^,h 2, of good h. 

Let s : / -> S be a play. Which rules should we specify for the disbursal 
of Si — J s, , 5.2 =■■■ J Sg ? Or, in other words, which conditions shall we 
impose on the outcome x : 1 -> R^ of the play? Consider the following three 
(postulated to be valid for every possible play and players space): 

(i) Suppo.se we create a fictitious player space [0,2]—endowed with 
Lebesgue measure—and a play s : [0, 2] ->• 5 defined by letting s(r) ~ 
(Si(r), 0) if r 1 and s(r) = (0, Sglr — 1)) if 1 r si 2. Let x be the outcome 
of this play. Then x(f) — x(t) i x(t ( I). In words, there is complete 
separation of buying and selling and we can, without loss of generality, 
assume that / — /j u 4 where 


Ii ={tGl: sa(t) 0}, /g = {rG7 : s,(/) - 0}. 


(ii) If i gI„ , h -- 1, 2, then X/,(/) = — S/,(t), i.e., the supply of a com¬ 
modity offered to the market is always taken. 

(iii) With the convention that 0/0 qualifies as any number, the ratio 
Xi{t)lx^t) (resp. Xg(t)/Xj(/)) is independent of / g /g (resp. t g Ii). This can be 
interpreted as a kind of anonymity cum arbitrage-freeness. 

Then, of course, the outcome is 

x(0 = MO - MO. MO ~ MO)- 
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If s-i 0 (rcsp. “ 0) we put the first (resp. the second) entry equal to 
--Si(0 (resp. — SaCO)- This is nothing but Example 1 in Section 4 (with an 
inessential difference: to enforce that x be always an allocation, we required 
there that x 0 whenever - 0 or L ~ 0 while here if, say s, 0 and 
5 , 0, X will not be an allocation, since .Sj is not redistributed to anyone). 

Note that the Anonymity, Convexity, and Aggregation Axioms are satisfied 
while Continuity may fail only at the point Sj -- L 0. It is Condition 
(iii) which yields anonymity and aggregation. Alternatively, we could have 
assumed the latter and derive the former. For example if there was a function 
F: S X S - R such that \{t) = F(s{t), s) for every possible play and players 
space, then, by Theorem 5, F will have to be linear on the first argument and 
we recover Condition (iii). 

A multicommodity extension of the previous example is readily available. 
Let there be / commodities. We may define a simple market as one in which 
quantities of a single commodity i are exchanged for another single com¬ 
modity /. A market structure composed of simple markets can be represented 
by a graph where the points represent commodities and the edges simple 
markets. See Fig. 3. We could call the edges of the graph open markets 
(and the nonexisting edges closed markets). A market structure is complete 
if its graph is connected. A commodity is a money if in the market structure 
there is an edge to every other commodity. So, every market structure with 
a money is complete. In Fig. 3, Structure 3a is not complete, while the rest 
are. Structures 3c, 3d, 3e have, respectively, 1, 2, and 4 money commodities. 

Given a market structure M we could assume, to focus on the simplest 
case, that every market functions as the simple market previously discussed. 
Then the strategy space is S — where for every ke M s^^i hu. represent 
the quantities offered to the market k of the two commodities transacted 
in that market. For a given play s we could let M^C M he the active markets 
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at s, i.e., M, {ke M: J Sj*, J Sj* > 0} and S, — the “active” 
strategy set. 

Suppose s is a CN play. If we forget about nonactive strategies, i.e., 
imagine that our strategy set is S, then each one of our axioms is satisfied 
(see end of Remark 12). So, the efficiency Theorem 5 applies if the equilibrium 
is full (note that the equilibrium is always proper). Now, the equilibrium 
will be full if and only if the market structure formed by the active markets 
Mi is complete. For this type of model an inactive market is no better than 
a closed one. 

The reader familiar with Shubik's original model (1973) and with the 
multicommodity extensions due to Shapley (1976), Jaynes, Okuno and 
Schmeidler (1976), Postlewaite and Schmeidler (1978), Dubey and Shapley 
(1977), may wonder why we get efficiency of equilibria in the continuum 
case merely out of the connectedness of active markets when this was not at 
ail the case in the previous references. The reason lies in the feasibility con¬ 
straint we are presently using. We completely abstract from transactions 
problems and for equilibrium we only require the net trade to be individually 
feasible. So, it is possible to use the receipts in one market to buy in another 
market. If we visualize our simple markets as taking place simultaneously, 
this amounts to the absence of a liquidity constraint, i.e,, to the presence of a 
perfect credit system. 

Another observation is that the previous model will typically have multi¬ 
plicity of equilibria. In fact if an existence theorem is available (it is, see 
references of the previous paragraph), we will have an equilibrium for every 
a priori specification of inactive markets. 

The market strategies so far considered are rather extreme. They are 
commitments to supply a given amount of commodity i to the market in 
exchange for any quantity of commodity j. More generally, we could envision 
a supply message (interpretable, perhaps, as a decision rule) to a simple 
market as being a function Si(xj) to be read as a promise to deliver .y,(.V;) 
units of commodity / in exchange for Xj units of commodity j. In line with 
Conditions (i), (ii), and (iii) for the simpler case, we could require of market 
clearing and disbursal rules that at the transactions outcome of a play we 
had that for all i and./, Si{xj)lxj be independent of the particular supplier. 
Of course, this is nothing but market clearing at a price system, and if we 
further constrain every s* to be nondrcreasing and concave, we put ourselves 
in the anonymous and aggregate situation of Example 3 in Section 4. Indeed, 
it suffices to redehne a selling strategy as a 0-homogeneous function 
. Pi) promising to deliver S^ipi , pj) units of commodity / in exchange for 
J IPi PAiPi > Pi) units of commodity j. Clearly, every strategy induces a 
Si strategy and equilibrium prices are determined by the condition 

Pi j hiPi > Pi) = Pi J ^i{Pi ^ Pi)- 


See Fig. 4. 
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The example at the beginning of this section is a limit (the Cournot case) 
of this latter model. It corresponds to the case Si(x^) = c. The other limit, 
s^(Xj) linear homogeneous, is the Bertrand case. Since outcomes are in this 
case highly discontinuous on strategies, it is not easily amenable to our 
analysis. 


12. On THE Concept of Strict Cournot-Nash Equilibrium 
IN Continuum Economies 

Suppose that for / = [0,1] we have given an economy : /-> .c/ and an 
anonymous trading game G: S xJf-*-RK From a noncooperative game 
theoretic standpoint, a CN play s : / -> 5" will be rather fragile if there were 
traders (strictly speaking, a nonnull set of traders) that could obtain a better 
net trade by pretending to be n different players {n finite but otherwise 
arbitrary). Indeed, in an anonymous mass market it may not be possible 
to prevent an individual trader from entering it several times or simply, 
using proxies. This observation prompts the following 

Definition. A play s: / -*■ 5 is a strict Cournot-Nash equilibrium if x, 
is feasible and for a.e. r e [0,1] (7(s(/), v.) is maximal on Xt O . 
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From Proposition 4 it is clear that 

Proposition 6. If the Anonymity, Continuity, Comwxity, and Aggregation 
Axioms are satisfied, then every proper CN equilibrium is strict. 

Without the Aggregation Axiom a proper CN equilibrium needs not to be 
strict. For example if at a CN distribution we have that n / <,i 
(as in the example of Fig. 2c) then by the monotonicity of preferences, the 
distribution cannot be a strict CN. 

Without the Aggregation Axiom, is every strict Cournot-Nash equilib¬ 
rium Walrasian? Not necessarily. In Fig. 5 we can see an example where the 
CN equilibria are proper and full but not Walrasian (the two types indicated 
have the same weight). By using the technique of Remark 9 we can without 
difficulty construct economies and strategic market games supporting the 
figure. In the figure, ff, fails to be smooth. An obvious result is: 

Proposition 7. Suppose that A', — R* for a.e. t and that the Anonymity 
Axiom holds. Let sbea strict CN equilibrium. Iff) e and By is a (/ - 1) 

manifold, then the equilibrium is Walrasian. 

Proof Let T be the (/ — 1) tangent plane to B^ at 0. It is easy to verify 
that for any zeT, \j2-iitBy contains net trades arbitrarily close to z. 
Henceforth by the continuity of preferent^s, for a.e. f e [0,1 ], 

Xi(0 z for any zsT. Because of monotonicity of preferences, Tn R\^ ~ 
0 . Hence we can pick p ^0 such that T = {z e R : p ■ z = 0}. With p as 
the candidate Walrasian price, the proof proceeds from this point on as in 
Proposition 4. | 

As the example of Fig. 2d shows. Proposition 6 holds for strict CN equilibria 
but not for ordinary ones. 

Remark 14. Given an anonymous strategic market game G : S x^-*- 
R* it is possible to build a new one G* : S* X Jl* -► R} in such a manner 
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that the concept of ordinary and strict CN equilibria coincide in G* and the 
ordinary equilibria of C* correspond to the strict equilibria of G. 

One would proceed as follows. Let 5 be a complete, separable subset of a 
Banach space. Denote by S* the set of finite, nonnegative integer valued 
measures on S. Endow S* with the weak-star topology and corresponding 
Borel CT-field. Let^* be the (Borel) probability measures on S* with bounded 
mean. A play is now an integrable s* : /-►S'*. The integral is defined by 
(J s*)(K) = J s*(0(k') for every Borel set KCS. It is a nonnegative finite 
measure on S [see (Mas-Colell, 1975, Sect. 3.1) for the mathematical tech¬ 
nicalities of this remark]. Given s* we let v*. be the Borel probability 
measure induced by s* on S*. An element v* GJt* induces a distribution v 
on A by letting 

Given a play s*, one let v,, be the measure in S corresponding to » *.. 
Clearly, 


Finally, one defines 

G*(a*, V*) - J 6X.y, i>) (is*. 

Note that in this new game the Aggregation Axiom is satisfied but S* is not 
convex. Also, a proper strict CN equilibrium of G is an ordinary, but not 
necessarily proper, CN equilibrium of G*. (See Fig. 5) where B,, is the convex 
hull of 5„). 
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1. Introduction 

In this paper we make good the promise [ 6 , Sect. 9] that, under appropriate 
conditions, the Nash Equilibria of finite-player strategic market games are 
generically inefficient. Our conditions are: (a) the dimension of each trader’s 
strategy set is at most / — 1 , where / is the number of commodities, (b) the 
mapping from strategies to net trades is sufficiently smooth, (c) so are the 
traders’ preferences. For concreteness we work out a specific model—the 
so-called “sell-all” model, explored in [9]. But the same proof can easily be 
adapted to the general case. 

Condition (c) is quite standard and not particularly restrictive (e.g., see 
[7]); Condition (b) is necessary and without it our conclusion may well fail. 
Indeed see [ 8 , 5] for models with price-cutting strategies where the Nash 
and Walras Equilibria coincide. For a discussion of (c), see again Section 9 
of [ 6 ]. 

Needless to say we take our cue from the analogous finiteness results 
obtained for the Walras Equilibria of markets by Debreu [2], Smale [11], 
and others. For a similar analysis of strategic games in general, see [4]. 

For any integer r, let /, = {1,2,..., r}, and let be the nonnegative orthant 
of the Euclidean space of dimension r. Let I„ be the set of traders and 4+1 
the set of commodities in which they trade. Each trader /1 /„ is characterized 
by an initial endowment a* g £2'^ ' ^ and a utility function —► R. 

(Here af is the quantity of commodity j held by trader /.) We assume that 
ZLi fl* > 0 and that < 2 ^^ 1 > 0 for alF i e . 

To recast the market as a game in strategic form, we single out the {k -f- 1 )st 
commodity as a money. There are k trading posts, one for each of the other 
commodities. Traders are required to put up all of their first k commodities 

* The research reported in this paper was partially supported by grant No. SOC77- 
27435 from the National Science Foundation, and by Contract N00014-77-C0518 issued 
by the Office of Naval Research under Contract Authority NR-047-006. 

‘ If ^ 0, then trader / is a “strategic dummy” in our game and can be ignored. 
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for sale in these trading posts, and use their endowment of commodity 
money for bidding on them. The strategy set 5‘ of trader i consists of bids 
on the k trading posts, but he is constrained to bid within : 



Given a choice of strategies b — (6 *h"), prices p(b)eQ'^ are 

formed in the trading posts and the markets cleared, with the final bundle 
A*(b) accruing to /, according to the rules: 


('where Bj ^ bj‘, etc.j 

if pjib) > 0 
if pj(b) = 0 

k k 

4.n(b) ^ aUi - X b/ 4 X ''/• 

(We may interpret Xj‘(b) ---■ 0 to be a confiscation of goods in the absence of 
any bid. Consider a S - S”)eS S' x • • x 5”. B is called a Nasb 
Equilibrium (N.E.) of this game if, for all i e /„ , 

m'(.v'(^)) > I b% b^ e S\ 

where | 6‘) is the same as S but with replaced by ; it is called an 
efficient point of the game if there is no fr e 5 such that 

M*(.x'(h)) > u‘{x%6)) for all i e I „, 

ii‘(x’(b)) > uXx\S)) for some / e /„ . 


Pj(B) 




X/(h) r. 


6 / 


Pj(B) 
= 0 


for j = 1,..., A-; and 


2. Finiteness and Inefficiency 

In our analysis we will, for convenience (see Remark 3, however), hold 
the traders’ endowments fixed and vary their utilities only. Put Q ~ {xe 
^ Of). Let U denote the linear space of all functions® from Q 
to R, endowed with the C®-norm.® Thus we may think of a market game as 

* That is, those which can be extended to a C* function on /?* ' 

* That is, II u ll = sup{ll i/(x)l!, 1| £)i/{A:)||, || i)*«(x)l|: x e 0), where 11 I1 denotes the maximum 
norm. 
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given by a point « m ")6 ({/)«. Denote the set of its N.E. by 7 j(m), 

and the set of its efficient points by c(m). 

We will focus our attention on certain open sets of (t/)". Let e be the unit 
vector in i.e., ej =--■ 1 for each j. Take two positive numbers a and a', 
a < a . Define f/(or, a') — {ue U : ae < Du < a'e}. The manifold of games 
which we will consider will be open sets of the type (U(a, a'))”- Finally let 
S' - b”)eS : b' is a vertex of S' for at least one / e /„}. We are now 

ready to state our main result: 

Theorem. Fix a and a', 0 <a < o'. There is an open dense set E of 
iU(o, o'))” such that, for any u e E, 

(a) 7 j(m) is a finite set, 

(b) ri(u) n e(u) C S'. 

Remark 1. To obtain generic inefficiency, we could, for instance, confine 
our attention to u == «“) e (U(o, o'))" such that:'* 

for any / in /„, there exist at least two distinct j\(i) and J^U) 
in with the property u*~\r) n {x e ^ 0} = 0 and 

id "\r) n {a: G x^d) = 0) -= 0 , whenever r > m*(0 ). 

Such M form an open set £ in (t^(o, 0 '))", and clearly imply 7)(u) n S' — 0 . 
Thus the theorem could be restated with E in place of (C/(o. r7'))’* and 
"r](u) n e(u) ^ 0 ” in place of (b). 


3. Proof of Theorem 

Lemma 1 . Fix a and o', 0 < o < o'. Then there exists a fi>0 such 
that for any u e(U(o, 0 '))", 

7){u) CS,, - {bsS : Bj > /I and b/ < 5, for all iGl,^,je 

Proof Let u e iV(o, 0 '))" and b - ib\..., b") e 7j{u). Then clearly Bj > 0 
for jsf. Otherwise, if ^ 0 for some j, then any trader could bid an 
arbitrarily small e on the yth trading post (if necessary by reducing some 
other bid). By this change of strategy, he acquires 5;, while his other holdings 
change by amounts that go to zero with c. Hence for small enough e this 
improves his payoff, a contradiction. 

Next, it is also clear that 6 / < Bj for all i and j. For if hj' -- Bj. then / 
could reduce bj* and improve his payoff, a contradiction, 

' Intuitively this says that each trader “sufficiently desires” at least two commodities. 
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To establish the lower bound on Bj we consider two cases. 

Case J. Xr-i W' < flfc+i for all hel„. Let / be such that < 1/2. 
Now if / bids e more on j \ his increase in payoff for small e is approximately; 



For 6 to be a N.E. we must have a/ < a,, and 




IB, 

t ajh 

h 

aUj 

^ r 

2a' I 

1 - 

1 



Case II. zLi = ai‘+i for some hel„. Then there is a r* 6 /*. such that 
If f* then 



If r* -■/- j, choose i e /„ to ensure that 6,7^^ < 1/2. Now if / reduces his bid 
on r* by e and increases his bid on j by e, then his increase in payoff for 
small e is approximately: 
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Hence the increase in I’s payoff is at least: 


€ • 


I 25, 



■]!• 


This must be nonpositive, from which we get 



CTO, 




aA ] 

a* J 

"it 11 


Let 


min{a,: je/fe) 


Af 2 = min{ai+i: i e /„} 

= max |l a/ < 5,j 

M* = max j-§- + :ier„,he r„,j e /J. 

' “J "hi ’ 

Set 

. r Af> A/’ A/M 
^ I 2A/V ’ 2A/V ' k y 

Lemma 1 enables us to steer clear of the discontinuity in the payoff 
functions at 5, = 0 for y e/*, This is important—see Remark 5—because 
in order to show the openness of E in the theorem we need to be able to 
extend the payoff functions smoothly in a neighborhood of . 

Given Lemma 1, it suffices to prove the 

Auxiliary Theorem. There is an open dense set E of (U(cr, a'))" •iitch 
that for any ueE 

(a) r](u) nS^, is a finite set 

(b) Ty(M)ne(M)n5„C5'. 

We proceed to prove the Auxiliary Theorem through a sequence of lemmas. 
Unfortunately, first we need to introduce some fairly cumbersome notation 

V* = the set of all the A: + 1 vertices of S', 

= the set of all nonempty subsets of y\ 

X ••• X 
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For any T' e P*, -- T*j{0*], where 0' is the zero vertex of S‘. 

For any T ~ T”}e P and ieN: 

S%T) — convex hull of 7^, 

S\T) relative interior of -S*(r), 

= ^1(7’) X ••• X 3”(T), 

5( 7 ) - S{T) n S ,, 

S/ - [a 6 5: a,«(6, - A/) + d,A/ (^' - l) - oj, 
SAT) ^ SiT) n 5A 

yv(r) - {/ e TV; I r*-1 > ij, 
f --[jW:ieN(T)}, 

/*■ == 1 T’o*' I, 

I ts 

»e/V(r) 


f = 1 NO% 

RNt — Euclidean space of dimension ti whose axes 
are indexed by pairs (/,)) e N(T) x f. 

For any v e R^, v/ will be its (i,))th component. Also for any LCf, 
Vl* will be the vector in R^ (whose axes are indexed by elements of L) with 
components {uy*: j e L}. 

Note that there is a natural correspondence between elements of Vq' and 
the variables {A/ : 1 <7 < /:}. Thus, without confusion, we will speak some¬ 
times of the variable JCj, I eT. 

We construct a mapping® 

iUia,a'y)^ X SiT) 

which will enable us to study and €(m). Letting « = u") e (f/(a, cr'))" 

be3(7), define (for ie NiT), je f) 

b) = (-|^) (A), / 6 NiT), 16 f. 


It is easy to compute that; 




Hh - A/) 

■ m 


•]+ 



• Assuming SiT) is not empty. 
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if je To*; and 


Tifi/iu, Z>) = - 




if j ^ To*. 


Using A vfe now define some other mappings. First, define the subspace 
pT of pNT by = {vB ; t;/ = 0 if 7 ^ To*}. Then define : {U{u, 
a)Y X S{T) by setting = 0 if 7 ^ To*. Finally define 


7.0 : {U(a, X S{T)~*R^ X S{T) 
and 

70 : {U(p, ff'))" X S{T) -*R^ X S(T) 
by 

T0(u, b) = (r^«, b), b), 

T0(u,b) = (r^(«, h),A). 


We next need to define two subsets of R*^^. To this end, first let 


Ta={ieNiT): 0 *bP}, 

n = {icN(T);0*^T*]. 

Then let 

A\T) —{vB R^ : the projections of the v*, i e N{T), 
on S{T) are linearly dependent}, 

A\T) = {f 6 R^ : = 0 for j e 7},; 

Vi* = I’l* for f e T„ , j e To*, I e T^}. 

Lemma 2. Let M be any submanifold of X S{T). Then jZ is trans¬ 
versal^ to M((t0 a M)). 

Proof Consider any (u, b) e (U{a, (t')Y x S{T) such that T0{»,b) 
yeM. Take any ve Rf and any vve Tangent space of S{T). We will show 
that there is a differentiable path {(^w, ^ s“ch that 


£ 

dr 


(«M. eb) 
[r0(rU, t6 )]| 


= (m, b), 

= (r, m ). 


ir.-»o 


• For the definition of “transversal,” sec Appendix. 

’ Clearly, for sufficiently small t, this path will lie in {U(a, a’))” x S(T). 
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To do this, let be a path in S{T) such that® 


o/> — 0, 


jL h 


— U' 


r—0 


and then let : i e A^(r)}J_o be given by: 


where 


y(x) = u*(x) -f X . 

ier,® 


= J 7 [‘V - - A']. 

j i _ - 6>) 

«>*»]- 


d r - rhi*) 


]■ 




0 since beS", and these limits exist because u* is C®.) It is straight¬ 
forward to verify that this path has all the requisite properties. 

To complete the proof of the lemma, we need to establish that iT{u,h} t 0 
(TyM) splits. Since we have established that the derivative map is surjective, 
this follows from the finite dimensionality of the range TyM. 

Q.E.D. 

Lemma 3. There exists an open dense set E(T) in (l/(o-, u'))" such that., 
for any u e E{T), 

(a) ij(m) ri S{T) is a finite set, 

(b) ri{u) n Sj\T) is empty (for i e N(T), j e V). 

Proof. For any fixed «, denote by JS0 the mapping from S(T) to 7?^ x 
S(T) given by r0(6) = t0(«, b). Consider the submanifold (J®(r) n x 
<5(7’) of 7?^ X <5(7’), and call it Z. By the Transversal Density and Openness 


® Clearly such a path exists. 
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Theorems,” there is an open dense set i{T) of ((/(ct, a'))” such that for each 
u e £{T), ihZ. But (letting — |) codim Z i — 4 =- dim^ff). 

Hence, for such u, “ 0 ~\Z) has dimension zero. Being bounded, it must be 
a finite set.^” 

Next let Zj — i^%T) n R^) x S/{T). Again there is an open dense set 
£/(r) of (t/(CT, cr'))" such that for any ueE;(T), j0diZ/. But codim 
Z/ > i — tb -- dim^fr). Hence, for such u, = 0 . 

Let £(T) be the intersection of £(T) and all the £/(T'). Since r)(u) n S(T) C 
^ 0 ~\Z) and ri(u) r\Sj%T)C^ 0 ~\Z/), we have proved the lemma. 

Q.E.D. 

In Lemmas 4, 5, and 6 we will assume that N{T) - n. Consider M(T) = 
S{T)lKJ{S/{T ); I eN,je 7*]. Then M{T) is a manifold of dimension i — tb- 

Lemma 4. Consider any M(T\ and the mapping X 

X M(T). Then, for any b e 4/(7), and i e N, 

(a) LrKb) {r 0 Xu,b): uG{U{a,a)Y'] is a manifold of dimension 

r* + 1. 

(b) Lrib) n is an open set in (where — {i> g R^^: r/ -/ 0 
if, and only If, I - / and je 7o‘j). 

Proof (a) Take any j e 7o‘ (w.l.o.g. j = \) and consider the (k -f 1) x 
(fc + 1 ) matrix; 



• See Appendix. 

This sentence is made rigorous in Remark S. 
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Since b ^ Sj%T) for any j e To‘, 


det 


a i(5i - V) 
(5iF 




/- 0 


from which it is easily deduced that the rank of the matrix is /* + 1. To prove 
(a) note (i) the mapping from (U(<r, ff'))" to given by 7 - 0 '(m, b) for fixed 
b is linear, (ii) the image of the mapping is obtained by linear combinations^^ 
of (/* f 1 ) nonzero vectors each with i components, (iii) the matrix displayed 
above (after removal of columns j ^ TqO is a submatrix of the matrix 
(which, for future reference, will be denoted by CtK^)) of these vectors, 
(b) This is obvious. 

Q.E.D. 

By Lemma 4, <r'")) x M(T)) is a manifold lUfT) in x MiT) 

(of dimension t i i ~ 4 ). From now on, view the range of the mapping 
7-0 as i&(7). 


Lemma 5. Consider • (JJ(a,a)Y X M(T)->M{T). Let M' be any 
submanifold of M{T). Then 7-0 /h. M'. 

Proof This is along the same lines as the proof of Lemma 2. Let 
r0{u,b) (v, b) e ]fi(T). Consider any differentiable path (tI^, jb) in M{T) 
for T G [0, 1], with (oU, — (v, b). We will show that there is a differentiable 
path (^M, Jj') in or'))" X MiT) such that T0irih jb') == irV, Jt) for 

T G [ 0 , 1 ], and (oM, (, 6 ) = («, b). 

Write = (tPS—, t«^")> t« • (tW^.—. tW")- Since each CYirb) has full rank 
there exists a unique (t‘ + 1 )-vector, : j e Tq* and j == k + 1 } such 

that CY(rb)^a.* — ^v\ Now construct the path (,«, , 6 ') as follows: 

rh' - A 


where 



8* — a. ■* 

T%Jj 


8 u' 

dXj 


ixKM 


for j e 7o‘ and J = k 


“ Where the coefficients of the combination are picked from an open set in 
** Again, for small enough t, this path lies in iC/(a, 0'))" x M(T). 
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It is easily checked that this path has the requisite properties. The rest 
of the proof is concluded as in Lemma 2. Q.E.D. 

Lemma 6 . For any T there is an open dense set K(T) of {U{a, a'))" such 
that for u e V{T), rjfu) n c(«) n M{T) is empty. 

Proof Define M*(T) = [R^ r\ n A\T)] x MfT). Recall that 
A^T) is a finite union of submanifolds of R^, each of which has codimen¬ 
sion Piecing this with the previous lemma, we see that M*(T) is then a 
finite union of submanifolds of i&(r), say with codi¬ 

mension M*(T) > i — tb. But Lemma 5 again implies that there exist 
open dense sets Vi(T) (/ = 1,..., r(7’)) of (U(a, a'))" such that for any u 6 
V,{T), ^0AMt(T). But then codim ^0co6im Mt(T)> 
dim MiT); hence ^0-\Mf{T)) — 0 . On the other hand, using the proposi¬ 
tion from [10] [rjiu) n c(u) n MiT)] C - u Put 

V{T) - n {VAT) : i = 1,..., r(T)}. Q.E.D. 

Proof of Auxiliary Theorem. Put 

E -- [nlE-Cr): Te 9] n[n{K(70: Te N{T) = A^)]. 

The proof follows from the observation that n S(T): TeV} constitutes 
a partition of r)(u) n S„ . Q.E.D. 


4. Concluding Remarks 

Remark 2. Let 0 = {[mS..., m”) 6 ((/(< 7 , a'))" : each m* is concave}. Then 
it can be shown—see [9]—that r](u) ^ 0 for any ue 0. Since 0 contains 
an open set of {V{a, ct'))"—^ for instance, consider those «* which are strictly 
concave—our theorem is not vacuous. 

Remark 3. We could have let the space of games be (t/)" x (Int 
allowing for the endowments to vary also. However, it would become 
necessary to restrict this variation to ensure that the N.E. are bounded 
away from the zero-price strategies, as in Lemma 1. Thus, for instance, we 
could state the theorem with (C/(< 7 , ct'))** X (<?)”, where Q is the interior 
of a cube which itself is in the interior of 

Remark 4. The generic inefficiency of the N.E. attenuates in this model 
as the player-set is increased in the direction of a nonatomic continuum. 
For the continuum itself, the N.E.—under appropriate conditions (see [3])— 
are efficient, and coincide with the Walras Equilibria of the market. 

Remark 5. We have been somewhat slipshod in parts of the proof in 
order to keep the main ideas clear. Now we redress this. Let be an open 
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neighborhood of Q in and 0 the manifold of all C* functions on Q 
whose restriction to Q is an element of U(a, a). Note that if ^ is open (or 
dense) in Q, then E, obtained by restricting the functions in £ to the domain 
Q, is open (or dense) in E. This follows from the well-known fact that there 
is a > 0 such that: each ue U{a, a) can be extended to a mg (7 with 
li MII sC. K\\u II. Next let be an open neighborhood of in such that^® 

n pi,..., 6 ») : 6 , = 0, some jel^}= 0. §(7) = (Aff5(r)) n , 

where AfT stands for “affine hull.” Then define the mappings 7 - 0 , 7 -^, 7-0 
and 7-0 on (l7)" x S(T) exactly as before.’'* By adjusting Q to be large 
enough, and to be small enough, there is no problem of definition. (There 
would have been a problem if was not bounded away from points where 
hj — 0. Hence the importance of Lemma 1.) 

Lemma 2, in fact, holds-—and the proof really shows this—for this bigger 
mapping 7-0 : ((7)" x S(T)-*^ X S(T). Now the proof of Lemma 3 may 
be reread as follows. First we apply the Transversal Density and Openness 
Theorems (see Appendix) to this 7-0 with A (£7)", X — S{T), K — Closure 
of S(T), etc. This gives us the open dense set in (£7)”, which in turn induces 
the desired open dense set £{T) in {lJ{a, <t'))", as explained above. Also 
r){u) r\S(T)CY0-\Z) n K, and the latter set is clearly finite since it is the 
intersection of a compact set and a 0 -dimensional manifold. 

Lemmas 4, 5, and 6 can similarly be reread to make the proof rigorous. 


Appendix 

We recall the results from [1] used in this paper. 

“Let X and Y be C* manifolds,/: X -*■ Y a map, and WC Y a sub¬ 
manifold. We say that f is transversal to W at a point xs X, in symbols: 
//fix W, iff, where j / (x), either yiW or ye W and 

(1) the inverse image {TxfY^TyW) splits, and 

(2) the image (Tr/KTj.) contains a closed complement to TyW in TyY. 
We say / is transversal to W, in symbols: f/h. W, iff f/hr IF for every x c X. 

Let X, and >' be C manifolds, ^’^{X, Y) the set of C*^ maps from X to 
Y, and p : ji/ ->■ ^''{X, Y) a map. For o e jaf we write pa instead of /j(fl); 
i.e.. Pa'. X-*- Y is a map. We say p is a C’’ representation iff the evaluation 
map 

cvy-. X X^ Y 


” This is clearly possible. 

** I.e., by the same formulas. 
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given by 

ev„(fl, x) - p^(x) 

for and ;c e A' is a O'" map from ^ x A' to Y. 

Transversal Density Theorem. Let.'^,X, Y be manifolds, p : 

Y) a C’’ representation, WC Y a submanifold {not necessarily closed), 
and e\,. : // x A' -+ K the evaluation map. Define ,^u' ^ ^ by 

sdw {ae,!d\p^/h )V}. 

Assume that: 

(1) A has finite dimension n and W has finite codimension q in 

(2) and X are second countable', 

(3) r . max(0, n - q)', 

(4) eVp//i tv. 

Then ■Vh' ^ residual {and hence dense) in .s/. 

Openness of Transversal Intersection. Let .q/, X, and Y be C*- manifolds 
with X finite dimensional, WC Ya. closed C* submanifold, KC Xd compact 
subset of X, and p : xd 0{X, Y) a pseudorepresentation. Then the 
subset C defined by 

sdj^Y, -- (a e.{/ I Pa fhx W for x e K] 

is open. This holds even if X is not finite dimensional, provided that /> is a 
C* representation.” 

For our purposes, it is enough to note that every representation is a 
pseudorepresentation. Also T^W is the tangent space to Waty; T^f: T^X —*■ 
T„Y is the derivative map of/at x. See [I] for detailed definitions. 
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I. Introduction 

The work reported here has to do with the theoretical implications of a 
form of the permanent income hypothesis. This form of the hypothesis is 
formulated in a previous paper [I]. In a succeeding paper [2], it is proved 
that this hypothesis implies short-run price stability. The purpose of this 
paper is to emphasize that the hypothesis does not imply long-run economic 
stability. 

The permanent income hypothesis of [1] is, roughly, that a consumer’s 
notion of his average real income per period is constant. This hypothesis 
leads to a definition of consumer demand functions different from that usually 
used in equilibrium theory. The new definition states that demand is deter¬ 
mined by constancy of the marginal utility of money. That is, a consumer 
spends money on a good up to the point at which the utility derived from the 
marginal purchase equals the utility of the money spent on it, and this 
marginal utility of money is independent of current income and prices. 

This reformulation of consumer demand eliminates the income effects 
which make price instability possible in the tatonnement process. In fact, an 
economy with the new form of demand functions has a unique equilibrium, 
which is stable in the sense that the following syistem of differential equations 
is globally stable. (See Part IF of [2].) 

- Z,(p,(0,...,Pl(/)). k^\ . L, (1.1) 

where, p^{t) is the price of good k at time t, and Z* is the aggregate excess 
demand function for good k. 

It makes sense in certain contexts to assume that a consumer's notion of 
his average real income is constant over the short run. For this reason, the 
implied stability of the above system should be thought of only as short-run 

* This paper was written at the University of Bonn, Bonn, Germany, in 1977. 
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Stability. For the same reason, demand functions derived from the permanent 
income hypothesis are called short-run demand functions, and the 
equilibrium of supply and short-run aggregate demand is called short-run 
equilibrium. 

Perverse income effects reappear as a source of instability, when consumers’ 
notions of their average real income vary over the long run. This instability 
is manifested as instability in the notions of average real income themselves, 
ft is imagined that these notions evolve in the following manner. The notions 
determine a short-run equilibrium, and consumers trade at this equilibrium. 
This trade is thought of as a continuous flow. In the short-run equilibrium, 
consumers may spend at a rate greater or less than the rate at which they 
earn. In order to bring spending into line with earnings, they (slowly) adjust 
their notions of average real income. It turns out that this process may be 
unstable. 

This process is described more precisely as follows. A consumer’s notion 
of his permanent income is reflected in his marginal utility of money. For 
I — 0,..., /, let A, be the marginal utility of money of consumer /, let co, be his 
initial endowment, and let A,) be his short-run demand as a function of 
A, and the vector of prices, p. Note that and represent flows, that is, 
they are measured in units of commodity per period. p(A) denotes the short¬ 
term equilibrium price vector when the marginal utilities of money are 
^ A/)- p(^) is the unique price vector satisfying [f((p(^)» ^<) — 

w,] - 0. The short-run net expenditure of consumer i is t,(A) == p(A) • 
[^,(p(A), Aj) — oj,]. Presumably, a consumer would tend to raise or lower A, 
if t,(A) were positive or negative, respectively. The precise process of adjust¬ 
ment of the A, is assumed to be 

^ = r,(A(/)). / = 0./, (1.2) 

where A,(r) is the marginal utility of consumer i at time t and A(r) — (Ao(t),..., 

A;(0). 

Observe that an equilibrium for the above system corresponds to the usual 
notion of equilibrium in general equilibrium theory. Such an equilibrium 
may be called a long-term equilibrium. 

Mantel [8] has studied the above system (with a motivation different from 
that of this paper) and proved that for an economy described by Scarf in [12], 
the system is globally unstable. Scarf used his example to prove that the 
price adjustment process, (1.1), may be unstable. (Gale’s example did so as 
well [5].) The instability of (1.1) was later made even more evident by the 
theorem of Sonnenschein, Mantel, and Debreu [3,9-11,14,15], which states, 
roughly, that anything can happen in (1.1). More precisely, let Z(p) == 
(Zi(p),..., Zt(p)) be an arbitrary continuous function, which is defined on a 
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closed subset of the interior of the price simplex and satisfies Walras' law, 
PkZicip) = 0. Then, there exists an economy with L consumers, the 
excess demand function of which equals Z. The consumers of the economy 
have continuous, monotone, and strictly convex preference orderings. (This 
is the theorem proved by Debreu [3J.) 

Fn this paper, the instability of (1.2) is made clear in a similar manner, by 
proving an analog of the Sonnenschein-Mantel-Debreu theorem for system 
(1.2). Let T,, I = 0,..., /, be twice continuously differentiable functions which 
are defined on a closed subset of the interior of the /-dimensional standard 
simplex and which satisfy xLo 0- It is proved that there exists an economy 

with 2/ commodities in which the short-run net expenditure function of 
consumer / equals t,- for all /. It is not known whether the restriction that 
there be 21 commodities can be relaxed. 

This restriction on the number of commodities may appear to be disturbing, 
for one imagines that in reality there are many more consumers than commo¬ 
dities. However, the theorem still gives one a great deal of freedom in con¬ 
structing counterexa mples to stability. For example, suppose that an economy 
with / i- 1 consumers and 21 goods were such that (1.2) was globally 
unstable. Then, the /:-fold replica of the economy (in the sense of Debreu 
and Scarf (4]) would have k(I I) consumers and 21 goods and would also 
be such that (1.2) was globally unstable. 

The point of this paper is that an economy may not be able to find a long- 
run equilibrium spontaneously. To the extent that one takes this theoretical 
possibility seriously, it is inappropriate to apply general equilibrium theory 
in the context of long-run problems. Of course, as is shown in [2], the perma¬ 
nent income hypothesis lends plausibility to the application of equilibrium 
theory in certain short-run contexts. But the equilibrium appropriate in a 
short-run context is one with short-run demand functions, not the demand 
functions which usually appear in equilibrium theory. 


2. Remarks on the Marginal Utility of Money Adjustment Equations 

The system of differential equations (1.2) is studied because it is simple 
and seems to reflect sufficiently accurately the actual economic process under 
consideration. However, (1.2) cannot be claimed to be realistic or consistent 
with optimal consumer behavior. In these qualities, (1.2) is similar to the 
price adjustment system (1.1). 

When interpreted literally, Eqs. (1.2) make little sense at all. They require 
that a consumer allow his rate of expenditure to differ from his income for an 
extended period of time, and there is nothing in the model that would induce 
him to do so. 

Fn order to interpret (1.2), one must imagine that the demand and supply 
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flows represent long-term moving averages of rdodomly iluctusting demands 
and supplies, for the permanent income hypothesis makes sense only in the 
context of such fluctuations. In fact, suppose that prices, a consumer’s needs, 
and his income fluctuate randomly and rapidly, ft is proved in [1] that if 
these fluctuations were generated by a stationary process and if certain other 
assumptions were satisfied, then it would be optimal for the consumer to 
keep his marginal utility of money nearly constant. The marginal utility of 
money should stay near a level which would make the long-term average 
rate of net expenditure nearly equal to zero. If a consumer did behave in 
this way, his current rate of net expenditure would fluctuate. For this reason, 
the consumer would only slowly become aware of any error in his expecta¬ 
tions about long-term average net expenditures. To this extent, it makes sense 
to assume that in a random environment a consumer would adjust his 
marginal utility of money slowly in response to long-term net flows of money. 

It seems pointless to make (1.2) more realistic and consistent by introducing 
randomness explicitly and having consumers behave optimally. Doing so 
would complicate matters enormously and would surely not increase the 
stability of (1.2). By demonstrating the instability of (1.2), one effectively 
demonstrates the instability of the vaguely defined and complicated system it 
reflects. 


3. Definitions and Notation 

An economy. <5, with / t- I agents and L commodities will be defined by 
!(«/ , CO,): / 0,..., /}, where /?/ -*■ R and to, e f?/. Uj is the utility 

function of agent /, and to, is his initial endowment. /?^ denotes /.-dimensional 
Euclidean space. /?/■ -- {x g R'- \ x,- > 0, for all /}. 

A function f: U -* R^, where U is a subset of a Euclidean space, is said 
to be Yi'" if its first m derivatives exist and are continuous. \f u\ R,^ - R, 
Du{x) and D^u{x) will denote the first and second derivatives, respectively 
of u at X. u will be said to be differentiabiy strictly monotone if it is differen¬ 
tiable, and t «(.v)/t X* > 0, for all k and x. u will be said to be differentiabiy 
strictly concave if it is twice differentiable, and D^u{x) is negative definite for 
all X. (These last two definitions correspond, approximately, to definitions 
given in [13].) 

Let u: Rff -► R be the utility function of a consumer and assume that u is 
and differentiabiy strictly monotone and concave. The short-run demand 
of the consumer is denoted by ^(p, X), where A is his marginal utility of money 
and pe R^^ is the vector of prices. ${p. A) satisfies the following inequalities. 

- 7 ^- ^ Xpi- , with equality if .Yj. 0, k = 1,..., L. (3.1) 
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If A is positive and the components ofp are sufficientiy Jarge, then (3 1) has a 
unique solution, so that A) is well defined. 

\jeXi = {(Mi, Wf): / - 0./} be such that the m, are and differentiably 

strictly concave and monotone. Let Up, A,) be the short-run demand func¬ 
tion of agent /, and let A (A^A/) denote a vector of marginal utilities of 
money, ^(p, A) = (lo(P» A,,),..., ^/(p, A/)) and pe will be said to form a 
short-run equilibrium if xLc Up, K) - Section TI of [2], it is 

proved that to every vector, A, with positive components, there corresponds 
a unique short-run equilibrium, (p(A). |(p(A), A)). Hence, p(A) and ^(p(A), A) 
are well defined functions on int J' == {A e R'<^ 1 A/ =- 1 and A, > 0, 
for all/}. 

The (short-run) net expenditure of agent i at the short-run equilibrium 
(MA), f(p(A), A)) is t,(A) =p(A) • [^,(p(A), A,) — a>,]. The function t: -* 
R' ^ defined by t(A) - (Tn(A),..., t,-(A)) will be called the net expenditure 
function of S. 

Note that Xt-o t,(A) ■ ^ 0, for all A, so that t(A) is tangent to int A', ft 
follows that the differential equations (1.2) form a differential system on 
int A'. 


4. The Theorem 

Define AJ, for c > 0, by AJ = {A € | A, = 1 and A, c. for all /}. 

Let T: AJ -^Rt^-^ be such that T,{X) - 0, for all A. An economy, 

will be said to realize T if T(X) = t(A), for all A e Af where r is the net 
expenditure function of «f. 

Theorem. For / 1, let T\AJ-*-R‘'^ be any function such that 

T,{X) -- 0,/or all A. Then, T is realized by an economy, S, with 21 com¬ 
modities {and I }- 1 consumers) and with utility functions which are 'iS’^ and 
differentiably strictly concave and strictly monotone. 


5. More Definitions and Notation 

Let ” {(Mj, Wf); / = 0, 1./} be an economy with L commodities 

and I -f 1 consumers. An allocation for ^ is a vector x (x„, x ^,..., xj), 
where x, e Rf, for all /. x, is the allocation to agent /. x is said to be feasible 

Zi-o -^i - Z<.,o o),. X is said to be Pareto optimal if it is feasible and there 
exists no feasible allocation x' such that ufx’^ 5? m,(x,), for all /, and Mf(x{) > 
M,(x,), for some /. 

Now assume that the utility functions, u,, of S are k ^2, and are 
differentiably strictly concave and monotone. The short-run equilibrium 
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allocation, ^(/>(A), A), corresponding to A e int A‘ is Pareto optimal and p(A) 
is precisely the price vector that makes this allocation an equilibrium with 
transfer payments. The transfer payments are the net expenditures, t<(A). 
Let X\ int -*■ be defined by ^(A) — ^(p(A), A). X will be called the 
Pareto allocation function. 

Now drop the assumptions that the utility functions of ^ are strictly 
concave and monotone, but retain the assumption that they are An 
allocation, x, is said to be a first-order optimum if there exist positive numbers, 

Ao,..., A;, such that X1^Du^{Xi) - kf^Du^ix^ for i —1./. (This 

definition corresponds, roughly, to one given by Smale in [13, p. 11].) The 
vector Xj^Du^Xi) may be thought of as the short-run equilibrium price vector 
corresponding to x. These definitions are introduced only because use will be 
made of utility functions which are not concave. If the utility functions were 
concave, then, of course, every first-order optimum would be a Pareto 
optimum. 

Let — {x I X is a first-order optimum and x,*. > 0, for / 0,..., I 

and k 1,..., L). For each x e there exists a unique vector A{x) e A‘ 
such that for all /, (/4/(x)) ^Z)«,(x,) (/lu(x)) iDt/„(x„). The function A: 

will be called the relative marginal utilities function of S'. 

Now assume again that the utility functions are differentiably .strictly 
concave and monotone, so that the Pareto allocation function, X, is well 
defined. Then, X(A(x)) -- x, for all x 6.^(d), so that A is well defined and its 
inverse is the restriction of X to the range of A. 

Use will be made of the concept of diffeomorphism. Let/: 1/ -+ /?*’, where 
U C R'Kf will be said to map U IT* diffeomorphically onto its image if/is 
and/has an inverse,/"^: /((/) U, which is also 


6. The Idea of the Proof in the Case of Two Agents 

The idea of the construction in the case of two agents can be visualized 
with the aid of the Edgeworth box. First one defines an economy Sc = 
{(uci , cuo): i 0, 1}, where wco ^ - (1.0), wa = (0, 1), and the Ua are 
defined on all of and are and differentiably strictly concave and mono¬ 
tone. The Uci are so constructed that the following three conditions are 
satisfied. (1) The set of Pareto optima corresponds to the diagonal of the 
Edgeworth box. (2) The relative marginal utilities map, Ac, of Sc maps the 
set of Pareto optima onto Af. (3) The indifference curves intersect the diagonal 
of the box orthogonally. N will denote the set of Pareto optima of Sc. The 
box diagram for Sc appears in Fig. 1. 

In the next step, the utility functions of Sc are perturbed in such a way 
that the new economy realizes T. However, this perturbation may destroy 
the concavity and monotonicity of the utility functions. The final step 
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overcomes this problem by making the perturbations so small that concavity 
and monotonicity are preserved. 

The problem may be visualized with the help of Fig. 2. The perturbations 
of the Mf-i change the tangent line at a point .r e AT from L to L'. The magni¬ 
tude of the perturbations has to do with the size of the angle between L and L'. 
The size of the change in net expenditures has to do with the distance d. The 
problem, therefore, is to decrease the angle corresponding to a given value of 
d, that is, to increase the distance between N and a>. 

Suppose now that the endowments of both agents were greatly increased 
and the utility functions, , suitably translated, so that N would corre¬ 
spond to a segment of Pareto optima in the middle of a much enlarged 
Edgeworth box, as in Fig. 3. (The small box inside corresponds to the box of 
Fig. 2.) Then, the angle corresponding to a given distance d would be greatly 
reduced. In the final step, the Edgeworth box is expanded in this way to such 
an extent that the perturbations preserve concavity and monotonicity. 



Figure 2 
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7. Introduction to the Proof in the Case of Arbitrary I 

An essential step in the proof is completely obscured in the case of two 
agents because it is so easy in this case. This step is to define an economy, 
with a Pareto allocation function, Xf X(i), such that each 

Xc, maps diffeomorphically onto its image. (Here, of course, X( , gives 
the allocation of agent /.) 

The first step is accomplished in Sections 8, 9, and 10. In Section 8, an 
economy <?' with I commodities is defined, which has a Pareto allocation 
function, X^ (A'^u,..., X^iX such that each X^, maps a neighborhood of 
((/ 1 1) J 1) ')inJ'diffeomorphically onto its image. In Section 9, 

is embedded in an economy, £g, with 2/ commodities. In Section 10, 
the utility functions of are distorted so that each X^ maps all of J/ 

diffeomorphically onto its image, where Xc ^ (A'^,,. Xri) is the Pareto 

allocation map of • 

Clearly, the first step requires only / commodities. An additional / commo¬ 
dities are introduced in order to make it possible to distort the utility functions 
of S'c so as to realize T. One needs the additional /-degrees of freedom in 
order to be able to associate an arbitrary vector of net expenditures with 
each Pareto optimal allocation. 

In Section 11, a sequence of economies is defined, , A/ -= 1, 2,..., each 
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of which realizes T. The utility functions of are perturbations of those of 
ic, and the perturbations become arbitrarily small as M goes to infinity. 
These economies correspond to the expansion of the Edgeworth box described 
in Section 6. 

In Section 12, it is pointed out that for M large enough, the utility functions 
of S'm are differentiably strictly concave and monotone. This completes the 
proof. 


8 . (An Economy with I Commodities) 


{(m^, , / == 0 , 1 ,..., 1 ], where (UAi (I,-, 1) e R‘ for all i, 

and the R' -* R are defined by 

UA„(y) = - 5 i (/ 1 1 - -! , 

and 

haa.v) - I (/ -1 1 - . 1 '*)* - —' “ y^' + T ’ 

for i \. 


By symmetry, the price vector (1,..., 1) is an equilibrium price vector for 
in the usual Walrasian sense of equilibrium. The corresponding equilibrium 
allocation is x, defined as follows. Xo* = 1 for all k. For i --- 1,..., /, x,-, ^ = 
(/M / - 1 )/(2/ — 1) and x,* - (/ — l)/(2/ — 1), if /c / i. Since all compo¬ 
nents of X are positive, x e so that is not empty. 

hci A A and Xa =- (A'^o .•••, X^aj) be, respectively, the relative marginal 
utilities and Pareto allocation functions of ^'a ■ will denote the 

range of A ,,. Let 

■^,{'^ a) =-- {-x, I (x«X,) e i 0,..., /. 


r now prove that 


is adifieomorphism, for all i. (8.1) 

It is easy to see that XAi is a function on /1.4(^(<S .<)). Hence in order 
to prove (8.1), it is sufficient to prove that if xe:3*(^^) and (Aq,..., A 7 )e 
Aa(x), then AjAi^,..., A/A„'' may be expressed algebraically as a function of 
X/i,..., X,/. In fact, for i = 0 one has 


. ^ 1 ^ V - M 'Vo. (2/- l)(f' - I 4 x„„.) 

L /(/ /(/ 4 1 _ 


/. 



386 


TRUMAN F. BEWLEY 


For / - 1,..., I, one has 


M 7 ' j-l 


[r 4 

27 - 1 7 + 1 - a:,. 


2^-3 II ’ 
7 f 1 - .v,Ji ’ 


and 


/(/ 1) _27(7 J I) ] . . , 

7:1- ;t,., 7 M 


for ni ' /. 


These formulas may be checked by substitution into the following formulas 
for the .Y,;, in terms of the A.Aj/. 


For / - 


-Vn, (7 I) [l - 

I. /, 

■V,A. (/ ^ I) [l - 


.V,v ( 7 -rl)[l- 


1 

1 


f /AA,' 

1 27 - 1 J’ 


for 

k - 1 . /. 


27'=A,A,t’ 

1 

2/ I„,^t 

KK' 1 IKK' 

f 27 - 1 J' 


for all k i. 


1 

1 

- 1 

2 ^ 

T /A,A.-> 

I 27 - 1 )• 


These formulas may in turn be checked by direct substitution into the 
utility functions u^, and verification that (A„ A,) e/I^Cx). That is. one 

must check that 


and 




^ fUAniXo) 


for i\ k 1,..., 7, 


X a-,a 7 t I, for k - 1. I. 

i -0 


This completes the proof of (8.1). 

Note that by (8.1), the projection from onto is a diffeo- 

morphism. Hence there exists 8 > 0 so small that if xe^(^^) and | x^i, — 
Xoi I < 8, for all k, then ! Xa- — Ait I ^ (10)"’, for all i and k. Let 8 > 0 
be so small and let Na — {a e ^(<^a)' \ Aot — Aqa | ^ 8 , for all k). Let 

NAi = {xeR^f-\x ^ (Xo .A/) e Na), i 0, 1,..., 7, and let Na -* f^Ai 

be the projection. By (8.1), 


TT^, is a •ST® diffeomorphism for all i. 


(8.2) 
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Use will be made of the following fact, which may be verified by a short 
calculation. 

If .Y G , then ~ < 21, for all i and k. (8.3) 

2 ■ 


9. (An Economy with 21 Commodities) 


The utility functions of are not monotone everywhere. This problem is 
corrected in this section at the same time that an additional f commodities 
are adjoined to . 

The definition of S’g requires a good deal of new notation. Let c: R-> R 
be any V?" function such that 

(i) c(0) ^0 and -^-=0, 

(ii) < 0, for all .V, 


(iii) 


I 

dt" ^2' 


for all s. 


For i — 
that 


0 , 


I and k 


I, let bik'. R 


(i) 


dbikis) / , 


dt^ 


(ii) M*v)-- ](/+1 

(iii) /,,,(j) .=^^(/+ 1 -5)^ 


(iv) hi,{s) (/ + 1 - Sf, 


R be any function such 
for all s, i, and k, 

if \s - Xo* I < (10)-i 
and k = 1,..., I, 

if U - x„ I < (io)--i 
and i 1,..., I, 

if ]s - x.fc I < (IO)-», 
k -A i, and / = 1./. 


Statement (8.3) implies that condition (i) of the definition of 6,)t does not 
contradict conditions (ii), (iii), or (iv). (There is no question that the bit 
exist. See, for example, [6, Chap. 6].) 

Let Vi ~ Si -f- s/^i and Wi — —e,- -(■ Cj^.^, i — 1,..., /, where is the 
^th standard basis vector of R^‘. (Vi ,..., Vi , Wi,..., W[) forms an orthogonal 
basis of R^^. Ugt: R^' -*■ R,i = 0, 1,..., /, is defined by 

X X ~ X buci^k) X ^(^*) ”1 T > 

fc_i k~\ / ^ 
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Since c{0) - 0, it follows that 

Mfli ( Z UaAsi s,), for all .Vi s, and for all /. (9.1) 

The ugi are clearly 'Ji “ and diflferentiably strictly concave. It is next shown 
that they are diffcrentiably strictly monotone. Fix /, / = - 0, 1,..., /, and let 
y '■ Zti VfciJfc -i it, /fcW’* . If 1 ^ A: /, then 



so that 

^UBiiy) \ tdbiM Mtk)\^ 1 /^ /\ fx 

vy^ i \ ds ■ ds ) ' 2 12 " 27 ' 

The inequality follows from condition (iii) on c and condition (i) on 6 ,/,. 
Similarly, ( UaX }')!'(y'k r - 0, if k , • /. This completes the proof that the Ug, are 
differentiably strictly monotone. 

Let (jjb, - it 1 <•/, i =- 0. I ...M A and let {(u^,, wb,): / - 0, 1./1 . 

has a set of Pareto optima corresponding to the set Na of optima for 
A • This set will be denoted by N and is defined as follows. Let f\R}y 
R‘ X R' be defined by /(>') (y, y). Then, 

N !(/(.v.,),..., fix,)) e • /> 1 (x, X,) e Na). 

Let N -* Na be the map defined by ^(x„,..., x,) (/~'(x„) . f'Kx,)). 

It is now shown that 


N consists of Pareto optima for 6’g and Ag ~ A a ' (9.2) 


whereAg:N-*A' is the restriction to yVof the relative marginal utilities map 
of d'g . Clearly, the allocations in N are feasible for (S’g . Hence (9.2) follows 
from the following. 

If X = (x„,..., X,) c A', then 


(^1 10 C(-'")) * A)Mb(|(.V(i) 


(■^AO 


f(.V))'> DUgo 




>•/ \\_i y ^^Aoif T-yp)) 


= 5 (A „. CM)-' i 




= {Aa, o {( x ))-1 DUgfXi), 


i=\ . I. 
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The second and fourth equalities above follow from the fact that dc(0)lds ~ 0. 
The third equality follows from the fact that C(,x) is a Pareto optimal allocation 
for . 

Let Ni = {Xj e | (xq . Xj) e N] and let tt,: N -> A', be the projection, 

i = 0, 1,..., /. By (8.2) 

TT,- is a '2'® diffeomorphism, for all i. (9.3) 


Note that by (8.3), 

if .V e N, then ^ < / for all / and k (9.4) 

4 dv„ 


10. (Mathematical Control of Expenditures is Extended to All 

OF AJ 


(fc will be of the form {(/»o , < 0 ^,); / t-.; 0 ,1,..., /}, where fi: R-*- R is 
"ir® and is differentiably strictly concave and monotonely increasing. It 
follows that .'^(<f'r) — •^(^’«). so that N C h will be such that h'{t) 

decreases abruptly as t crosses zero. Since «i»,(/(3c,)) (= m.<,(x<)) = 0, for all i, 
this property means that as x varies over A, the relative marginal utilities 
corresponding to x vary over a wide range in A', h will be chosen so that 

J/Cylc(int A), (10.1) 

where Ac is the relative marginal utilities map of and int A is the topo¬ 
logical interior of A. 

In defining h, use will be made of the map Ug-. N-*R‘^^ defined by 
Mb(^) (mboWv. ubi(xi))- Ug is a '2'® diffeomorphism onto its image [13,p. 5]. 
Let y (/(^o),-,/(^/)). «fl(y) ~ 0, so that for « > 0, {(fo,..., t/)e 
“fl(A) I ti OL, for all i} is a neighborhood of Ug{y) in Ugif^g). If a is sufficiently 
small, then 

Z is diffeomorphic to A' and the boundary of Z is 

{(/o ,■■■, ti)^ Z\ ti — oc, for some /J. (10.2) 

Assume that a is so small. 

Let h: R-* R he any ‘2® function satisfying the following conditions: 

(i) /i{t) = t, for r ^ 0, 

(ii) ^>0 and ~^<0, for all / > 0, 

ds ds^ 

dh((x) _ e 
ds 4 ’ 


(iii) 
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Let Ur. - ^ ■’ . i -- 0, I . /, and let d'r {(Uc,, W' / - 0, /.y 

We now prove (lO.I). Let Ac ^ Ug^: ZJ'. Statement (iO.I) follow, 
easily from (10.2) and the following. 

ff (to,..., tj) G Z and ti = a, then %(to,..., tj) < e. (jo.3) 
Suppose that (/„ /j) e Z and that /, = m. Let x — »•••, 0 ) e N. Then, 

^^Uc,(Xi) ^ dh(uBi(Xi)) cugjixj) ^ dh(a) ciUg^Xj) ^ A 

c!}\ ds cy'i ds dy\ 4 

The inequality above follows from (9.4) and from condition (iii) on h. 

Since y is a Pareto optimum for dg and since Ugij) = 0, it follows that 
UBi(Xi) < 0, for some consumer /. For this j. 


^ifcj(Xj) ^ dh(Ugj (Xj)) bUBj(x,) ^ (^Ubj(x,) ^ / 

dyi ds £■>', d}\ 4 ’ 

The inequality here follows from (9.4). The second equality follows from 
condition (i) on h. 

From the above inequalities, it follows that 


ti) 


V ^ 4 I el \ 

h >1 '"/u/ 


This proves (10.3) and hence (10.1). 


II. Sw ,M \, 2 ,... {T IS Realized) 

Still more notation is needed in order to define Let N,. ~~A'c\A') 
and let 1V„- ■- •n-,(yV,), / -- 0, 1,..., /, where tt,- is as in (9.3). Let be the net 
expenditure function of d'r, and let a,*., for / ~ 0, 1,..., / and k = 1,..., /, 
be any real-valued function defined on the linear span of i\,..., v, 
and such that 

(i) <Jik( y) = i^ci " fr'i ’( y))[Tct. Ac ° ■nr\ y) - ° Ac « y)], if 

y e N,i, and 

(ii) (fik( y) = 0, if y^Nf. 

Such a function exists, since (by (10.1)) N^i is a closed set contained in the 
interior of Ni . Observe that 

if JT = (xo . xi) e , then 

(AcAx))-^ - (^coW)-^ <^ok(Xo), for all i and k. (11.1) 
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Finally, let g: J( any function such that g(0) 0, c/ff(0)M) / 

and g(t) " 0 if i t \ ^ i • 

Let =- K«Mi. i - 0, 1,..., /', where the and u,,, are defined 
as follows. 


1 

<^MO ■- ^ f-'i — M Y_, w, 


T Wc„ , 


‘‘>Mf --- M Y + Mvf, + cjci, for /■ -- I. I. 

3 = 1 

f. (z Cl- -i- M)vj !- X mv') 

\j-i j I / 

= Wci (x i Z Ow’i) + Af-1 Y. "a- (z g(tfc), 

V; 1 3 -1 / t -1 \3-1 / 


for /■ --- 0, 1 ,..., /. 


Note that the functions are 
Let 


- i^•Vo + Z ^J ’•••’ ^ Z I (-^0 ,•••» X/) ^ ^ti¬ 
lt 3-1 1-1 ' ’ ) 

It is next shown that 

NfM consists of first-order optima for «?«, and if jf e , then 

(^'o I ^ Z ,•"» Y/ -T M Y *v) ■■ (11-2) 

where Ay,: N^y,-^A' gives the relative marginal utilities in Sy,. Equation 
(11.2) follows immediately from the following. 

If .V 6 , then 

(/1c„(.y))-’ Dmco (yo ! Af Y ‘ i) 

— (^co(y))"'^ DucoiXo) i Z '^otC'Yo) n’*. 

- (AM)-^ DuM -! Y Wi- 


{Aciix))-^ Duy,, |ar< -1- M Y 


(11.3) 


642/22/3-2 
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The first equality makes use of the fact that g(0) = 0. The second equality 
above follows from the fact that x is a first-order optimum for ^^d from 
( 11 . 1 ). 

Note that (11.2) implies that 

(11.4) 


It is next shown that 

net expenditures in <5*, at allocations in 

are given by To A^: -* (11-5) 

Let A- (a„,..., x/)cN^ . If / - 1./, the net expenditure of agent / at 

(jf,, I M Xj.j i-jX, -f M fj) e is 

(/If, (a*)) ‘ DuMi | v, -1 M / jj • i M X t‘j - 

(Aci(.\))-' |/Jmc;,(.v,) i (2A/) > Y. “'*1 ■(-''< “ " ‘^ci) 

1 ( 1 J 

(/lf,(.Y))-' Duci(x,) • (.V. - Wa) - (Amy “ (T„(.Y,) 

■ Tci 0 Adx) ~ (Tf, 0 ylc.(,Y) -■ r, <: /lc(.v)) 

Ti o Ac(xY 

In the second equality above, use is made of the facts that Duc,(Xi) • Wj 0 
and w* • (Xj -- a»f,) -= 0, for all A'. 

ft has been proved that the expenditures of the last / agents are given by 
Tj ^ A y,. Since the net expenditures add to zero, it is also true that the net 
expenditure of agent 0 is given by To-^A^y,. This proves (11.5). 

Tf the utility functions of <f a/ were differentiably strictly concave and mono¬ 
tone, then tfjy, would have a well-defined net expenditure function, and (11.4) 
and (11.5) would imply that this function equalled T on AJ. 


12. Concavity and Monotonicity 


It remains to be proved that 

if M is sufficiently large, then w*/, is 

differentiably strictly concave and monotone for all i. (12.1) 
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Let Ma/,: -* R he defined by u^fix) = u^nix -}- M Vj). Then, 




um L ^ 


Z 

«C’/ (l Hit's -i- Z Z ^ik (z •‘V'v) ff(4). 

'j-1 ;= 1 / V;.-i / 


Observe that the function 


^ (Z ^i^'i Z (Z w) Jf(4) 

'j-i j-i / i-i / 

is zero outside the compact set 

I / / I / 

Z ‘^it'i + Z Z ^fi ^ an'l Uj I -< 1, for all./ 

fj 1 M ' }=.! 


Since Ua/, = i/f / + and Ua is differentiably strictly concave and 

monotone, it follows by an obvious compactness and continuity argument 
that if M is sufficiently large then Hms is also differentiably strictly concave 
and monotone. Obviously, if <2 a/. »s concave and monotone, then so is Um, . 
This proves (12.1) and hence the theorem. Q.E.D. 
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I. Introduction 

The theory of economic prediction has recently been complicated by the 
discovery that if current predictions of future events are based on current 
market variables, statistically correct prediction can be inconsistent with 
market equilibrium, even in otherwise well-behaved (classical) economies.^ 
For example, suppose that the future variable to be predicted is systematically 
related to a current exogenous variable which is not observed directly. 
Suppose that the exogenous variable can take two possible values, a and b; 
and that predictions are to be based on a currently determined equilibrium 
price. If the price differs between the states a and b, agents will have different 
expectations in the two states. However, it may happen that the equilibrium 
prices for the two excess demand functions are the same, so that no distinc¬ 
tion between the states can be observed. Then expectations must be the same 
in both states. But then the excess demand functions will not be the same as 
those mentioned above, and the equilibrium prices for the new excess 
demand functions may differ between the two states, making the distinction 
observable. Thus there is no equilibrium with prediction. 

In response to this difficulty it is natural to suppose that predictions are 
based on past rather than current market data. Hellwig and Rothschild [2] 
have presented a securities market model in which, under the assumption of 
constant absolute risk-aversion, equilibrium exists when expectations are 
conditioned on previous prices. Since an agent’s current demand must be 
sensitive to current prices, it may seem highly artificial to suppose that his 
current expectations are not. However, if agents rely on published predictions, 

* This research was supported by a Summer Research Appointment at the University 
of Minnesota Graduate School and NSF Grant SOC-77-07852. We would like to thank 
the referees for several useful suggestions. 

* As far as we are aware, this problem was first mentioned by Radnor [7, p. 5], and the 
fint examples were constructed by Green [I] and Kreps [S]. 
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for example, some Jag in the formation of expectations is inevitable In 
macroeconomic rational expectations literature, it is conventional to s 
that current expectations are not directly influenced by current endoe^^ * 
variables (e.g., [9, pp. 18-19]). 

Unfortunately, constraining current expectations to be insensitive to 
current market variables, besides seeming unnatural, can easily worsen the 
existence problem. This paper develops a very simple three-period model in 
which agents who are not exogenously informed of the state rely on previous 
market data. Thus, in period I they have no information, and in period 2 
their expectations about period 3 are based on data generated as some func¬ 
tion of first period market variables. The main result is that, under the 
assumption that these data functions are continuous, the only data functions 
which admit the general existence of equilibrium are constant functions. 
Stating the conclusion .somewhat differently, the general existence of an 
equilibrium with prediction, which will be called an expectations equilibrium, 
cannot be a.ssured for any nontrivial previous market data. This result may be 
contrasted with the results in [3,4] which indicate that if current expectations 
are conditioned on current market data, there do exist some noncon.stant 
data functions which admit the general existence of expectations equilibrium. 


II. The Model 

This section describes a model of a three-period exchange economy. In 
period 1 each agent receives an endowment of a current consumption good 
and a durable good, which it will be convenient to call money, which is not 
consumed until period 3. In period 2, each agent receives an endowment of 
current consumption but no additional endowment of money. Each agent’s 
utility is additively separable over time. There are two states of the world. 
The state may influence an agent’s consumption endowment and final 
period utility function. (For simplicity, each agent’s money endowment and 
first two-period utility functions will be assumed to be state independent.) 

In each of the first two periods there are markets for exchanging the 
consumption good and money. In the final period each agent consumes his 
holding of money. There are no markets for contingent claims. Agents are 
permitted to have different information about the state of the world. In 
particular, an agent may either know the state or the objective probability 
of the state. An agent who does not know the state in period 1 may come 
to know the state in period 2. Each agent is, however, assumed to know the 
market clearing price in each state and period. 

The model can be viewed as a two-period slice of an ongoing monetary 
exchange economy where the final-period utility of money can be viewed as 
an indirect utility function. Nonmonetary interpretations are also possible. 
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2.1. Definitions. Periods are indexed by the subscript /, / = 1,2, 3; and 
states are indexed by the subscript s,s = a, b. There are N agents indexed 
by the superscript i. The consumption good is denoted by c, money by m 
with the appropriate subscripts and superscripts. Since consumotion ' 
period 3 is the agent's final money holding at the end ofnerinH y f 
denote third-period consumption by 


Agents are partially characterized by their endowments and ihek uuVwy 
functions. Denote by e , Cf,i , m‘, '■> » Ubai tuple 

of the ith agent’s characteristics. The first five components represent endow¬ 
ments, and the utility function in state s is given by Mi‘ -l- Mj* 4- . It will be 

assumed that > 0 for all /, s, t, and > 0 for all /. For each i, each of the 
last four components is a real-valued function u, defined on the strictly 
positive real axis, satisfying 


(i) ueC’^ and Du{c) > 0, D^u{c) < 0 for all c > 0, and 

(ii) WrUc^f^ Du(c) ^ CO. 


The set of such tuples for the /th agent is denoted E*. An element of E' 
partially characterizes the ith agent. 

2.2. Remarks. The endowments (c’,, m‘) are realized before trade in 
period 1 , so if Cai # cj, , the ith agent can infer the state directly from his 
endowment, ff i'ii — ch , we will assume that the ith agent has no exogenous 
source of information, so his first-period trades must be chosen in ignorance 
of the state. If cii = ch and cis 9 ^ ('U, the agent would become exogenously 
informed at the beginning of period 2. For simplicity, we will remove this 
case by assuming that for each i, if c*i = ch then c *2 -= Cm • Thus, with 
respect to exogenous information, each agent is either informed or uninformed 
in both of the first two periods. These assumptions are introduced formally 
in the definitions below. 


2.3. Initial information. Let / = {0, 1}, with generic element tji . If 
T/j* -= 1, the Ith agent is said to be initially informed, and if tj,' -= 0, the ith 

agent is said to be initially uninformed. Let E -- {[tt; e^) . e'^)] 

(0, 1) X X E*): for each i, = 0 only if cii = and cii ; 
and 77 ,‘ = I only if c'ax # with generic element e. The set E is the set of 
environments, and the first coordinate, it, of an environment represents the 
probability of state a. 


III. Expectations Equilibrium 

However expectations are formed, an equilibrium will somehow associate 
prices, pjpm and pjpm , of current consumption in terms of money in 
periods 1 and 2, respectively, with each state s. As in [7], each agent will be 
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assumed to know the joint distribution of states and prices. Then if ~ /, 
the ith agent knows in period 1 the price be will face in period 2 and his 
final-period utility function. Such an agent will thus choose his demands in 
periods I and 2 in each state as though he were participating in a three- 
commodity static exchange environment, with the endowment (c^, , m') 

and the utility function Ui*(cii) -f u3(cig) -f These remarks are 

made precise in Section 3.1 below. 

An initially uninformed agent does not know in period I whether he will 
face the price Paj or Pjj in period 2. Thus if iji* = 0, agent i is faced with a 
stochastic dynamic programming problem in period 1. In period 2, the ith 
agent’s demand will depend on whether he has become informed by data 
generated in period 1. The behavior of an initially uninformed agent is 
derived in Section 3.2 below, where the variable 7)^' is introduced to represent 
second period information. 

3.1. The Behavior of Initially Informed Agents 

Let P be the set of positive real numbers. Given (p^i, p^g , e P\ 
which denotes the vector of prices of consumption goods in state 5 in each 
of the first two periods and the price of money, an informed agent in state s 
will choose ( 0 , 1 , 0 ,^, (suppressing the superscript i) for each s so as to 


maximize + ufc,g) 4 ujm,g) 

subject to p,ic,i + p,gC,g -I- = p,f\x + p,gc,g -f* p„m. 

(Writing the budget constraint as an equality and requiring consumption 
to be strictly positive is not a restriction for the class of utility functions 
considered. All maxima will be interior in any event.) 

It is convenient for what follows to introduce the variable 

- <*, 1 ) + Pmfn 

— r 9 

Pm 

which is just the net saving in the first period. The budget constraint can then 
be written 


Pa\^8l "K Pi»m Pal^si 4~ Pm^^ and Ps2^s2 *1" PitJUsi Ps2ps2 PnJ^si * 

A negative value of indicates borrowing in the first period. 

3.2. The Behavior of Initially Uninformed Agents 

For each i let = {(i?i', ■r}^, e®) e/* x E^: -q-f — 0, Cai = ch, and = cja). 
Suppressing redundant coordinates, the typical element of is (ija*, e*) = 

{Tjg*; Cl*, m*, Cg*; Ui*, Ug*uU , uj,). 
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Given prias (p ,, p ,,; p , ^ ^ 

agent will choose (Cjj, w,,i) (again snpressing superscripts) so as to 


maximize u^ic,^) + 7r[max (m^Cc) 4 «Jm); 

Paif^ "H PmP^ Pai^i ”t~ PitiW,,!)] 

f (1 - 7r)[max (waCc) -f Mftj(/H): 

f |IW 

Pb2^ 't' Pmf^^ ~ Pb^‘2 

subject to p,ic^ -f p„,m,i = p^^Ci + p„,m. 


Then in the second period, since 1^2 ~ I the agent becomes informed and 
chooses (<’* 2 , Wjj) to 


maximize 

subject to + p„,ni,z = p^c^ + /?„/«„ . 

If on the other hand ■>j 2 = 0 and the agent never becomes informed, then 
in state s, (c„i, m.,j) will be chosen to 


maximize Mi(c.i) + 7r[max {u^ic) + TTUaaim) -J- (1 - tt) wJw): 

PniC + Pmfn ~ Path + A«W,i]] 

-f- (1 - 7r)[max (1/2(0) '|- -nUatim) + (I - tt) %^m)\ 

Cftn 

Pb'l^ "I" PiaP^ ~ Pb'J-‘t “ 1 “ Pm^aiW 
subject to p,iCa + Pm^n = p,ih + Pm^. 


In the second period (c, 2 , in,^) is chosen to 


maximize 1 / 2 ( 0 . 12 ) + + (I - ‘^) t^btir^at) 

subject to p J2 O j 2 PwP^ at P *202 ~{' Pm^ «1 • 

3.3. Data Structures 

Let y — {( y'^) e R'': J],/ — 0} be the set of possible net trades 
of the consumption good in a given period. For each i let D* be a Hausdorff 
space. A data structure is a function f: P x X-*- H* A. data structure/ 
is said to be a continuous data structure if it is a continuous function, and is 
said to be trivial if it is a constant function. A data structure associates with 
each first-period price ratio pjpm and set of net trades a datum for each 
agent. 
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3.4. Expectations Equilibrium 

An expectations equilibrium for an environment eeE and a data structure f 
is an element 

(V'j ' /^«i ’ J «i ■ A'2 ’ "2 ’ Pil • ^’*1 j p/i2 )'b2^ ^ X {P y. Y P y. Y)^ 


such that 

(i) given and each jJ, c*j — c', is chosen according to 
Sections 3.1 and 3.2. 

(ii) for each /. ^ - I if and only if/'(/?„,, ;^„i) ^^/*(/»„, jsi) or 

V 1- 

(The prices have been normalized so that p„^ --- 1.) A data structure /is 
said to be admissible for the class of environments E if for each eeE, there 
exists an expectations equilibrium for (e,f). 

3.5. Remarks 

This notion of equilibrium is seemingly artificial in that agents know the 
joint distribution of equilibrium prices but may not use that information in 
the first period to infer the state even ifp„i # p,,^, yet in period 2 they must be 
able to distinguish /'(p„],.)'«!) and fKPbi^yhs)- Also, uninformed agents 
must guess whether they will become informed in period 2 since Section 3.2 
requires them to know in period 1. fn equilibrium these guesses will be 
correct. 

The following theorem, which is the main result of the paper, states that 
the only admissible continuous data structures are trivial. In [3, Theorem 3.5] 
admissibility is characterized without the continuity hypothesis in a model in 
which current expectations are based on current data. It seems likely that 
the continuity hypothesis can be dropped from the present theorem also. 

The nonexistence of expectations equilibria for nontrivial data structures 
can be motivated in the following way. Given an environment e and a data 
structure/, choose (p,„ , v,„) and (p^i , y,,i) in P y Y, and let rj 2 be conse¬ 
quently determined by / Given and the second period distribution of 
money determined by initial endowments and the above first-period prices 
and trades, second-period equilibrium prices p,,^ and p,,^ can be obtained for e. 
Given , p„ 2 , and p,,^, first-period equilibria (p'j, y',), and {p ',,^, can be 
derived. An expectations equilibrium is a fixed point of this process. However, 
the presence of the discontinuous variable suggests that if/is nontrivial, a 
fixed point may fail to exist. 

3.6. Theorem. A continuous data structure is admissible if and only if it is 
trivial. 
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IV. Proof of Theorem 3.6 

The sufficiency of triviality is immediate. The necessity follows from 
Proposition 4.3 below. The failure of existence of expectations equilibrium 
for nontrivial data structures stems from the lack of a consistent information 
structure. This motivates the following definition. 


4.1. Definition. Let (e, Tja) e £ x/^. An equilibrium for (e, rjj) is 
a tuple (/»„!, , p„i, y„ 2 ; Pbi , Pbi , Pbn . }'bz) e (P x K x P X T)^ where 

( Jai. Jo 2 . - ylz) are chosen according to Sections 3.1 and 3.2 given the 

values of iji* and rj 2 *. 

The following Lemma is an immediate consequence of the above definition 
and the definition of expectations equilibrium. 


4.2. Lemma. Let eeE with 0 andTfi‘ = 1 for allJ i, let e 

with 1 ]./ I, and let e with - 0. Suppose that (e, has unique 
equilibrium ( p,a , yat, Pai , J’aa ? Pbi , , Phz , ybi) with (p„i, y„i) 

(Piix , ybi)- V f on admissible data structure then {e^, ■>?.>) has equilibrium 
(Pal . >«1 . Pal , fal \ P'bl , Pm . Pb 2 , Pm) With p{p'^^ , y'^^) ■--- f‘(p'^i, y'J. 


4.3. Proposition. Let fbca data structure such that (e, /) has an expecta¬ 
tions equilibrium for each ee E. Then for each i, if f* is continuous then f‘ is 
constant on P :< Y. 

Proof Since E is symmetric with respect to agents, it suffices to prove 
the assertion for i — 1, so suppose/^ is continuous. Let L — {ee E'. ~ 0 

and Tji* - 1 for / > 1; and for each i there are positive numbers cki’, oc./, 
'^as» «!,3 such that ^ aj* In (•), etc.}; that is, L is the set of economies in 
which the first agent is the only initially uninformed agent and the utilities 
are all linear in logarithms, i.e., Cobb-Douglas. For ee L, since r/i* = 1 for 
each i - I, only the value of influences the equilibria of (e, q^. According¬ 
ly, notation will be saved by replacing both q^ and q^'^ by the (0, l)-valued 
variable q. Variables associated with values of q will be preceded by a super¬ 
script. 

Let {pi , i |) e P X K. fn Section 4.4 it will be described how there can be 
chosen, for each /, positive numbers (ca,, t'ii, c’g, (' 1 , 2 ; m*\ ot,S , a^j), 

with cjj - cjt ,t - 1 , 2 , such that 

(A) The three-commodity static exchange environment with endow¬ 
ments (c'ai, Co 2 . and utility functions Va*(ci , Cj, Cj) =- oci* In Ci 1 

In Cj j- a *3 In 6*3 has a (unique) equilibrium (Voi. ^Pai. ‘Poz. ^Paz) with 
(Vni, ^P„i) = (Pi, Pi); 

(B) The three-commodity static exchange environment with endow- 
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ments {('U , c],^, in‘) and utility functions , C 2 > ^ 3 ) — “i‘In i 
aj* In Cj 4- aj 3 In fa has a (unique) equilibrium (V»m , , V ’62 ^ Vfta) with 

On , ’J'm) =■- (/’i, >’i)- 

(C) The three-commodity static exchange environment with endow¬ 
ments (fji , Cj 2 , m') and utility functions !?„’ and V for i > 1 has a (unique) 
equilibrium («/ 7 n , , ">«m) with "cJa ^ 5 ^ J 3 for each j, where "fjg = 

-- VfcaVn > iind ^cJa is similarly defined. (These are just con¬ 
sumptions of money. Recall that the price normalization gives — 1.) 

We now use these characteristics to construct a subset of E. For each /, 

let Mi’(-) = In (•), and similarly for UzK u\z • For each 7 re( 0 , 1 ) let e( 7 r) 

denote the environment in E determined by the characteristics (f^i, , 

^62 j "iS “ 2 ’’ Wo 3 > “la) for each i and the probability tt of state a. 

Claim. Since = Vw - Pi arid Vm - Vti "" for each tt, 

i'Pai, b'ai » ^Pa 2 , '>'«2 ! >hi > ^Jf. 1 . >62 . > 62 ) IS an equilibrium (e(v), 1 ). 


Proof of claim, {m^, yf) maximizes 


1 - yi) TT max {Ua^o + ulzim): 

Cfttt 

PaiC + Pmrn 


and 


Pmii + Pm^h^} 


(1 - ■jt) M,^(fi* -h Vj’) ■{ (1 — 7t) max {m 2 ’(c) -f ulfm): 

r.m 

PkC + p„,m + P,J>h'] 

subject to PiXf -| pm/tii^ = Pmin^, since is the equilibrium first-period net 
trade for agent 1 in both (A) and (B). Therefore (mf, y,r) 

maximizes 


w/(t'i^ + >'i’) -t- rr max {uf(c) + Ma3(m): Pa^c + - Pazci f- p,„mi} 

c,m 

+ (1 - 7t) max {m 2 ’(c) + ulfm): p,ac + p^m p^^Cz + ;>,„»//} 

c,m 

subject to pfyf -\- p„mf = pjn\ 

Thus is the equilibrium first-period net trade for agent 1 in the environ¬ 
ment {e{iT), 1) in both states. The trades > 02 , >^2 are chosen to maximize 
+ >Ja) + «ls("») subject to plzy]^Pmtn =pmW for s = a, b, 
respectively. Thus according to Section 3.2 ^ and >^2 are the equilib¬ 

rium net trades for agent 1. 

The other agents are initially informed and so face the same decision 
problems in states a and b as in the static situations (A) and (B). Thus 
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(Voi > V« 1 . . V« 2 ; Vm . V(.i. ^Pbt, ^yb^) is an equilibrium for (e(n), 1) 

for each tt. In Section 4.4 it will be described how (A) and (B) can be chosen 
so that this is a unique equilibrium for (ein), 1) for each n. This completes 
the proof of the claim. 

Since “cJs # for each s, ajj In (•) can be replaced by a different ul^ 
satisfying (i) and (ii) of 2 . 1 , which differs from 0^3 In (•) only near “cjj so that 
(A), (B), and (C) remain true and in addition “cjj ^c*,t for each /, s, t. For 
each 77 , let e'in) denote the resulting economy in E. It will be shown in 
Section 4.4 that such a perturbation can be made and still preserve the unique¬ 
ness of the equilibrium (V„i, V«i, Vaz. ^>'« 2 . V&i. . ^Pbz . Vtz) oi" 

(e'(77), 1) for each it. 

Since = (pi, y,), the hypothesis of Lemma 4.2 

is satisfied so that for each n, (eXv), 0) must have an equilibrium 

CPat , , %2 , IPm . "Ai , %2 . ""y’bzK^) 

with 

fTp.x, “.v»i)(^)] =/^[(V«2. 

However, as 77 1 ("/>„, , “yai)( 7 r) — (a , yi) and (Vm , “>’«)( 77 ) (“pti, 

“y,,,). This is because as 77-> 1, the behavior of the first agent in state b 
approaches his behavior in a static economy with utility v„^, while the 
informed agents, realizing that state b has occurred use their utilities Vt,*. 
The continuity ofthen implies that 

fKPi, yi) = /HVm . ".Vh)- 

Since "cit Vjj for each /, s, t there is a neighborhood V of (a , y’l) such 

that for each {p \, yj) e V, there exist utilities w|', u'i, , mJs , respectively 

differing from m,' only near ‘cj,! and , from Wg*' only near and , 
from Ma 3 only near V'g, and from wjg only near so that if the new 
utility functions are substituted into statements (A), (B) and (C), statement 
(C) remains true with (“pti, "yw) unchanged and statements (A) and (B) 
remain true if (Pi, yi) is replaced by (pj, y^). In addition the utilities can be 
chosen so that if ^"( 77 ) denotes the new economy for each 77 , then the equi¬ 
libria for (e*(77), 1) are unique. Lemma 4.2 then implies is constant on K 

Since (Pi, yj) was arbitrary in F X T, which is connected, it follows that 
/* is constant on all of P x Y. The proposition then follows. 

4.4. Uniqueness of the Equilibria 

The construction of the economies (A), (B), and (C) in Proposition 4.3 can 
be accomplished as follows. Normalize prices so that Pm == 1. Let (pi, yO be 
as specified. Choose an arbitrary (^pjj, ^ytz) e F x T. Since the economies 
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are three commodity Cobb-Doublas exchange economies the conditions 
for equilibrium are well known. For the economy (B), they are 


hS 


P^jyi + Cm) _ 

I ’ 

_ '^2' _ _ ^PbjCybi l~ _ 

^2*' -f PAi + ’ 


__ _^3_ Vm + m' _ 

^1 ■ ^^^2 ™63 Pl^M PhJ^bZ 'I' 

P\y\ \ VmVm + Vis 0 

for all i. The budget constraints determine from (/>,, >’,) and (V 2 , ’.v^o). 
The Cfti, Cftj, Mi* are chosen large enough that yi* + , >>4 | , and 

h'llg 4 m‘ are positive for each 1 . This determines the a^', ag', aJa up to scalar 
multiple. Note that the endowments can be made arbitrarily large for any 
given group of agents by altering the parameters of their utilities without 
changing the characteristics of the other agents. 

The conditions for equilibrium in economy (C) are 





WCyU + cU) 

'v 

! V I 1 

'2 

<.2 

%Abi + Vbi -1 


^ 1 ' 



<Vi»' 

! -v,'' 1 


Xi^M + °Pbi^U 


a,' 


^PbsCyli 1' ^# 2 ) 




Xi^n i- ^bi^’U + 


i 


VmCVm + i'U) 


i- fv ^ 

1 "■o 1 

<3 





yu + 




Xi^Ji 4 


'Xfca 


yu 4 - m*' 


4- flig* 

<3 

XAbi 4 yA 4 m* 


Vm"vm +V.2%4 "vLa^O, /:^1. 


The equilibria for Cobb-Douglas economies are unique since Cobb-Douglas 



EXPECTATIONS AND PAST DATA 


405 


utilities give rise to excess demand functions satisfying gross substitutability 
and indecomposability [ 6 , pp. 305-6] which are sufficient conditions for 
uniqueness [ 6 , p. 335]. Thus each choice of 0^3 determines a unique equiilib- 
rium for economy (C), given the parameters chosen for (B). If ajg is small 
enough then in order for the first agent to satisfy (*) with "yjg -- it must 
be the case that either or becomes arbitrarily large. In this case the 
income of the other agents becomes arbitrarily large and their excess demand 
for money becomes arbitrarily large and cannot be satisfied by the first agent. 
Thus for aia small enough, “yjg ^ ^>>^ 3 . Note that once the value of is 
fixed, the endowments of the other agents can be increased without changing 
this value of ag, and an equilibrium will still obtain. 

For economy (A), since cij = and cjj = the equilibrium conditions 
for the first agent are 

_ + Cm) 

f- aia ' 4- ’ 

_2!?___ Paii ~l~ ^> 2 ) 

+ cc./ + aij + ml ’ 

«a3 Vb3 + _ 

'+ “ji + PjCji + + ml ’ 

Piyi + ^pMz + M3 = 0 . 

Given the parameters for economy (B) and ai,, the first equation determines 
^PaZ • 

The third equation then determines i ;’/,3 . The parameter iiJs can be chosen 
so as to be small enough for the construction of (C) to be satisfied and so that 
lyJs ^ "jJa. The parameters ajg, net trades, and endowments of the remain¬ 
ing agents can then be chosen to satisfy the remaining equilibrium conditions. 
The endowments of the.se agents can be chosen arbitrarily large. 

If (Coi, , Cji, cJa, m*) is chosen large enough for i > 1 then the 

equilibria for (ein), 1) and (eiir), 0) will also be unique. This is because the 
excess demand function for the initially informed agents (/ > 1 ) is easily 
seen to satisfy gross subsitutability and indecomposability, coming from a 
Cobb-Douglas utility in each state. As the endowments of the informed 
agents increase, the absolute values of the partial derivative of the aggregate 
excess demand function of the informed agents become arbitrarily large. 
The first agent’s demand will also be smooth, for when the behavior of 
initially informed agents (Section 3.2) is written in terms of the indirect 
utility of current consumption and money savings, the objective function is a 
convex combination of log—linear functions subjected to a change of scale 
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and origin. The derivatives of the excess demand function for the first agent 
will depend smoothly on n. Thus in any compact neighborhood of the 
equilibrium price the derivatives of the excess demand functions will be 
uniformly bounded in tt and 7 \^. Thus if the endowments of the informed 
agents are large enough relative to the endowment of the initially uninformed 
agent the aggregate excess demand function for all agents will exhibit gross 
substitutibility in a neighborhood of equilibrium. Outside that neighborhood 
the excess demand for the uninformed agents will be large in absolute value 
(being the integral of the large partial derivatives). The endowments of the 
informed agents can be chosen large enough (without altering the first 
agent’s characteristics) so that outside this neighborhood their excess 
demand is larger than the uninformed agent’s final consumption. The 
uninformed agent will not be able to satisfy this excess demand so no price 
outside the neighborhood can be an equilibrium price. The gross substituta¬ 
bility then guarantees a unique equilibrium price in this neighborhood. Thus 
the equilibrium price is unique. 

The economies (e"(7r), 1) will also have unique equilibria for small enough 
perturbations of the utilities, for the derivatives of the excess demand func¬ 
tions depand continuously on the first and second derivatives of the utilities. 
Thus small changes in the utilities will not void the above argument. 
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1. Introduction 

Among many recent contributions on the logical (in)compatibility of 
the Paretian ethics and the libertarian claims, initiated by Sen’s [11, Chap. 6*] 
theorem on the impossibility of a Paretian liberal, Gibbard’s [3] analysis, 
which culminates in the edifice of the alienable rights system, deserves 
particular scrutiny. It tries, among other things, to call due attention to 
“a strong libertarian tradition of free contract,” according to which “a 
person’s rights are his to use or bargain away as he sees fit.”^ Searching 
examinations of the Gibbard’s system have already been put forward by 
Kami [7], Kelly [8; 9, Chap. 9], Sen [12, Sect. IV] and Suzumura [14], but 
it seems to us that there remain many important points to be made on this 
interesting contribution. The purpose of this paper is to point out that 
Gibbard’s system of alienable rights in a revised version proposed by Kelly 
[8; 9, Chap. 9] represents a standard for individual liberty which cannot be 
met by any universal collective choice rule. That is to say, it is logically 
impossible to construct a collective choice rule with unrestricted domain, 
which realizes the Gibbard-Kelly system of alienable rights. This clearly 
contradicts Kelly’s assertion to the effect that “[the revision] causes no signi¬ 
ficant changes in the theorems that make up Gibbard’s libertarian claim.”- 
This is unfortunate, since Kelly’s revision seems to be rather persuasive. 
To the extent that Kelly’s proposed revision is acceptable, therefore, the 
workability and reasonableness of Gibbard’s scheme seem to be in serious 
doubt. At the very least, the edifice of the alienable rights system should be 
evaluated with this subtlety in mind. In passing, we will examine the possi¬ 
bility and limitation of resolving the liberal paradox via the metarational 
exercising of rights a la Howard [4-6] in view of the similarity between the 

‘ Gibbard [3, p. 397]. See also Barry [I, p. 166]. 

»Kelly [8, p. 144; 9, p. 148]. 

407 

0022-0531/80/030407-16S02.00/0 

Copyright C) 1980 by Academic Press* Inc. 

AU rights of reproduction in any form reserved. 

6^2/22/'!-') 



408 


KOTARO SUZUMURA 


prisoners’ dilemma and the Paretian liberal paradox, which was pointed 
out by Fine [2]. 

2. Gibbard’s Consistent Libertarian Claim and Kelly’s Revision Thereof 

2.1. Let N — {1,2,..., «} denote the finite set of individuals (« S 2) 

and let X stand for the set of all conceivable social states. What we call 
a social state is a list of impersonal and personal features of the world. 
Letting X^ and Xi stand respectively for the set of all impersonal features 
of the world and the set of all personal features of the individual / e N, 
the set of all social states, X, is now given by X = A'o X (flie^v 2f,). It is 
assumed that X^ and A', are finite with at least two elements each. R, denotes 
a weak preference (at least as good as) relation of the individual i e N. We 
assume that R, is an ordering on X, being connected [for all x and y, (x, y) e i?,- 
and/or (y, x) e /?,] and transitive [for all x, y, and 2 , (x, y) e Ri and (y,z)e Ri 
imply (x, 2 ) e ^,]. The strict preference relation P(Ri) is defined as usual by 
(a', ^ [(^1 a) £ ^ A]- The indifference relation /(R,) 

is defined by (x, 3 ;) e /(/?,)<-> [{x,>’) e R, & {y, x) e /?,]. A list 
R = (Ri , R„) of individual weak preference orderings will be called a 

profile. A collective choice rule (CCR) is a function F which represents a 
method of amalgamating each profile R - (/?i, R ^/?„) into a social 
choke function C on the family of all finite nonempty subsets of 
X\ C FiR). When an 5 e y is specified as a set of implementable states, 
C(S) denotes the nonempty set of socially chosen states. In what follows, 
we will be concerned with constructing a CCR which may amalgamate 
every logically possible profiles. 

Condition U (Unrestricted domain). The domain of our CCR consists 
of all logically possible profiles. 

2.2. As a matter of notational convention, we let A'),( = Xq x 
A' l X ••• X A’,_i X Xj+i X X A'„ and, for each i^N and each 

X = (x„, Xjx„) e A', X),( =- (x„, Xi,..., x,_j, x,, ..x„). Furthermore, if 

.x^ E AT,- and 2 — (z^y , Zj,..., z,’_i, z,- e A')j(, then (x;, 2 ) = (z^ , z^,..., 

2 ,_,, .Y,, z,+i,..., z„). We define X>, by 

>’) 6 A' X AT I X),( -- 3 >),(} (i 6 N). 

Therefore if (x, y) e D ,, x and y may possibly differ only in the specification 
of I’s personal feature. Call D = (i?i, ,..., D„) the Gibbardian rights 

.system or the decomposable rights system. 

2.3. The CCR should be so designed, a naive libertarian might claim, 
that it implements the special say of the /th individual over each and every 
pair (x, y) e D, in the following sense: 
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Condition GL(1) {Gibbard's first libertarian claim). For every profile 
R = (R^, /?n), every / 6 N, and every x,ysX, if {x, ;>) 6 D, n P{Ri), 

then [x 6 5 -> j ^ C(5)] for all Se 6^, where C = F(R). 

An unfortunate fact is that there exists no CCR which satisfies this naive 
libertarian claim together with Condition U. This is Gibbard’s first impossi¬ 
bility theorem [3, Theorem 1] on the libertarianism. 

2.4. It is now time we formulate two versions of the Pareto rule. 

Condition EP {^Exclusion Pareto). For every profile /? = (/?i, R^ ./?„) 

and every .v, ysX, if (jc, y) e n<£jv P{P,), then [xgS --*■ y$ C(5)] for all 
Sey, where C = F(R). 

Condition IP (Inclwsion Pareto). For every profile R — (Ri, /?„,..., R„) 
and every x, y e X, if (jc, v) e fliGjv P{Pi), then [{x e S' & g C(S)} -+ x g C(S)] 
for all 5 G y, where C --- F(R). 

Let X and y be such that everyone in the society strictly prefers x to y. 
Then Condition EP requires that the CCR prohibit y from being chosen 
from every envirionment where x is available, while Condition IP requires 
that the CCR be such that x is chosen from every environment where x is 
available and y is chosen. Clearly EP, which is a quite common formulation 
of the Pareto rule, is a stronger requirement on CCR than TP.® 

2.5. Turn now to Gibbard’s second libertarian claim, which goes 
as follows. 

Condition GL(2) {Gibbard's .second libertarian claim). For every profile 
R — (/?!, /?2,..., every SgST, every i^N, and every x,yeX, if 
(x, y) e /}, n P(R,) and ((x, ; Z),(), (; Z),()) g P(R,) for all Z),( such that 
(Xi ; Z),(), ( y,; Z),() g S', then [x g S' -> j ^ C(5)], where C ^ F(R). 

In Condition GL(1), it is required that the CCR allow each and every 
individual to exercise his right (x, j’) g D, whenever he happens to prefer x to y. 
In contrast, Condition GL(2) does not necessarily allow the de facto indi¬ 
vidual preferences to rule the roost: It is required in GL(2) that the CCR 
protect the right (x, j') g Di only when the /th individual prefers the 
distinguishing feature x< of x unconditionally to the corresponding feature 

’ It might be of some interest to present a concrete CCR which satisfies the Condition IP 
but does not satisfy the Condition EP. The simplest example is a rule which assigns to 
each and every profile It — {Ri, Rt R„) a choice function C such that C(S) S for 
all S e An intrinsically more interesting example is the majority closure method (Sen 
[13, pp. 56, 74]). Let Mr be the simple majority relation corresponding to a given profile 
R. Take any Se ^ and let T(Mr \ S) be the transitive closure of Mr on S. A choice set 
C]J(5) represents a subset of S consisting of the T{Mr 15)-greatest points in S. The majority 
closure method is a CCR which assigns to each R the choice function C\. It is easy to see 
that this CCR satisfies IP but not EP. 
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j', of Clearly GL(2) represents a milder libertarian claim than GL(1). 
Nevertheless, there exists no CCR which satisfies GL(2), EP, and U. This 
is Gibbard’s second impossibility theorem [3, Theorem 2] on the liber¬ 
tarianism. A slight generalization thereof is the following: 

Thi.orem 1. There exists no CCR which satisfies GL(2), IP, and U, 

Proof. Suppose that there exists such a CCR. Take any o„ c and e Xi 
(i t: A' 11 , 2j) and fix them for the rest of this proof. Take x,-, x,' £ A',-, x, x- , 
where i 1, 2 and define 

x’ - (fly , A'l , X.^ , Og ,..., Off), 

■ (flo 1 Aj , A'g , flg ,..., fln), 

= (fly , Xj , X2 , fly.flj, 

and 

x^ - (fly, A'i, x.;;, fla,..., fl„). 

Let S -- {x\ A^ .v“, x^] 6 y and let a profile R — (Pi, R.,R„) be such 
that 

Ri(S): x\ x», x2, x^ 

RiiS): x\ x\ x\ x\ 


and, for all le A\{1, 2], 

Ri({x\ x3}): X®, x^ 

where R,(5) denotes the restriction of /?< on the set S: Ri{S) = /?, n (S x S)."* 
Clearly, then, (xS x®) £ Di , (x*, x*) e Di and (x®, x') £ T >2 • No other indi¬ 
vidual has right over these states. Since individual 1 prefers Xi to xi uncon¬ 
ditionally and individual 2 prefers xi to Xz unconditionally. Condition GL(2) 
implies that x® ^ C(5), x^ ^ C(5), and x^ ^ C{S) for a choise set C(S) which 
corresponds to the specified R and S. Suppose now x® £ C(S). Then we have 
(x®, X®) £ fl.ejv x®£ 5 and x^eC(S), so that Condition IP requires 

that X® £ C(S), a contradiction. Therefore we must have C(S) c , which 
negates the existence of a CCR satisfying GL(2), IP, and U. | 

2.6. A salient common feature of GL(1) and GL(2) deserves parti¬ 
cular mention: It is supposed that the tth individual’s right is exercised in 
complete negligence of any repercussion from the rest of the society, guided 

* Preference orderings are written horizontally with the less preferred states appearing 
to the right of the more preferred states, indifferent states, if any, being put together by 
square brackets. 
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solely by the individual rational calculus. From this viewpoint, the gist 
of the Gibbardian impossibility theorems mentioned so far may be inter¬ 
preted as the failure of the isolated rational rights-exercising. An ingenious 
proposal crystallized in Gibbard’s third libertarian claim is to make indi¬ 
vidual's libertarian rights alienable in cases where the exercise of one’s 
libertarian rights brings him into a situation he likes no better than the 
situation that would otherwise have been brought about. Gibbard observes 
that, given an /? = ,..., /?„) and an 56 5^, an individual ieN has 

the will as well as the right to exclude y from C{S) if x e S' and (x, y) e 
Di n P{Ri), but his right for the pair (x, y) had better be waived if there 
exists a sequence {j'j, y^ >’a} in S such that 


yx X, (y,yi)eRi&y ^ yi, ( 1 ) 

and 

(Vr e 11, 2,..., A - 11): , y,^,) e (f) i>(i?,)) U ( U lA ^ W)]). (2) 

'jcJV ' ' jeJV\(») ^ 

Let us define a subset Wi{R \ S) of i),, to be called the waiver set, by (x, y) e 
Wi(R 1 5) iff (1) and (2) are true for some sequence {in S. 

Condition GL(3) (Gibbard's third libertarian claim). For every profile 
R (/?,, ,..., /?„), every S e every / e A^, and every x, y e A', if (.v, y) g 

D, n /’(/?,.) and (x, y) i W^R \ S), then [x e 5 ^ y C(S)], where C F(R). 

Clearly this is a claim which differs essentially from GL(1) and GL(2) 
in that it is explicitly recognized that an individual’s rights-exercising may 
induce unfavorable responses of the others which might well nullify the 
benefit for which the initial exercising was intended. Gibbard has shown that 
GL(3) represents a Pareto-consistent libertarian claim; i.e., there e.xists 
a CCR which satisfies GL(3), EP, and U.® 

2.7. Kelly [8; 9, Chap. 9] claims to have found some “flaws” in 
Gibbard’s definition of the rights-waiving rule and proposes two revisions 

thereof, the first of which goes as follows*. Let a profile R ~ {R^, R^ . R„) 

and a set of implementable states SeS^ he given. An individual / waives 
his right for (x,y)eD,-, namely that (x, y) e fV(*(R j S), iff there exists 
a sequence { y,, ya.y^) in S satisfying 

y;, = X & ( y, yi) e (3) 

and (2). 

* Gibbard [.1, Theorem 4]. 

• As a matter of fact, Kelly proposes the third revised version. For our purpose it is not 
necessary to get into this complicated proposal, however. 
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Condition KL(1) {Kelly's first libertarian claim). For every profile 
R ■ {Ri, R 2 Rv), every every ieN, and every x,yeX, if 

(x, y)E D,r\ P{Ri) and {x, y) ^ lVt(R ! S), then [xeS-*y^ C(5)], where 
C f\R). 

The only difierence between GL(3) and KL(1) lies in the contrast between 
(I) and (3). The reason behind this revision is that “in forcing the move from 
y to X by exercising [(jc, y) e Z),-, the individual j] does not seem to have 
gotten into trouble if he is forced in the end to take ayi where he is indifferent 
between .»j and y. Waiving might be appropriate for a cautious exerciser 
if [( 1, ii)e for some [sequence v^]], but not if only 

K y,) (T R, as in (1)]” (Kelly [8, p. 141; 9, 146-147]). 

Going one step further, Kelly proposes his second revised libertarian claim. 
Suppose that a profile R = - (Ri, R 2 ,..., R„) and an 5 e //’ are given. This 
time, an individual / is supposed to waive his right for (x, y) e D ,, namely 
that (.V, r) e Wf*{R \ S) iff: 

(a) There exists a sequence {yi, yayAl in S such that 

y’A =-x&(y,yi)eP(/?,), (4) 

and 

(V/e{l,2 . A-- l}):(y,,y,^,)6(n W))^( U n P(/?,)]); (5) 

(b) For any sequence { 2 j, Zjz^.} in S such that 

and 

(Vt ell, 2,..., A* - 11): (z,, z,^,) e (f) P{Rd) ^ (U O ?(/?,)]), (7) 

'ieN 'ieN 

there exists correspondingly a sequence (wj, Wg Wa*.} in S such that 


Wa., = Zi&{ y, Wi) 6 P{Ri), (8) 

and 

(V/1- {1, 2 ,..., X** - 11): {w, , MVi) e (O ^ ( U ^ P^])- 

'}eN ' 

(9) 

Condition KL(2) {Kelly's second libertarian claim). For every profile 
R ^ {Ri, Ri,..., R„), every SeSP, every ieN, and every x,yeX, if 
(x, y) e Di n P(P,) and (x, y) $ W^*{R 1S), then [x e S' y C(S0], where 
C = F{R). 
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The difference between KL(1) and K.L(2) is the addition of (b) in the defi¬ 
nition of 1 S), which says basically that any sequence {zj, Zg 2^**} 

which seems to repair in the eyes of the individual i the damage caused upon 
him by a sequence {>’, ,>’ 2 ,—iJ'a} will be made ineffective by some other, 
out-of-control sequence 


3. Impossibility Theorems 

3.1. Taken by themselves, these proposed revisions may seem to be 
fairly persuasive and, according to Kelly [8, p. 144; 9, p. 148], “it causes no 
significant changes in the theorems that make up Gibbard’s libertarian 
claim.” The truth is, however, that Kelly’s reasonable-looking revisions 
to Gibbard’s libertarian claim change it into a standard for individual liberty 
which cannot possibly be met, as the following impossibility theorems show. 

Theorem 2. There exists no CCR which satisfies KL(1) and U. 

Theorem 3. There exists no CCR which satisfies KL(2) and U. 

To prove these theorems, note first that, for every profile R (/?t, 
/? 2 ^n) and every Ss ,9’, the following .set-inclusions are true. 

Wt*iR 1 S) C WtiR 1 S) C ]Vi(R \S) (10) 

for all i e N. Clearly, then, KL(2) is a stronger libertarian claim than KL(1), 
so that we have only to prove Theorem 2, Theorem 3 being a corollary 
thereof. 

Proof of Theorem 2. Supfiose that F is a CCR which satisfies KL(1) 
and U. Let 5 = {jc^, x\ x\ e .9^ be defined as in the proof of the Theorem 1 
and let a profile R - - (Rj, R 2 Rn) be such that 

RfS): JcS X*, [x^ X®], 

RfS): x\ X*, [x^ x*]. 

There is no restriction on for i e iV\{l, 2} whatsoever. Clearly (x^, x®) e Z), , 
(x®, X®) e Di , (x®, X*) 6 Dj and (x®, x®) e ■ No other individual has right 
over these pairs of states. Consider the pair of states (x^, x*) e n F(Ri). 
The worst which could happen to individual 1 after his exercise of (.x^, x®) e Di 
is the counterexercise by 2 of (x®, x^) e in view of (x®, x®) 6 P(R^. (Note 
that there is no state in S which strictly Pareto-dominates x\) Since x® and 
X® are indifferent to individual I and .x® x®, GL(3) would let I waive his 

right over (x\ x®), but KL(1) does allow 1 to exercise his right over (x^, .x®): 
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X®) e 1 ^ 1 ( 7 ? i 15). Similar reasoning leads us to (jc^, 

Wi{R 1 S),W*{R I S), (A x^) 6 lVo(R i S)\ W*iR ] S) and (jc*, x^) e W^iR | S)\ 
W^{R ] S). By virtue of the Condition KL(1) it then follows that C{S) ~ 0, 
a contradition. | 

3.2. Kelly’s first revised libertarian claim thus brings back an 
impossibility. A fortiori, his second (and stronger) revised libertarian claim 
is inconsistent with the existence of a universal CCR. One may thereby be 
tempted to conclude that the system of alienable rights is something like 
a fragile glasswork which may be easily smashed to pieces while giving the 
last finish to it. To be fair, however, one should not forget to examine whether 
the finishing touch was an appropriate one. 

Back, then, to the contrast between GL(3) and KL(1), i.e., the contrast 
between (1) and (3). Stipulation (3) was recommended in place of (l),because, 
in forcing the move from y to x by exercising (.v,y) e Z),, individual / does 
not lose anything even if he is forced in the end to take a y, such that (y, yj) £ 
7(7?,) and y y\ . Note, however, that he does not gain anything either. 
Note also that the rights-exercising in Gibbard's system places very heavy 
demands on the information gathering and processing’, so that the rights- 
exercising would be unwise unless it yielded a positive gain. This argument, 
if accepted, would favor (1) rather than (3) and would necessitate the 
following modification of KL(2). Given a profile R ~ {Ri, R ^/?«) 
and an 5 e //■, define the waiver set W!^(R 1 S) by (.v, y) e Wi\R i S) iff: 

(a) There exists a sequence {yx, y.^ ,..., )\] in S such that 

^ ( V, Vi) e Ri & y y,, (11) 

and 

(Vt £ {], 2,..., A - 11): (y,, y,,,) e (f) P{Rj)) u ( U [Dj n P(/?,)]); 

JeN i^N\li) 

( 12 ) 

(b) For any sequence {zi , Zj,..., in S such that 

-A* yi & Kzi ^ y) e P(l^i) V Zi - - y] (13) 

and 

(V/ £ {1, 2. A* - D): (z,, z,.,) e (f) P{K)) ^ (U ^ Wl). (14) 

there exists correspondingly a sequence {wj, W 2 ,..., Wa..} in S such that 

Wa.. = z,, (y, Wi) 6 /?,&y w,, (15) 


’Kelly [8, p. 141; 9, p. 146]. 
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and 

(W 6 (1, 2 ,..., A** - 1}): (w,, vfHi) e (f) P(Rj)} ^ ( U n n/?;)]), 

jeJV ' ^jeN\{i) ' 

( 16 ) 

for all leiV. Utilizing this modified definition of the waiver set, we now 
put forward the following; 

Condition GKL {Gibbard-Kelly libertarian claim). For every profile 
R = {Ri, R2Ji„), every every ieN, and every x,y€X, if 

(x, e Di n P(/?,) and (x, y) ^ W,\R 1 S), then [x e 5 ► y ^ C(S)], where 
C - F(R). 

How does GKL fare in the context of universal CCRs? That it fares no 
better than KL(1) and KL(2) is the thrust of the next theorem. 

Theorem 4. There exists no CCR which satisfies GKL and U. 

Proof. Suppose that F is an eligible CCR. Let S {x’, x^ x®, x‘} e ,9^ 
and R = (/?i, R„) be the same as in the proof of the Theorem 2. 

Consider the pair of states (x®, x®) e n P(Ri). The worst situation which 
individual 1 ’s exercise of (x\ .x®) e Di may induce is the counterexercise 
by 2 of (x®, x’) e D.^ in view of (x®, x‘) e PiR^). Individual 1 may then exercise 
(xS X®) c Dj n /*(/?,) to secure x’, which 1 prefers to x®. Is there any nullifying 
sequence? The worst which could happen to 1 is the exercise by 2 

of (x®, x*)£ D 2 , which does not require 1 to waive his right (.v^ x®) 6 Di 

according to the definition of i S').* Therefore GKL ensures that 
X® ^ C(S). By the same token we may verify that 

[(x^ .X®) 6 Z)i n P(/?i) & (xS X®) $ W^\R I S)] -> X® ^ C(S), 

[(x®, X®) 6 n P{R^ & (X®, X®) ^ Wf{R I S)] — X® ^ C(S), 


* Two clarifications might be in order here. First, from jc*, something else may happen 
(besides 1 exercising his right (x*, x“) e D,) if the Pareto-dominance relation is weakened 
from n,6wW<) to That is to say, if (x®, x“) e for all 1 e N;{\, 2} and if 'm 

(12), (14) and (16) all instances of a™ replaced by P(ni6\^i)i might be picked 

over by a Pareto-dominance. it is clear, however, that this possibility does not affect 
our conclusion that (x‘, x*) ^ \ S). Second, in arriving at the conclusion that (x‘, x*) $ 

IFi"(/? 1 S), we have followed the “path” x* -<■ x’ x* -► x* -*■ x* generated by the suc¬ 
cessive rights-exercising of 1 and 2. Namely, we started from x’ and came back to x* 
again! It might be asked, why don’t we let 1 waive his right (x*. x®) c in this case ? 
Put differently, why do we stipulate the condition y yi in (11) ? The reason is that there 
exists an important difference between (i) the travel from x’ (via a sequence of states) to 
X® back again, and (ii) the travel from x® to an x* e S such that (x®, x*) e /(/?i). In the 
former case, individual 1 comes back to x® without losing his right over x®, while in the 
latter case, 1 may well be stuck at x* without having any right over x*. This is also the 
reason why we modified (6) into (13). 
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and 


[{x\ X*) e D, n P{R^) & (jc», X*) ^ 15)] €{8), 

so that we obtain C(S) - n, a contradiction. | 


3.3. If we examine the profile which we utilized in proving 
Theorems 2, 3, and 4, it turns out that both 1 and 2 are expressing preferences 
which are conditional on the other’s selection of his personal feature: 1 
prefers x^ to x[ if 2 has x^, while he prefers x'l to x^ if 2’s choice is x'^ and 
vice versa. Probably it is too much to ask for the existence of a universal 
CCR which protects individual’s mere conditional preferences. On reflection, 
we need only require the existence of a CCR which protects individual’s 
libertarian rights so far as the relevant individual expresses unconditional 
preference for his personal features. Therefore, let N(R | 5) be the set of 
individuals having unconditional preferences, given a profile R and an 
available set S e .v", i.e., / e N(R 1 S) iflT (x, y) 6 Z); n (5 x S) r\ 
always implies that ((x,; r),(), (y,-; Z).()) e P(^,) for all Z)j( such that 
(x,; Z),() e S and (y,; Z),() e S. The relevant waiver set will then have to be 
specified thus: (x, y) e will be waived, i.e., (x, y) e IV^(R 1 S) iff either 
(i) i 6 N\N{R 1 S), or (ii) the following conditions hold true: 

(a) There exists a sequence {yi, ,..., y;,} in S such that 


.V, (y,y,)e/?i&y --A yi. 


and 


(Vre{I,2,..., A -- 


1!): (y,, y>.^) e (n ^ ( U ^ 

ieN VA(R|.V)\{i) ' 


(b) For any sequence {zj, .Z;j.] in S such that 


yi & [(z,. y) c P(Ri) v z, ;•] 
and 

(V/ e {1, 2.A* - 11): (z,, z^O e (f) m)) ( U ^ 

Sew ' ^jeN(K\S) ' 

there exists correspondingly a sequence {Wi, Wj,..., Wa..} in S such that 


Wa*. -= Zi, (y, Wi) 6 /?, &y 7^ , 

and 

(Vre{l,2,..., A** - 1)): 

(»/, e (n PW) ^ ( U 

Vw ' j€W(R|A')\(<( 
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Our final version of the libertarian claim in the spirit of Gibbard and Kelly 
goes as follows. 

Condition GKL*. For every profile R = (Ri, R^R„), every Se S^, 
every / e N, and every x, ye X, if (x, y) e Di n P(/?i) and (x, y) ^ Wf^{R \ S), 
then [xeS-* y^ C(5)], where C = F(R). 

Clearly GKL* is weaker than GL(2). Unfortunately this modest version 
of the libertarian claim still may not break the impasse if there are at least 
three individuals in the society. 


Theorem 5. Suppose that n is “i. Then there exists no CCR which satisfies 
GKL*, IP, and U. 

Proof. Suppose that an eligible CCR F does exist. Take any a,, e and 
a, 6 ,V, (/g A^\{1, 2, 3}) and fix them for the rest of this proof. Take x, , 
.Y^ e X, , X, r- x'i for / e {1 , 2, 3} and define 


X® = 

“ (^0 > 

^1. 

, X2, 

X3, 

(i\ >*. 

^n)» 

x* - 

0 

1! 

Xi, 

, X2, 

•V3, 



X® - 

- (flo , 

Xi, 

, Xa, 

^3, 


tlfi). 

X® = 

- (<^0. 

x'l. 

, Xa, 

Xz, 

^4 »•< 


x^ ^ 

(«o. 

x'l, 

,4, 

Xs, 

Q\ 

•> ®n)' 


Let S --- {x", x^, X®, X®, X*} e TP and let a profile V? = (/?i, R.^ ,..., R„) be 
such that: 

R^(S):x\x^x^x^x», 

RsiS): [x«, X*], X®, x\ X®, 

R:i(S): X®, X®, X®, X*, x^, 


and, for all / e A^\{1, 2, 3}: 


/?,({x®, x®, X®)): x®, X®, X®. 

By definition we see that (x^, x®) e Z),, (x®, x*)eDi, (x®, x®) e Dj, 
(x®, X*) e £>2 and (x®, x^) e . Note that individual 1 prefers Xi to xj uncon¬ 
ditionally, and individual 3 prefers Xg to X 3 unconditionally. On the other 
hand, individual 2 prefers Xj to Xj if 1 chooses Xi, while he is indifferent 
between X 2 and X 2 if 1 chooses x^ instead. Tn view of this conditional nature 
of 2’s preferences, his rights-exercising will be made ineffective by a CCR 
subject to GKL*. Consider now the pair of states (x’, x®) e Z)i n P(/?i). 
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The worst contingency which could be induced by the exercise of (.v‘. x*) e 
is the counterexercise of D^r\ PiR^. Since U®, a-") g f’C/?,) 

holds true, and there exists no nullifying sequence in S, we may conclude 
from GKL* that 

[{a', a*) t D, n P(R,) & (x\ y^) 4 ! S)] > A* ^ C(S). 

Similarly we may verify that 

[(,v^ a') c D, n P{R,) & (x\ a') ^ i ‘S')] -> a’ ^ C(S) 


and 

[(A-", a’) c-D.,n P(R^) & (A-**, a') $ If'™'!/? i 5)] a ’t C(S). 

We may then invoke Condition IP (as we did in the proof of Theorem 1) 
to conclude that a'*^C(S) and .\^*^C(S). It then follows that C(S) i?, 
a contradiction. | 

4. Metarational Exercising or Rights 

4.1. Among the libertarian claims we have examined in the above, 
GL(3), KL(I), KL(2), GKL, and GKL* differ substantially from GL(1) 
and GL(2) in that due attention is paid in the former category of claims to 
the fact that, in deciding whether to exercise one’s right or not, one should 
take into considerations the others’ response via their righl.s-exercising and/or 
Pareto-dominance. Notice, however, that it is commonly assumed in these 
claims that each individual, in predicting the others’ response to his rights- 
exercising, presumes that the others follow the naive rights-exercising rule 
without making any effort of prediction on their part.^ It might be asked, what 
can we make of the libertarian claims if we assume instead the complete 
mutual prediction? 

4.2. The situation of complete mutual prediction may be modeled 

after the metagame theory of Howard [4-6]. For simplicity let there be 
only two individuals in the society and let an impersonal feature vector 
Sa e X^^ be fixed for the rest of this paper. S', and denote the set of all 
available personal feature alternatives of individual 1 and that of individual 2, 
respectively. Given a profile R -= (/?,, R^), we may construe the 4-tuple 
r - (Si , Sj; , R 2 ) as a basic game played by 1 and 2. Each individual 

’ This point was duly stressed by Kelly. He has shown that a serious diflRculty of cor¬ 
rectable miscalculation emerges from this peculiarity of the Gibbardian rights-exercising 
rule. See Kelly [8; 9, Chap. 9). 
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A: fe {1, 2 j wishes to choose such an s^. e as to yield, coupled with the fixed 
i'o and the choice s-^ e of the other individual ~k, a state (s^, , s-^) e 

[jq] X Si X S 2 - - S which “optimizes” his preference /?* over In a 
liberal society k obviously lacks the power to regulate the choice by ""k 
of his personal feature, so that the best k can do is to predict the choice 
by and to form a metastrategy which is a function g'^ from 5-* into Sk 
such that, for each s-k^S-k, (-'o, J-a) e-S' is the best state in S 

with respect to Rk. In effect, then, k is thinking in terms of the first-level 
metagame kP ~ ((7*, S-k ; Rk . R-k\ where €’• denotes the set of all 
functions from S-k into Sk. In doing this, however, k should be aware 
that ~k may be able to, and should rationally try to, predict A:’s choice of 
his metastrategy. The subjective game of k in the situation of complete 
mutual prediction is the second-level metagame (~A:) kP = {G'\ f**; 
Rk , R-iX where F"''' denotes the set of all functions from G* into S-k . We 
repeat for emphasis: The metagame (~A:) kP represents a model in which 
“Ar is able to predict Ac’s choice in the metagame kP, while the metagame 
kP represents a model in which k is able to predict ~A:’s choice in the basic 
game P. Thus in the metagame (“'^) kP there is complete mutual prediction. 


4.3. Let us say, following Howard, that an outcome {g^,f'^) of 
the metagame ('Ar) kP is metarational for k via (fk) kP iff: 


[igUf7i8l))J7(gl)), igV7(g%f7Xg’'))] 6 Rk 


(17) 


for all g* e 6'*. In this case the corresponding basic outcome, which is given 
by (•'’o>g*(./^if(g*))>/i*(g+))e5', will be called hereafter the metarational 
basic outcome for k via (~k) kP. Let A/t[(~A:) A.T] denote the set of all meta¬ 
rational basic outcomes for k via {~k)kP. We may similarly define 
M-kirk) kP], Mk[ki-k) rj, and M-k[ki~k) P]. 

It is now time we introduce the concept of metasolutions. In our present 
context, two possibilities suggest themselves. First we have 

M*{P) = Mk[i~k) kP] n M-km-k) P], (18) 

which is appealing for the following reason. In general, “there will be a strong 
tendency for player /’s subjective metagame to be one in which he follows 
all the others last. For such a metagame is precisely one in which he can 
predict the others’ basic strategies, they cannot predict his, and they are 
possibly able to predict his [metastrategy]. Indeed, if we add the condition 
that / believes there is complete mutual prediction..., then this precisely 
describes the complete metagames in which he follows all others last.”“ 


“ It is assumed here that the set of implcmentable states S satisfies Kelly’s [8; 9, Chap. 9] 
agenda-closedness and Seidl’s [10] technological separability. 

" Howard [6, p. 106]. 
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Jt then follows that, \fs*eM*(r), then s* is a metarationa! basic ouiam, 
for both individuals via their respective “naturar subjective metagamcs n /t/, 
complete mutual prediction. The second metasolution concept of our concern 
is 

MAr) - {Msrk)kr]nM~u[{''h)kr]} 

u \Mm~k) n n M^AkCk) F]}. (19) 

By definition, s* e MAF) holds true iff s* is a metarationa] basic outcome 
for both individuals via a common metagame with complete mutual prediction. 
Remember that an .v* e M*(F), however “natural” it may be, cannot be an 
equilibrium via voluntary bargaining or negotiation except as a result of 
some kind of misunderstanding: Each individual behaves as if he can predict 
the other’s basic strategy while the other can at best predict his metastrategy 
choice, but they cannot both be correct, fn contrast, a metasolution 
.S'* e MAF) is the basic outcome which constitutes an equilibrium when both 
individuals have agreed on the same subjective metagame. 

4.4. We now examine these metasolution concepts in the context 
of the liberal paradoxes. 

Example 1. Let J* =• (5i, ^ 2 ; Ri, Rj.) be such that i’l — {.y,, .vjl, 

S-i =-= [.s'a, .v.^] and 

R,(S): s\ .y*. .s\ 

R2(S): s*, s\ s\ 

where .y’ ^ (.y„ , .v, , .y.), ^ .y^ ^ .y')^ .yS , (,y^^ ^ _y' ^ ,y^) and .y' - (, 

.yj, s'z). Note that this profile is the same as the one used in the proof of 
Theorem 1. In the game-theoretic context, this situation is known as the 
prisoners' dilemma.^- It is easy, if tedious, to verify for this game F that 
M,[2ir] - M 2 [ 2 \F] - A/,[12r] = Af 2 ll 2 r] = {j2,.y3), so that we have; 

M*(F) - MAF) - {.y^.v«l. 

Let OAS) be the set of Pareto-optimal states in S when the profile R prevails. 
Note, then, that {.y®} --- OAS) r> M*(F) = OAS) MAF). Therefore it 
may duly be said that the metarationa! exercising of rights brings about a 
Pareto-optimal state in the case of prisoners’ dilemma profile, thereby 
resolving the Paretian liberal paradox. | 


*^Finc [2] pointed out the similarity between the prisoners’ dilemma and the liberal 
paradox. 
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P An important feature of this scheme should be stressed: Each individual 
I need not know the other’s preferences in this scheme, since Mjc[{''k) kF] 
as well as M^^ki^k)!^ are definable solely in terms of k's own preferences. 
This is certainly a nice feature, but the real force of this resolution scheme 
is revealed if we examine the next example which relates to the internal 
inconsistency of rights.^® 

Example 2. Let F* be the same as F in the Example 1 save for the 
following specification of the profile R* = 

Consider the metagames {“k) kF* and k(~k) F*. We may verify that 
Af,[2ir*] = .^,[12r*] = {s\s*) and M^[2\F*] = Af2[I2r*] = {i-*, 

Tt then follows that - A/,[2ir*] n Af2[12r*] - 0 , and = 

{JV/i[2ir*] n A/2[2ir*]} u {A/i[12r*]n jV/2[12r*]} .. 0 . Therefore both 
metasolution concepts fail to resolve the liberal paradox embodied in the 
game F*. | 

4.5. There are two classes of liberal paradox which we should cope 
with: the Paretian liberal paradox, and the paradox of the internal inconsistency 
of rights. We have shown in the above that the metarational exercising of 
rights in the situation of complete mutual prediction may systematically 
resolve the former class of paradoxes, while the latter difficulty may not be 
resolved in this manner. 


5. Concluding Remarks 

In reviewing a number of contributions to the Paretian liberal paradox. 
Sen [12, p. 224] argued that “[Kelly] identifies a number of difficulties with 
Gibbard’s system [which arc] essentially arising from problems in deciding 
when a right is useful for a person. ...Some of these difficulties are eliminated 
by modifications of the Gibbard system proposed by Kelly....’’ We have 
examined in this paper Gibbard's system of alienable rights in the light of 
Kelly’s proposed modifications thereof. It was shown that the difficulties 
identified by Kelly are more serious than Kelly and Sen have thought them 

” See Gibbard's Wall-Colour Case [3, p. 389] and Sen’s Zubcida-Rehana Case [12, 
p. 234]. In the game-theoretic literature, the game F* in Example 2 is called the game of 
Matching Pennies. See Howard [4, p. 182]. 

Howard’s Characterization Theorem for Metarational Outcomes [6, pp. 89-96] is 
useful in verifying these results. 
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to be, and they are not eliminated by Kelly's proposed modifianions. h,, 
have also examined the possibility and limitation of resolving the liberal 
paradox via the metarational rights-exercising. In conclusion, it is hoped that 
the negative results reported in this paper will serve to clarify the nature and 
stubbornness of the paradox of a Paretian liberal. 
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1. Introduction 

The attention directed by Arrow to the relation of choice and the sequence 
in which alternatives are considered, as in his dictum that “the final choice 
should be independent from the path to it” [2, p. 120], has been pursued 
with growing interest, notably in the works of Sen [16, p. 48; 18], Fishburn 
[9], and, since the neat formulation given to the “path-independence” 
of choice by Plott [13], in a literature to which Blair [3, 4], Blair et al. [5], 
Ferejohn and Grether [8], and Parks [12] have contributed. Of these, [5] 
characterized Plott’s path-independence condition and [12] strengthened it. 
(n [24] we gave 14 other characterizations of this condition, which we call 
“sequential fidelity” for reasons fully developed in [24]; some of these 
characterizations occurring earlier in [19, 21, 22], and some of them streng¬ 
thening Parks’ characterization or occupying the strongest position in other 
classes of characterizations of sequential fidelity. 

Specializing Plott, here we import from [23] the notion of the “routewise 
application” of a choice, according to which choice proceeds on a finite set of 
alternatives by first considering one element, eliminating or keeping it, then 
eliminating what it will from the union of what it kept with a second singleton, 
then choosing from the union of this with a next singleton, and so on, until 
all the alternatives have been considered and the routewise application of 
the choice comes up with a final result. With notions indigenous to this 
approach, after Section 2 of preliminaries and Section 3, which formally 
introduces the routewise application of choice, in Section 4 we reconsider 
Plott’s sequential fidelity (or path-independence) and, for the case where 
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sets of alternatives are all finite, we offer for it a characterization stronger 
than Parks’ and even our previous strengthening of that characterization. 
In the same section we also strengthen by a couple of “degrees” Plott’s 
result that a sequentially faithful decisive choice reveals a quasi-transitive 
comparison on finite sets of alternatives. In Section 5, first we look at binary 
choices, relating them to choices satisfying other conditions, then we relate a 
binary choice to the choice obtained as what is common to all its routewise 
applications (its “folding”). The section ends with a list of distinct conditions 
a choice may satisfy, all of which degenerate into one and the same condition 
for binary choices. Finally, in Section 6 we consider the matter of which 
properties of a choice are inherited by its routewise applications, and vice 
versa. The paper ends with a few closing remarks (Section 7) and an Appendix 
collecting nine (counter-)examples referred to in the text. 


2. Preliminaries 

Throughout, A' is a nonempty set of alternatives and for any AC X, [A] 
denotes the power set of A, the family of finite subsets of A. 9t is any 
family of sets (of alternatives) satisfying (as in [23]) 

;vmc'2rc[n (0.1) 

A e => [A] C l>l, (0.2) 

A,ffei!f>(AuB)e'ill (0.3) 

Throughout, A and B are always to be understood as members of the system 
91 of sets of alternatives, and s is always to be understood as a choice on 91, 
i.e., a mapping s: 9t —*■ 9f with sA C A (for every A e 91). We say that s is 
decisive iff sA 0 whenever A 0. 

Every choice s reveals (determines) a comparison (binary relation) SCX x X 
through xSy s [.x, y J, and we write ASy to mean that xSy for every xeA. 

Every choice s also reveals a strict comparison C A" x X through XiSy <-■- 
{ >’} s{x, The comparison S revealed by a choice s is said to be complete 
iff xSy or ySx whenever x, ye X\ acyclic iff Xi§X2$••• Sx„_i§Xn implies that 
x„iSxi fails (x„^jf,) for every finite sequence of points x, e A"; quasi¬ 

transitive iff S is transitive. (We use this terminology to facilitate compara¬ 
bility to our other papers in this area [19-25]. The reader will note that the 
comparison S revealed by a choice s is Arrow’s [1] “relation generated by a 
choice function,” or Herzberger’s [II] “base relation” of a choice.) 

Finally, every choice s determines a binary operation C/: 91 x 91 -> 91, 
as defined by A O B = s(sA U B). 
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3. The Routewise Application of Choice 

Here we construct a piece of apparatus crucial for the investigation to 
follow. To that end, we first recall that every set may be well-ordered and let 
< be a well-order of X (i.e., a total order according to which every non¬ 
empty subset CCX has a first element, i.e., an element jc such that .y y 
for every y e C). We denote the set of all permutations of X (one-to-one 
mappings a>: A' -> A” of A" onto X) by Q, letting 8 stand for the identity 
permutation of X (S(jr) = x). Now every permutation w of X defines a well¬ 
ordering of X through 

w(jc) < cii(y) 

and, for any finite subset >4 C A", we define l,„/4, 2^. (^A)^A as the first, 

second,..., element of A according to . Thus, it is not entirely 

awkward to refer to elements a» e as “routes”.^ For any choice .v on 
and any permutation to eQ of X,v/e may now define the routewise applica¬ 
tion .y,„: jVfA'] -> -v to to recursively as follows; 

■ 1 a}A -- s{\^A}, 

S-JA r-. : U) U \KJ]) (k - 2. m. 

x,J ■ x*'^A. 

(For example, if A — {a-, j, zje'jf and, for toeQ, x <,^y <„, z, then for 
any choice .v on 9(, the routewise application .v„ of .v to to gives x,„A — 
,v(.v(.v{jf] U (y]) U {z]).) 

By the routewise application of choice we mean the function p determining 
the choice p(s, to) -- s^, on {^[A'] for every choice s on '.?! and permutation 
w of X. We note that every choice s on 91 also determines a choice s on J?[A'] 
through 

s - n : 
a 

we term such a choice s a folded choice or the folding of s. 


* We are avoiding the term “path” for at least two reasons: (i) because “path” usually 
means a continous mapping of [0, 1] into a topological space, and (ii) in the literature on 
choice, a “path” on a set A has come to mean an ordered finite cover of A with subsets of 
A (see condition (1), below, and [13, 21, 22, 24]). 



mm ASV MA mu mtus 




4. swvtsmi Fumjn im n,„, 

,l condUn>n A,s received much deserved attent,on .n 
ofcoHeciive choice is that of the seifuMMe/i(y ofchotce whuscHrst 
formulation through the functional equation 

A B ~ s(A u B) (II 

is due to Plott [13] who caiJed it the ^'path-independence" of choice. (We bej> 
the reader's pardon for our renaming of certain conditions, hoping that 
the consistency of our nomenclature and its suggestiveness regarding the 
logical relations between the things named will help spare us from at least 
the harshest of lamentations on this account. The usefulness of this nomen¬ 
clature is distinctively shown in [24].) 

Sequential fidelity (or path-independence) obviously implies the commuta¬ 
tivity of and we have shown [24, Theorem 2] that the commutativity and 
associativity of (A are equivalent (but do not imply (1) f24. Example 5]).'* 
Thus, a choice .v is sequentially faithful (1) iff, for every A c '21, .sA may 
always be computed faithfully (without error) in piecemeal and sequential 
fashion, by use of any “path” ^'AjA„)> on A (i.e., any ordered finite 
cover of A with its own subsets), as /4i O ••• A,,. One part of sequential 

fidelity (I) is obviously sequential upper semijidelity 

A\5 BDs(Avj B), (T) 

which says that the error in the computation described above will be, if 
anything, on the “upper” side. It is well known (see, e.g., [13, p. 1088; 12; 

18; 23 -25]) and in any case easy to check that (T) is equivalent to* 

.’(ADsiAu B)n A. (?) 

ft is perhaps not surprising that, with a few exceptions [24, Theorems 17, 
21, 26], characterizations of sequential fidelity (1) to date have expressed it 
as the conjunction of (T) with one or another condition. The strongest charac¬ 
terization of (1) in this genre so far is (1) (T) and (2) [24, Theorems 5, 6], 

where 

if jce A\sA, then U {x}) y- sA U {x). (2) 

’Plot! [13] showed that (1) implies the commutativity and associativity of <5. 

* Condition (I) (or, equivalently, (I')) has come to be known as “Sen’s condition 
[16, 17] in the theory of collective choice, but has also been called “consistency” [21-23], 
“coherence” [10], as well as other names [1;20;25, p. 12S]. The condition A\!/ B^stA'^ B), 
condition (1), of {sequential) lower semifidelity, sometimes called “weak path-independence” 
([8]), is obviously the part of (1) left over from (T). 
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use of a direct specialization ((Tr), below) of (1) to routewise applica- 
ms, in Theorem 3 we will strengthen this characterization further when 

- mi 

The general idea of sequential fidelity or path-independence (1) of a choice 
.V lends itself naturally to routewise thinking: we say that s is routewise 


faithful iff 


S..A =-= sA 


i.A e ?f[X]) 


(Ir) 


for every route ws D. Similarly, we say that s is routewise upper semifaithful 
iff 

s^ZisA (Ae7f[X\) (Ir) 


for every route utB Q. A consequence of (Ir) is that p(s,.) is independent of 
<o; i.e., 

(3) 


for any w, oj' e D, which we term the route-independence of s. The reader 
should note from Example 1, however, that (Ir) and (3) do not coincide.^ 
While we could actually prove Theorem 3 right away by use of basic 
facts established in [23], to keep the present study self-sufficient it is best to 
approach the matter through a number of lemmas, a course which in any 
case offers the advantage of allowing us to develop the material of current 
interest in a natural order. The first notion we regard in this spirit is that of 
routewise computability,^ expressed by the functional equation 


sA ==sA (Ae ^[^]). (4) 

One should avoid thinking that a folded choice s is necessarily route- 
independent (3) or even that routewise computability (4) guarantees route- 
independence (3), since Example 2 shows both conjectures to be false. In this 
connection, neither does route-independence (3) imply routewise computa¬ 
bility (4), as Example 1 shows. What routewise computability (4) for a choice 
.V means is that, regardless of whether s is routewise faithful (Ir), and even 
if it fails to be route-independent (3), at the expense of extra computational 
effort, i.e., employing the procedure of computing s,A for each route weD 
and listing the elements common to each of these computations, one can 
correctly list the elements of sA whenever A C X is finite. 

Now routewise upper semifidelity (Tr), which is obviously a consequence 
of sequential upper semi-fidelity (T) and clearly equivalent to the half of 

*Of course, “path-independence” (defined analogously to (3); cf. the discussion of (1), 
above) and (1) do coincide, since <.4> is always a path on /I. 

‘ For a different but interesting discussion of computational questions relating to choice, 
see Campbell [6, 7]. 
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equation (4) stating s/i D sA (A e fails to imply sequential upper 

semifidelity (T), as we see from Example 3. In view of the fact, established 
by Example 1, that sequential upper semifidelity (T) does not entail routewise 
computability (4), the following proposition shows that (4) is strictly stronger 
than (T) on and actually at least “two degrees” stronger than (Tr). 

1. Lemma. Routewise computable (4) choices are sequentially upper semi- 
faithful (T) on 

Proof Assume .v routewise computable (4) and let A, Be <?[A']. Take any 
X e s{A'U B) r\ A. Suppose x^sA. As sADsA, there is then a route to 
such that x^s^A. Thus, for any to eQ agreeing with to on /I and setting 
a h whenever ae A and b e A\B, it follows that x ^ s^(A U B), hence 
that X ^ s(A uB)^s(AuB), a contradiction. Therefore, .ve.v/1. showing 
that O') holds whenever A, Be ^[X]. | 

2. Lemma. Routewise upper semifaithful (Tr) choices which satisfy (2) on 
5[A'] are also routewise computable (4), 

Proof. Assume s satisfies (Tr) and (2) on and take any A e 
As (Tr) sA 3.V/4, we need only show ^ACsA. Suppose oej/lVv/l. Con¬ 
sider any toei? such that x <<„a whenever xesA and yeA\sA. As 
So,A D sA, we have Sa>(sA) = sA C sJsA U {a}) = s(sA U {a}), while (2) 
demands s(sA U la}) ^sA u {a}. Hence, u {t/}) = sA, so a^s^^A D sA, 
a contradiction. Thus, sA\sA = 0 ; i.e., sA CsA, as was to be shown. | 

3. Theorem (Characterization of sequential fidelity (or path-independence) 
(1) on t5[Af']). The choices sequentially faithful (I) on "SIX] are precisely 
the routewise upper semifaithful (Tr) choices which satisfy (2) on 

Proof. Obviously, (1) => (Tr). Also, for x as in (2), (1) gives A O {x} == 
{x} O A - Ji(.y{Ar} u A) -- sA sA U {jc}, showing (1) (2). For the rest, 

let s be a routewise upper semifaithful (Tr) choice satisfying (2) on 
Thus, by Lemma 2, s is routewise computable (4). Now Lemma 1 guarantees 
that s is sequentially upper semifaithful (T) on Taking any A, Be 
(T) gives AO BO .siA U B) and, thus, also A yj B^ sA 'J B^ s{A 'O B). 
Considering any toeQ with x <^y whenever x e s{A u B) and y e {A u B)\ 
.s{A yj B), we see that the conjunction of (Tr) and (2) on now gives 
U B) = .s(A U B). Thus, by (4), A^ B — s(sA u B) - - s(sA u B) C 
s{A u B), so A ^ B = s(A u B) and s satisfies (1) on (?[A']. | 

• Theorem 3 is an improvement of Theorem 9 in [23]. 

’ In view of the characterization (1) (T) and (2) of [24, Theorem 5), we could actually 

end the proof here, but refrain from doing so only in the interest of self-containment. 
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The strongest characterization of (1) in terms of a conjunction involving (T) 
remains the characterization (1) <> (T) and (2) of [24, Theorems 5, 6]. 
However, when we restrict attention to the behavior of a choice just on 
5[A'], i.e., we take 91 -- gW or regard only the restriction of a choice to 
g[A'], theorem 3 gives us a yet stronger characterization of (1) (on gfA']), 
since it characterizes (1) on gfA"] as the conjunction of (2) with a condition 
strictly weaker than (T). 

Note. As Theorem 3 is concerned only with the behavior of a choice on 
g[A'], instead of (2) it uses the weaker condition that states (2) to hold 
whenever ^ is a finite set of alternatives. 

Finally, a straightforward fact to be demonstrated in closing this section 
concerns the quasi transitivity of the comparison S revealed by a choice s 
(or, in Herzberger’s [11] terminology, the quasi transitivity of the base 
relation of j). The interest of the matter is that Plott [13], assuming decisive¬ 
ness, showed sequentially faithful (or path-independent) (1) choices to reveal 
quasi-transitive comparisons and binary choices, i.e., choices satisfying 

sA {x 6 1 /4Sx}, (5) 

to be sequentially faithful (1) on g[A'] whenever they reveal a quasi-transitive 
comparison, (fn Sen’s [18] terminology, a choice satisfying (5) is called 
“basic binary.’’) 

4. Proposition. Route-independent (3) choices decisive on the singletons 
reveal quasi-transitive comparisons." 

Proof. Assume that s is decisive on the singletons and sati.sfies (3), and 
that xSySz. Consider any o},cj'eQ such that x <^y <„z and y <^’ z <^’ x. 
Then {z} == s^'A j(j( 5 { v} U {z}) U {x}) = s{z, xj, so xSz and S is 

quasi-transitive. | 

The point in recording Proposition 4 is that (1) => (Ir) (3), while 
neither of these implications is reversible (as we know from Examples 4 and 1, 
respectively), so that Proposition 4, despite its simplicity, extends Plott’s 
result ((1) => S is quasi-transitive) for decisive choices s by a couple of 
“degrees.” 

Postscriptum. While we are not explicitly concerned here with “collective 
rationality” and the aggregation of comparisons or choices, we have had the 
good fortune to be awakened by Kotaro Suzumura to a consequence, in the 
mentioned realm of interest, following directly from the conjunction of 

* Or, to use Herzberger’s terminology [11 ]: Route-independent (3) choices decisive on 
the singleton sets have a quasi-transitive base relation. 
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Proposition 4 with Theorem 4 of [5]. Using the terminology of [5], we state 
this as the following. 

4'. Corollary (K. Suzumura). When there are at least three voters, 
there is no collective choice rule F satisfying all of: 

(ij the choices in the range of F are all decisive on the singletons and 
route-independent (3), 

(ii) the Pareto condition, 

(iii) independence of irrelevant alternatives, and 

(iv) non-weak-dictatorship. 

(Theorem 4 of [5] reads like Corollary 4' above with the exception that 
in place of (i) one substitutes the condition that the choices in the range of F 
all reveal quasi-transitive comparisons. Hence, it is evident how Corollary 4' 
follows from Proposition 4 and Theorem 4 of [5].) In entirely similar fashion 
the reader may also obtain a direct corollary of Proposition 4 and Theorem 5 
of [5], the statement of which need not be detailed here. 

Corollary 4', as an impossibility theorem concerning collective choice 
theory proper, seems to indicate that route-independence (3)—as well as 
path-independence (1)—fails to provide a successful way out from Arrow’s 
dilemma [2]. 


5. Binary Choices and Folded Choices 

This section deals with some results concerning binary (5) choices, or 
choices “rationalized” by a (preference) relation in the sense of Richter 
[14, 15], or “basic binary” choices in the sense of Sen [18]. Plott [13] showed 
that binariness (5) of a choice is neither necessary for the sequential fidelity 
or path-independence (1) of a choice nor—in the absence of strong demands 
on the comparison revealed, viz., quasi transitivity—sufficient, even when 
— StA']. A binary (5) choice need not be route-independent (3) (see 
Example 2) and, hence, need not be routewise faithful (Ir); neither need a 
routewise faithful (Ir) choice be binary (5) (see Example 4). Furthermore, 
binariness (5) does not imply condition (2) (see Example 2) and, hence, 
fails to imply the stronger condition 

{A U {x}) ^ {x} = siA U {x}), (6) 

called point-absorbance;^ neithcT does point-absorbance of a choice imply 
binariness (5) (see Example 5). 

' Introduced in [23-25], this condition, in connection with the stronger condition (7), 
below, receives the attention of Lemma 7 and Proposition 8. 
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Turning to binary (5) choices and foldings, we first see that a binary (5) 
choice coincides with its folding: 

5. Theorem. Choices binary (5) on (?['''] ore routewise computable (4) 
{put the converse fails)}'' 

Proof. Setting 91 --= (5f[^]. let 5 be a binary (5) choice. First recall that s 
then satisfies (T) (or, equivalently, (!')), and thus s is also routewise upper 
semifaithful (Tr). This leaves to show only that sCs. Take any A e 0f[A'] 
and any xe sA. Considering all the routes toe £2 according to which x is 
first element in A, every ye A distinct from x is second element for at least 
one of these routes. Thus, for every ye A, xe .y(.?(;c} u {j^}), hence x e .y{x} 
and X6j{jr,;;], i.e., ySx. Therefore, ASx, and the binariness of s gives 
X e sA, showing sC s. For the converse failing, see Example 4. | 

The next proposition extends the well-known fact (see, e.g., [16, Chap. 1 *]) 
that a binary (5) choice is decisive on 5[A'] iff it reveals a complete and 
acyclic comparison S. 

6. Proposition. If the folding s of a choice s is decisive, then s reveals a 
complete and acyclic comparison S (but not conversely).''^ 

Proof. Let 5 be a choice whose folding s is decisive. Clearly, s is then 
decisive on the singletons. Thus, taking any x, ysX, .y{x, y} = s(.v{x} u 
{>’]) ^ >»} = 7 ^ 0 , so 5 is complete. To see the acyclicity of S, let A =- 

{Xi ,..., x„} e (V[^] with and x,.§x,+i for i 1,..., n— 1. Thus 

.v^.4 == {x„}. Now suppose x^Sx^. Let to be any route with t«>(x„) = x^ and 
aj(Xf) -= x.m for I -■ 1,..., n — 1. Then x„ ts^A, so SgA n s^A = 0, contra¬ 
dicting that s is decisive. Hence, x„&y, fails, showing that S is acyclic. For 
the converse failing, see Example 6. | 

For decisive choices which are binary (5) on {5[A'], many of the conditions 
formulated so far become indistinguishable from the quasi transitivity of the 
comparison revealed by s (i.e., of the base relation of x). To properly state 
this result, we reintroduce a condition also studied in [21-25], viz., the condi¬ 
tion 

(Ayj B)^ A s(A\J B) (7) 

termed absorbance, clearly implying point-absorbance (6). Although in 
general point-absorbance (6) is strictly weaker than absorbance (7)^^ (see 
Example 5), we note the following. 


*®See Proposition 6.1 in [23]. 

See Proposition 3 in [23]. 

" Regardless of whether 91 = 3f[Jtr] or not; see also Examples 9 and 10 in [24]. 
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7. Lemma [23]. For sequentially upper .semifaithful (1) choices, point- 
absorbance (6) and absorbance (7) coincide. 

Proof. That (7) ■- (6) is obvious. For the rest, let s be a choice satisfying 
(T ) (or, equivalently, (T')) and assume s to be point-absorbent (6). Take any 
A, Bs 'Jl. Then s{A kj B)kj AC B, so (T') gives s{A U B) - A'(y4 ^ B)r\ 
(.v(/4 U fl) u /I) C.v(.v(i4 U fl) U .,4). For the reverse containment, taking 
any x e .s(.v(.4 u B) u A), using (!') and (6), we have x e .y(.v(.4 U B) u /4) n 
(.s(y4 U .B) vj {xj) C .v(A'(yl u B) U {x}) s{A u B), so that .v(.y(>4 U B) u y4) C 
.s(A u B). Thus, (7) holds. | 

8. Theorem. Assuming -= let s be a decisive binary (5) choice. 
Now all the following are equivalent}^ 

(i) s is absorbent (7), 

(ii) s is point-absorbent (6), 

(iii) s satisfies (2), 

(iv) ,y is sequentially faithful or path-independent (1), 

(v) s is routewise faithful (Ir), 

(vi) s is route-independent (3). 

(vii) s reveals a quasi-transitive comparison S. 

Proof. That (/) > (ii) (iii) is plain. From [24, Proposition 5] we know 
that (T) and (2) " (1); since s is binary (5) and (5) t- (T), it follows that 
(iii) > (iv). Now (iv) (v) -> (vi) is again plain. As s is decisive. Proposition 4 
gives us (vi) (vii), leaving to show’^ only (vii) -> (i). fn view of Lemma 7, 
to prove this it actually suffices to show (vii) > (ii). Let Xp 6 B g 91. Now (5) 
implies that s{sB u {Xp]) D sB. If Xp e sB, then also .y(.vB u (xp)) = s{sE) CsB, 
leaving nothing to show. So assume Xp g B\sB. As s is decisive, S is complete: 

.y being binary (5), there is then a (finite) sequence of distinct points Xi,...,x„ e B 
with Xp.^Xj.^ ••• ^Xn and x„ esB. Assuming (vii), the transitivity of S then 
gives x„.*?x„, so .Vp i s(sB u {Xp}), i.e., .s(sB V {.Xp]) C sB, whereby (ii) obtains, 
as desired. | 

Recently, Parks proved another list of equivalents when 91 = ?f[X] and .y is 
binary (5) [12, Theorem 5]; Parks’ list can be combined with Theorem 8 
to yield a list of altogether 11 equivalents. Thus, the potential richness of the 
structure of “piecemeal” choice vanishes considerably when we restrict 
attention to decisive binary (5) choices. 

“This improves upon Theorem 10 in [23]. 

“Actually, Plott [13, Theorem 4] showed that a decisive binary (5) choice on ^[A'] 
revealing a quasi-transitive comparison is sequentially faithful (1), whereby it is obviously 
absorbent (T). For the sake of self-containment, however, we indicate a brief proof here 
as well. 
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6. Genetic Aspects of the Routewise Application of Choice 

In this section we are concerned with the relations between the properties 
enjoyed by a choice and those enjoyed by its routewise applications. 

It seems interesting that properties of a choice are not generally “inherited” 
by its routewise applications. In particular, 

9. Note. The routewise applications of a binary (5) choice s need not 

satisfy (T'), let alone (5). For let X = {x, y, z] with all elements distinct, let 
X < y <z, and consider the binary (5) choice.? determined by the comparison 
S with z^xSySzSy. Then s^X -- { y, z}, but .Vglx, z} -= {x} {z] — s^X n {x, 2 }. 

Therefore the question arises to what extent binary (5) or sequentially 
upper semifaithful (T) choices may degenerate in their routewise applications. 

First note that a binary (5) choice is always completely optimizing in the 
sen.se that it chooses—by definition—precisely the set of “best” elements 
according to the comparison S it reveals (i.e., according to its base relation). 
In fact, the binary (5) choices are just the completely optimizing choices. 
As to the choices satisfying (T), we know (e.g., from [20]) that they are 
“optimizing” in the sense that they choose only best elements according to 
their own revealed comparisons. What can we say for the routewise applica¬ 
tions of choices satisfying (5) or (T)? Let us agree to call a choice s satisfying 
iff, for every A e 91, sA owns only elements x such that ySx for every ye A 
which is best (i.e., ^Sy) in A according to the comparison S revealed by s. 
Let us also agree to say that a choice s is routewise satisfying iff, for every 
w e and every A e (]i[A'], s^A owns only elements x such that ySx for every 
ye A with /4Sy. Finally, let us say that a choice .v is routewise tamed iff, 
for every toe Q and every A e ^ ^ ^wA implies (.v/1) Sx. 

10. Lemma. Let s be a choice. If s is decisive on the singletons, then 
S S„, (i.e., s and reveal the same comparison) for every u>eQ. 

Proof Assume that s is decisive on the singletons and take any ojeQ. 
Considering any x, y e X, say x C„y, we see that y} • -= ^(j{x} u {y}) - - 

y), so evidently S . | 

11. Theorem. Let s be a choice. 

1 . If s is sequentially upper semifaithful (T), then s is routewise tamed. 

2. If s is binary (5), then s is routewise satisfying. 

3. If s is binary (5) and decisive on the singletons, then every routewise 
application of s is satisfying. 

Proof, ad 1. Assume s satisfies (T), and take any route 01 eQ and any 
A e (^[Ar]. Since (T) (Tr), sA C = j((j”~M) U where n = #A, 
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SO xA C (i"/ ^A)U \n^,A\. Now, for every x e s^, by (1), we have ((.v^ ^A) u 
{n^jA]) Sx, so (xA) Sx. 

ad 2. Assuming .v binary (5), for any A 6 21, sA is the set of “best” elements 
of A according to S. Apply Theorem 11.1. 

ad 3. Assume the hypothesis of Theorem 11.3, and take w, A as in ad 
11.1, so that, by Theorem 11.1, for every xes^A, (sA)Sx. But Lemma 10 
gives S ~ So,, and xA is the set of best elements according to , so .v^ is 
satisfying. | 

As we saw at the end of the last section, again a number of otherwise 
distinct conditions become equivalent for binary (5) choices. For, according 
to Theorems 11.1 and 11.2, being routewise tamed and being routewise 
satisfying coincide for binary (5) choices. In fact, the conditionx of being 
routewise tamed and being routewise satisfying for a choice are independent 
of each other. Check Example 7 to see that a routewise tamed choice s need 
not be routewise satisfying, even if s is decisive and sequentially upper 
semifaithful (T) and reveals a (complete) quasi-transitive comparison. On the 
other hand, check Example 8 to see that a routewise satisfying choice .v need 
not be routewise tamed, even if s is decisive and reveals a complete acyclic 
comparison. 

While sequential upper semifidelity (T) or binariness (5) of a choice .v need 
not be preserved by its routewise applications s^ (see Note 9), Theorem 11 
shows that choices satisfying (T) or (5) do not entirely degenerate when 
routewise applied. We should now note, furthermore, that the properties 
enjoyed by a choice x may be far less attractive than those enjoyed by its 
routewise applications s^ . For instance, Example 9 shows that the routewise 
applications s^ of a choice x failing even (T) may all be binary (5) as well as 
sequentially faithful or path-independent (1).^® 

7. Summary and Concluding Remarks 

Whenever something has to be chosen from a set of alternatives we may 
proceed in a “divide-and-conquer” manner: the set of alternatives is split up 
one way or another, and we choose by a step-by-step or piecemeal procedure. 
Plott [13], in a stimulating paper, developed the notion of a “path” on a set 
(of alternatives) to discuss conditions we might want to see satisfied by such a 
piecemeal procedure; here, we present the notion of a “route” as an alterna¬ 
tive way of systematic thinking about divide-et-impera choice. 

This approach enabled us to give the strongest characterization of Plott’s 
path-independence—or sequential fidelity (1), in our terminology—known 

” In fact, the choice s in this example even fails idempotence, i.e., the condition that 
sA = s{sA) (A € a). For discussions of this condition, sec [20, 22, 24]. 
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so far, when the set of alternatives is finite (see Theorem 3): i.e., (1) is equiva¬ 
lent to the conjunction of conditions (2) and (Tr), the latter being a condition 
specifically developed for routewise applications of choices. Also, we streng¬ 
thened Plott’s result that quasi transitivity of the comparison revealed by a 
choice (i.e., of its base relation) is necessary for sequential fidelity (1) of the 
choice, since it is necessary even for the route-independence (3) of the 
choice (see Proposition 4), a condition implied by routewise fidelity (Ir) 
which in turn is implied by sequential fidelity (1) (whereas the converses 
fail). 

Talking about properties of the comparison revealed by a choice (i.e., the 
base relation of a choice), we might note in passing that its acyclicity is 
necessary for routewise applications of a choice to agree on at least some 
elcment(s) common to all routewise results, i.e., for a decisive “folding” 
of the choice (see Proposition 6). On the other hand, even full transitivity 
of the comparison revealed by a choice is not sufficient for the decisiveness of 
its folding (Example 6), and neither is it sufficient for routewise computability 
(4), sequential upper semifidelity (T), point-absorbance (6), or the condition of 
being routewise tamed, even together with certain other conditions (see 
Examples I, 3, 4, and 5, respectively). 

Furthermore, we checked the relation between binary (5) choices and their 
routewise applications, first seeing that binary (5) choices coincide with their 
foldings (see Theorem 5; compare Example 1 to see that this is generally not 
true for nonbinary choices). Also, the conditions of being routewise tamed 
and routewise satisfying for a choice become indistinguishable when dealing 
with binary (5) choices (see Theorem 11); and, whenever the comparison 
revealed by a decisive binary (5) choice is quasi-transitive, we get a list of 
altogether seven equivalent conditions, among which there are two conditions 
for routewise applications of choices (viz., routewise fidelity (Ir) and route 
independence (3); see Theorem 8). 

Finally, we asked the question to what extent choices may “degenerate” 
in their routewise applications, i.e., to what extent conditions enjoyed by a 
choice may be violated by its routewise applications (cf. Note 9). We found 
sequentially upper semifaithful (T) choices guaranteed to be at least “route- 
wise tamed,” and binary (5) choices to be at least “routewise satisfying” 
(.sec Theorem 11), so that these choices cannot lose all their attractiveness 
when routewise applied. On the other hand, we also noted that the routewise 
applications .v.„ of a choice .v may satisfy attractive conditions which the 
“original” choice s violates (see Example 9). 

In summary, then, we hope to have demonstrated that the notion of 
“routes" in piecemeal choice yields new insights into the nature of “paths” 
in the sense of Plott [13], as well as being of interest of its own, opening up a 
new avenue of research in que.st of the relation of choice to the sequence in 
which alternatives are considered. 
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Appendix: (Counter-) Examples 

(Throughout, 7' (x, v, z\ e '•il and Q — {w, x, y, z] e 'QI and all elements 

of Q (hence, of 7) are distinct.) 

Example I. (A decisive, sequentially upper semifaithful (T) and route- 
independent (3) choice revealing a complete preorder as a comparison but 
failing routewise computability (4) (and, hence, routewise fidelity (Ir)). 

Take X Q and consider the decisive choice .t with xQ = ;rj, wSxSySzSy 
and S transitive, and s behaves as a binary (5) choice on all proper subsets 

Check; For all ioe Q, .s,„Q ■ | v, z] ^{z] - sQ. 

Example 2 (A decisive, binary (5) (hence, routewise computable (4)) 
choice revealing a complete acyclic comparison but failing route-indepen¬ 
dence (3) and condition (2)). 

Take X - T and consider the decisive choice .v with sT jrl, xSySzSxSz. 

Check (failure of (3)); For x<„,y<,„z and v <„/z ■ x, .s\^T 
{“J v= ix, z\ .v,„'7. 

(Failure of (2)): .v|x, rl ^ a(.v 7'U {xj) sT'J !.vj. 

Example 3 [25] (A decisive, routewise upper semifaithful (Tr) choice 
revealing a complete preorder as a comparison but failing sequential upper 
semifidelity (T)). 

Take A”with {rj disjoint from Q and consider the decisive 
choice .V with Xi^.iv^’r, 5" complete and transitive on all of X as well as symmetric 
on Iz, IV, r'; s behaves as a binary (5) choice on 'dU A C X when A Q; and 
sQ- Iz]. 

Check (failure of (1')): Q n xX - (z, w) (z] - xQ. 

Example 4 (A decisive, routewise faithful (Ir) (hence, by Lemma 1, 
also sequentially upper semifaithful (T)) choice revealing a complete preorder 
as a comparison but failing sequential fidelity (I), binariness (5), and point- 
absorbance ( 6 )). 

Take X ■--= T and consider the decisive choice x with sT = {z| and xA --- A 
for all AQT. 

Check (failure of (I)): T’O {x} ^ {x, z} 7 {z] = .y(7'u {xj). 

(Failure of (5)); xT - {z}T ^^{teT \ TSt). 

(Failure of ( 6 )): (7*u {.x}) v!; {xj - ^ {x, zj 7 ^ {zj = .s(7’u {xj). 

Example 5 [24] (A decisive, point-absorbent ( 6 ) choice revealing a 
complete preorder as a comparison but failing to be routewise tamed (hence, 
by TTieorem 11 . 1 , also failing (T)) and failing to be absorbent (7)). 

Take X = Q and consider the decisive choice s with QSw, S complete and 
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transitive on all of Q as well as symmetric on T, .y{w, x, >’} {a-, y}, sQ [w\; 

sA - A for all subsets ^4 C Q so far unlisted. 

Check (failure of being routewise tamed): For x<^y<^w<^,z, 
sM = {x, y, z), but (.s-0) Sx fails. 

t (Failure of (7)): ({jc, y} u 0) 6 {x, y] = {x, y] ~ {w} - .y(fA-, y} u Q). 

Example 6 (A decisive choice s revealing a complete preorder as a 
comparison but yielding a nondecisive folding a). 

Take X ~ Q and consider the choice s with the comparison S as given in 
Example 5, sQ {a}, and s behaving as a (decisive) binary (5) choice on all 

i A^Q. 

“ Check: For .v z <„, w and w <„/.v <„/y <„/r, (.v„,0 - 

|Aj’) n - {w}) = 0 . 


Example 7 (A decisive, sequentially upper semifaithful (T) (hence, 
routewise tamed) choice revealing a complete quasi-transitive comparison 
but failing to be routewise satisfying). 

Take X = Q and consider the decisive choice s with w^zSy and S quasi¬ 
transitive, sD D for every doubleton DCQ with xe Z), jQ = {.v}, and s 
behaving as a binary (5) choice on every tripleton contained in Q, except 
that .vlw, X, y} - {x]. 

Check: s^Q -- (.x, z}, but ASy^z. 

Example 8 (A decisive, routewi.se satisfying choice revealing a complete 
acyclic comparison but failing to be routewise tamed). 

Take X -= Q and consider the decisive choice s with xSzSySxSy and wl§a 
for all a e Q, sQ^ {zj, and s behaving as a binary (5) choice on all proper 
subsets A^Q. 

Check: For z <„, y <„ w x. s^Q - {x, .v}, but z g sQ and Z|Sx. 

Example 9 (A decisive choice that fails sequential upper semifidelity (T) 
but whose routewise applications are all binary (5) as well as sequentially 
faithful (0). 

Take X -- T and consider the decisive choice .v with sX - {.x, y} and 
xSySz with the comparison S transitive and complete. Then s^X {zj 
for allcje Q and behaves as a binary (5) choice; and, since the comparison 
Sa=S (cf. Lemma 10) revealed by .v,„ is a complete preorder, .y„, is also 
sequentially faithful (I) (cf. Theorem 8). 
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I. Introduction 

Aumann [2] pointed out that a mathematical model appropriate to the 
intuitive notion of perfect competition must contain infinitely many partici¬ 
pants. He then proposed that the most useful model contains a continuum 
of traders, since this allows us access to the tools of functional analysis. 
There followed an elegant but slender literature which has been comprehen¬ 
sively surveyed by Hildenbrand [7J. 

The Aumann-Hildenbrand methodology is as follows: An economy is 
defined by a probability measure on the space of consumers’ characteristics 
-i.e., by the actual distribution of tastes and initial endowments in the 
economy -and the space of economies is topologized. Mean behavior in the 
economy may then be found by integration over the space of consumers’ 
characteristics, and is continuous in the underlying parameters defining 
the economy. 

Hildenbrand notes that this modeling technique has not been applied to 
stability analysis. The present paper addresses this void. Theorems in 
probability theory are exploited to derive some interesting results for aggrega¬ 
tion and stability in competitive economies. Moreover, by considering the 
space of economies as the space of probability measures on tastes and 
endowments, it is possible to show structural stability for these results. 

ft is important to note, however, that the strength of this formulation lies 
in considering demand, income, etc., as random elements, not in a stochastic 
sense, but in the sense that each has a distribution function; the approach is 
equally valid whether the variables are distributed finitely or continuously. 


* The problem of showing stability in an economy with a continuum of traders was 
posed to me by Yoshihiko Otani. This work has benefited from discussions with and 
comments by Joseph Sicilian, Robert Meyer, John McDonald, Allen DeSerpa, David 
Spencer, and Andreu Mas-Colell. An anonymous reviewer also provided many useful 
comments. All remaining errors are my own. 
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The present model is formulated in a way sufficiently general to allow 
either a finite set or a continuum of agents.If the set of agents is finite, averages 
replace integrals and the measure is a counting measure. It follows from 
Aumann [3] that the assumption of convex preferences for all agents may be 
dropped when the space of agents is atomless. 

In Section If the formal model is constructed. Tastes are characterized 
by well-behaved continuously differentiable demand functions and economies 
are defined by a joint probability measure on tastes and initial endow¬ 
ments. 

In Section III the question of stability in economies of nearly identical 
consumers is addressed. It is known that if the Jacobian of excess demand 
with respect to prices is negative definite at an equilibrium price vector, that 
the equilibrium is locally stable. It is further known that in this respect the 
matrix of mean substitution effects is well behaved and that instability is 
caused only by “large” badly behaved income effects. Theorem 1 shows that, 
for economies of nearly identical consumers, income effects are small. In 
particular, it is shown that the matrix of income effects depends on the 
variances of demand and endowments, both of which are continuous with 
respect to the probability measure which defines the economy. 

In Section IV economics of homothetic consumers are considered. Under 
the assumption of independent distribution of tastes and endowments, it is 
shown that at equilibrium the matrix of mean income terms is positive semi- 
definite and hence always stabilizing regardless of size. Moreover, it is 
shown that mean demand in the economy is generated by a homothetic 
utility function and hence behaves like the demand of a single homothetic 
consumer. 


II. The Model 


We begin with notation: 

X ~ is the space of bundles of N perfectly divisible consumption 
goods. 

W ~ is the space of initial endowment vectors. 

P 1 Y.iPi — ^ is the space of normalized strictly positive 

price vectors. 

M — is the space of potential consumer incomes. 

If .JT is a set of continuously differentiable functions h: M x P X, denote 

ftvim, p) = p)l'^Pi ; 

P) ^fti(m, p)ldm. 



ECONOMIES AS DISTRIBUTION 


441 


Then define the following maps as shown: 

H : Jtr K M X P X 

by H(h, m, p) h{m, p). 

J\ ^ X M X P ^ 

by y(/i, w, /j) [hij{m, /?)]. 

Jf X M X P~^ 

by nu p) = (Ai,„(/w, p), hJm, p) . hsmim, p)). 

h M’ X M X P 

by I{h, m, p) H„{h, m, p) • (H(h, m, p) — dm/cipy. 

S: Jf X M X P 

by S(h, m, p) = J(h, m, p) + I{h, m, p). 

rt is immediate from construction that each of the above maps is continuous 
everywhere on M x P. 

J, i, and S will be used to denote any N — 1 principal minor matrix of 
J, I, S, respectively.^ 

We will call a continuously differentiable map h: M x P--*- X regular at 
(m,p)eM X P if every N — 1 principal minor matrix m, p) of S{h, m, p) 
is strictly negative definite. 

We shall represent preferences by continuously differentiable demand 
functions h\ M X P -* X, which satisfy the following conditions: 

(1) h{m, p) satisfies the budget constraint as an equality. 

(2) h is homogeneous of degree zero. 

(3) h satisfies Richter’s Congruence Axiom.^ 

(4) If {(/«”, />")} is any sequence in M x P such that (w", /;") -► {m, p) e 
M X P\P, then Iim„^<r II /i")ll — «3. 

(5) h is regular everywhere on M x P. 

Mas-Colell [9] has shown that the set of regular continuously differentiable 
demand functions is dense in the space of convex valued, upper hemi- 
continiious demand correspondences. 


' For any N x N matrix V, the — 1 principal minor matrices are the set of matrices 
consisting of the first ^ — 1 rows and columns of P'VP, where F is an JV x iV matrix for 
which each row and each column contains a 1, all other elements being 0. 

* Define the binary relation C x x X by lU, y) e JT x A" | for some (m, p) e 
M X P,x = M/n, p) and py < m). Let be the transitive closure of (i.e., the smallest 
transitive relation containing W^), Then for every {m,p)eMxP,x — h{m,p) implies 
that y e ifv for every yeX such that p • y <,m. 
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, the space of preferences, is the set of continuously differentiable demand 
functions that satisfy conditions (l)-(5) above, endowed with the Whitney C' 
topology.* Then /(/i, m, p) is the matrix of income effects and S{h, m, p) is 
the Slutsky (substitution) matrix of h at (m, p). 

C .T ■ W is the space of consumers' characteristics. Let be the Borel 
v-algebra on C relative to the product topology. Then (C, .‘^) is a measurable 
space. 

Define the following maps; 

(i) 1^': C > IT 

by lV{h, If) If. 

(ii) n:C^P*X 

by ;/(/;, If, p) = //(/?, p). 

(iii) fl,„: C X P ^ 

by ffnih, M\ p) ^ - H„,(h, phv, p). 

(iv) J: C X P-^ E'^^ 

by ./(/?, If, p) - = ./(/?, p'^w, p). 

iy) h C X P-^ 

by l{h. If, p) fimOh w, p) • 0(h, IV, p) - lV{h, h’))T 

(vi) S: C y P^ 

by *^(//, If, p) = ]ih, w, p) + l{h, w, p). 

(vii) iCl: C X P -* M 

by H^ih, M’, p) — p'^w. 

For a consumer characterized by tastes h and initial endowments w, and 
facing prices p, the above functions indicate (i) endowments, (ii) demand, (iii) 
the marginal propensity to consume relative to income, (iv) the Jacobian of 
demand with respect to prices, (v) the matrix of income effects, (vi) the 
Slutsky matrix, and (vii) income. 

The continuity of each of these maps is immediate and the differential of 
A2r(/j, w’, p) with respect to p is W(h, w). 

A space of agents is any measure space (^4, S2, p.) where is a /i-additive 
(T-algebra on a class of subsets of A, and /x is a probability measure. 

A pure exchange economy with N goods is a measurable compact-valued 
function 

$: A->C. 

* The topology of uniform convergence of the function and its first derivatives on com- 
pacta. 
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The map ^ induces a probability measure f^: J' -♦ [0, 1] by 

UB) = Bern 

i e-. f( gives the taste-wealth distribution in economy Define supp(^) as 
the smallest closed set B 'mSd such that f{B) ~ 1. Let F be the set of proba¬ 
bility measures^ [0, 1 ] such that supp(/) is compact. We may (without 

severely abusing notation) call F the set of pure exchange economies with N 
goods whose agents have demand functions in Jt and initial endowments 
in W. 

The functions W, p), p), i(-, p), /(•, p), §{-, p), and M{\ p) are 

continuous in C and hence Borel measurable and bounded on supp(/) for 
each feF,peP. Thus we may define for peP,/e F: 

f mh,w)df 

the mean endowment vector. 

«'(/, P) ^ { ^(h, w, p) df 
Jc 

mean income at prices p. 

D{/, p) = iXh, u', p) df 

- the mean demand vector at prices p. 

A/ p) f Kh, H', p) df 
Jc 

^ mean Jacobian matrix of D(f p) evaluated at p. 
fif p) - f Xh, p) df 

•'C 

the matrix of mean income terms. 

S(f p) = f i§(h. If, p) df 

the mean Slutsky matrix. 

HJf p) = f /?„.(/', P) df 
-'c 

■■ = the vector of mean partial derivatives of demand 
with respect to income. 

It follows from assumption (5) on that each S(/, p) is strictly negative 
definite for/e F, p e P, where S(f, p) represents an arbitrary N — 1 principal 
minor matrix of Sif, p). 

Let iT(f) = {peP \ D(f, p) = w(/)} = the set of equilibrium price vectors. 
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Topologizing F. We endow F with the topology of weak convergence of 
measures, with the additional restriction that for each sequence {/”], there 
exists a compact subset KCC such that {supp if”)} C K. Under the topology 
of weak convergence, for a sequence {/"} in F,fe F, /" ->/if and only if [5, 
Theorem 2]. 

J <? df' ' *■ J ^ df for every bounded and continuous real-valued 

function g defined on C. 

Then for a sequence {/"j whose family of supports is contained in a 
compact set K, if g is a continuous real-valued function defined on C, g is 
bounded on K, and f”iC\K) ■ fiC\K) --■■■ 0. So, by the condition on sequen¬ 
tial convergence, gif”) -* gij ). We have immediately that the mean functions 
w.F~^E..\ D:FxP->E,^, m:FxP-*E,\ J: F x PE^\ 

i.F X P > E^\ F X P^E'^, S.FxP-^ fX are continuous 

everywhere on F x P. 

Hildenbrand [7, Sect. 2.3] has shown that 

(R.l) For every f gF, vif) is nonempty and compact-valued and the 
correspondence n\ F-* P given by irif) - {pc P\ Z)(/, p) -■ h'(/)] is 
upper hemicontinuous in /. 

(R.2) The set of economies in F in which irif) is finite and ^vif) 
(the number of elements in nif)) is locally constant is dense in F\ furthermore, 
a sufficient condition for ^-nif) locally constant at /ef is that for all 
p e irif), Jif, p) is strictly negative definite, where J is any principal minor 
matrix of J. 


III. Identical and “Nearly Identical” Consumers 

Arrow and Hurwicz [I] showed that in the case of an economy of identical 
consumers, equilibrium is unique and globally stable. The basis of their proof 
is that with identical consumers, there is no trade at equilibrium, and hence 
the matrix of income terms vanishes. To prove these properties for economies 
of nearly identical consumers, one wants some sort of structural stability 
result. A referee has pointed out to me two such results. Sattinger [12] has 
shown that when initial holdings are close to equilibrium holdings, income 
effects are small and dominated by substitution effects. Balasko [4, Proposi¬ 
tion 6], shows that the Jacobian is negative definite in a neighborhood of the 
set of economies for which the aggregate excess demand functions obey the 
weak axiom of revealed preference. Both of these results rely on continuity of 
the derivative matrices—the substitution and income effects in the first case. 
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the Jacobian in the second—with respect to the parameters defining the 
economy. Our first result tells exactly why this happens. 

The proof of Theorem I below shows that the matrix of income terms 
depends directly on the standard deviations of demand and endowments and 
hence approaches zero as the economy becomes composed of more nearly 
identical consumers. We can conclude (Corollary 1) that for economies of 
nearly identical consumers, equilibrium is unique and locally stable. 

Let F{I) — {f eF \ there exists (A, w)e C such that supp (f) = {(h, w)}}. 

F{I) is the space of economies in which ali consumers are identical. F(I) is 
well defined since C is metrizable and hence HausdorfF, so that each one-point 
set in C is closed [14, p. 86]. Ft follows immediately that each one-point set 
in C is an element of F{I) is the set of economies of identical consumers in 
the sense of identical tastes and endowments. 

Theorem 1 . is a convergent sequence in F, f” fe F(I), { p”} is a 

sequence in P such that p” e Tr(J”) and p” -*-pe 7r(/), then the corresponding 
sequence of income effects {I{f'\ />")} converges to zero. 

Before proving Theorem F, we need some additional machinery. Ff/ is a 
measure on (C, .^) [11, pp. 250-251], define 

= 1^: C -► £' I is measurable and J g* d/ < ooj. 

Since Fisa set of probability measures, to show Jc g* # < co it suffices to 
show that g is bounded on supp(/). This follows immediately for any contin¬ 
uous real-valued function defined for C, for ali f^F. In particular, it holds 
for p), p), and W{ ). Also, for given p e P,fe F, D{f p) and wif) 

are constant on C, and hence continuous and bounded. It follows [11, 
Theorem 10.36] that 

(R.3) a. I^( ))eW), 

b. {fi(-,p)- Difp))^^{f), 

c. (wf/)-F?^(-))e W). 

Let 

p)) = f {fffh, U-, p) - D(f, p)Y df 
Jc 

a,\W) = f (h</) - W{h, df 

*'c 

Then by R.3b and c, are well defined and it is straight¬ 

forward to prove: 
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Lemma 1. (a) is continuous everywhere on F. (b) For 

given p c- P, p)): F -*• is continuous everywhere on F. 

Proof of Theorem I. 

By Rudin [II, Theorem 10.35], for each i, j and all /"e£, 

peP, 

p) = /»)(//,(•, p) - \H )) e (1) 

{/,;(/", p^yr = »*•, P") ^/’f 

{£ P'‘ dn\ |£ ill,Hu U-, ;>") - Wfh, w)f c//"j. (2) 

fim\u p) is bounded on supp (/) for any p. Moreover, ffj is continuous 
on C and by R.2, n is upper-hemicontinuous in F. Hence 

tfn'Hh, />'') df” — ff,„Hh, \f, p) df. 

We have shown that the first term is eventually bounded; we shall show that 
the second is eventually zero. 

We note that p" e 7r(/") implies that D(f p") -- w(/’'). Hence, 

f (/?;(/!, If, p") - \y)Y dp 
Jc 

- I (Iljih, If, p") - DAP, p”) -I »■;(/") - Wfh, dp. (3) 

Jc 

Then by the Minkowsky inequality [II, Theorem 10.36], 

f (flAh, p") - WAh, uW dp 
'(■ 

, |(£ {HAh, w, p») - DAP, p-)Y dpf'' 

+ (j^Ov//")- n)YdpYy 

/>*')) +by definition. (4) 

The last term is clearly zero for /e F(I), since identical consumers (in the 
sense of tastes and resources), also behave identically. Hence {/,//, p)Y = 0- 
By Lemma 1 and (R.2) 

{a,„(///•, p”) + a,„(fr.))2 {aAHp, p) + 


and hence | /„(/", p”)\ 0. 


Q.E.D. 
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Corollary 1 . If F(/), equilibrium is unique and locally stable for every 
f in a neighborhood of f in F. 

Proof It is known that equilibrium is unique in the case of identical 
consumers [1]. From Theorem 1, if ^ =-= ■n(f), I{f, p) =- 0. That J(f, p) is 
strictly negative definite follows immediately from J(f, p) ^ S(f p) — /(/, p) 
and the strict negative definiteness ofS(/, p). Then from (R.2), for « sufficient¬ 
ly large v(f”) is a singleton. 

S: F X P-*- is continuous everywhere on F x P. Then by (R.2), 

S(f\p^')-^S(f,p); 

i.e., for n sufficiently large, S(f”, p") is bounded away from 0 near the 
negative definite matrix S(f p), while by Theorem 1, | /(/”, p”)\ -> 0. Thus 
•/(/”> P") is eventually quasi-negative definite; i.e., for n sufficiently large, 
/j“ is locally stable. Q.E.D. 


IV. Ec onomies of Homothetic Consumers 

Chipman [6] considered conditions under which aggregate demand may be 
represented by a single community demand function. Under the basic 
assumption that consumers’ preferences are homothetic, Chipman showed 
that aggregate demand behaves like that of a single homothetic consumer if 
preferences are identical or if incomes are proportional. 

Our Theorem 3 shows that in an economy of homothetic consumers, 
independent di.stribution of tastes and endowments is a sufficient condition 
for mean demand to behave like that of one homothetic consumer. Clearly an 
economy for which all consumers have identical tastes (and/or incomes) 
would have stochastic independence of tastes and endowments. Requiring 
only proportional incomes does not rule out correlation between tastes and 
endowments; hence there are economies satisfying Chipman’s hypothesis 
which serve as counterexamples to the proposition that stochastic indepen¬ 
dence is necessary for aggregation. 

The proof of Theorem 3 shows that for an economy of homothetic con¬ 
sumers with independent distribution of tastes and endowments, the Jacobian 
is strictly negative definite, ft follows (Corollary 2) that the unique equilibrium 
is globally stable. Corollary 3 extends this result to economies of “nearly 
homothetic” consumers with “nearly independent” distribution of tastes and 
endowments. 

The first theorem in this section, Theorem 2, shows a surprising result. 
The Jacobian at equilibrium is strictly negative definite not because income 
effects are small, but because they are stabilizing. The proof of this theorem is 
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based on the fact that the matrix of income effects is a multiple of the variance/ 
covariance matrix of tastes. 

Characterizing Nomothetic Consumers 

A homothetic consumer is one for whom h{Xm, p) — p) for all 
(/M, p)e M A P. Chipman [6] has shown that for such consumers 

fim(h, w, p) - fl{h, w, p)lM{h, w, p); 

i.e., expenditure on good / is a constant (positive) fraction of income, prices 
remaining constant, and hence //„, is a function of h, p only. It is convenient 
in this case to think of H,„ as the primary characterization of preferences. Let 

Z ={he^'\ /?„(/?, w, p) = //(A, w,p)IAiifuw,p), all (w, p)e W x P). 
C(Z) =--- [(h, w)eC\h(EZ,welV}. 

d6{Z) {Bn C(Z) I Be:^] is the Borel a-algebra on C(Z).'' 

Let F(Z) be the set of probability measures /: [0, 1] with compact 

support, and endowed with the topology of weak convergence. Clearly 
F{Z) is the space of economies of homothetic consumers and F(Z) C F. /?„,(■, p) 
is a vector of random variables with variances and covariances defined by 

CffHf'fm.iO, p)) ^ f (ffm.iih, p) — Hr,,,, if p)f df\ 

COV/(/7, p\ p)) 

[ (Hm.iih, w, p) N,„,jih, w, p) df~ H„,,i{f p) //„,//, p). 

Jc 

Let V{f, p) var/cov matrix of p) over supp (/). The variances are 
clearly finite, hence y{f, p) is positive semidefinite [13, p. 72], 

Independent Distribution of Tastes and Endowments 

Let F{ZZ)-■ {f e F{Z)\ the joint random variables /?„(■,/?), are 
stochastically independent for all p e P}. Then F(ZZ) is the Space af economies 
of homothetic consumers in which preferences and initial endowments are 
independently distributed. 

Theorem 2. If f^ F{ZZ), p e Mf), then the matrix of income effects 
I{f p) Is positive semidefinite. 

* Note that Z is closed in Jt, since if {h" = g”{p) • m} is a sequence in Z converging to 
he Jf, then h = gip) • m, where g = lim,.,a> g”- Hence C(Z) - Z x IV is closed in C, 
Si{Z) is well defined, and (C(Z), Si(Z)) is a measurable subspace of (C, Si). 
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Proof. For/cF(ZZ), 

P) f w, p)[/?,„.,(/i, If, p) M(h, If, p) — If)] (If 

Jc 

- wi(./; p) f If, p) If, p) df ~ wj(f) Hm.iW, p). (5) 

•'c 

But p e 77(/) implies that Wj(f) = Dff p) = if, p)il^(A, w, p) 

Substituting into (S) yields 

hAf^ P) >»{J\ P) |£ f^n.Ah, w, p) lXn.AIU M’, p) df — H„_Af P) ^mjif, P)|- 

( 6 ) 

It follows that /(/, p) ^ m(f p)V{f p). Q.E.D. 

Theorem 3. If f ^ F(ZZ), there exists a utility function u: X —*■ E which is 
homogeneous of degree I and continuous in x, such that u generates D{f p) 
everywhere on M X P. 

Proof For fe f(ZZ), D(f p) ^ //„,(/, p)m{f p) for all p e P [8, p. 79, 
Theorem 3], D{f p) is continuous in p and clearly satisfies p • D{f p) — 
M{f p) for all p e F; /?(/, p) also possesses partial derivatives with respect 
to p, namely J{f p), everywhere on P; and (c)D{f p)ISm) ■-= H„{f p). 

Hence from Chipman [6], it suffices to show that the Slutsky matrix 
T{f p) is symmetric and negative semidefinite, where 

TiAf P) - AX/, p) h //,„.,(/ P)mf> p) - 
We have J{f p) = S{f p) — I{f p), where /e F(ZZ) implies 

AX/ p) - m(f, p) f If, p) /A,,.XA, P) df — H„,,Af p) If//). (7) 

Jc 

It follows that 

T'.X/ p) 5,X/ p) - «X/ P) f Hm.Ah, If, p) /7™.X*, vf’, P) df 

Jc 

+ Mn.X/ p) M’X/) + Wm.X/, PX^X/ P) - “X/)) 

p) - m{f p) f //„.,(/7, If, p) /f„,.X/f. If, p) df 
Jc 

-I- //»..X/ p) //™.X/ p)'«(/) 

5,x/ p) - COV/(/?„..X-, p), /^m.X-, p)) «X/ p)- (8) 


That is, n/ P) 5(/ p) - mif p) V{f p). 


Q.E.D. 
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Corollary 2. Iff&FiZZ), 7r{f) is unique and globally stable. Moreover, 
T( f, p) is strictly negative definite for all pe P, where T{f, p) is any N -- \ 
principal minor matrix of T(f p). 

Corollary 3. If y'i= F{ZZ), {f’‘\ a .sequence in F such that f" - >/, then 
there exists h .such that n \ h implies that />" =- ’>'(/") i'< unique and locally 
stable. 

Proof. For pF Mf), J(fp) T(fp)- So by (R.2) and Corollary 2, 
is unique for n sufficiently large. By (R.l) and continuity of J on 
F / P, J{f", p'‘) J(f p). 

Then J{ f p) strictly negative definite implies that there exists h such that 
for n ; h, J(f'', /j”) is quasi-negative definite. Q.F.D. 
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1. Introduction 

A classical problem of Marxian economics has been to investigate the 
effect of technical innovation upon the equilibrium profit rate. Marx (1966) 
surmised that, if the real wage remained constant, the technical changes 
which capitalists introduced would have a “tendency” to lower the rate of 
profit, it has been shown this is not the case; briefly, viable technical changes 
cause the wage-profit rate frontier to move outward, and therefore raise the 
equilibrium profit rate at constant real wages. This result was rigorously 
demonstrated by Okishio (1961) in a linear, Leontief model of an economy. 
More recently, the question has been investigated by this author (Roemer, 
1977, 1979). 

Formal discussions of the falling (or rising) rate of profit have been 
limited to simple Leontief models. For a treatment of the question in which 
the existence of fixed capital, differential turnover times, and joint products 
are fully taken into account, it is natural to ask what happens to the rate of 
profit consequent upon technical change in a von Neumann model of an 
economy, a model capable of handling these more general specifications of 
production. This is the purpose of the present paper. 

Let a von Neumann economy be specified {B, A), where B is the n x m 
matrix of outputs and /f is the « x m input matrix. The ith column of 5 or .4 
specifies the vector of outputs or inputs produced or used from unit operation 
of the /th process. (There are n goods and m processes.) We abstract away 
from the question of labor by assuming that labor’s requirements are already 
embodied in the matrix A. (Hence (fl. A) is a model of commodities produced 
entirely by commodities.) Since we shall assume the real wage is fixed, this is 
an appropriate abstraction. We say the semipositive vector p is a price 
vector associated with profit factor p if 

p ^ 0, /) > 0, pB ppA. 

Under the assumptions that A '^0, B '^0, A* ^ 0, and Bj > 0 (where A‘ 
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is the /th column of A and B, is theyth row of B), it is well known that there 
exists a minimal positive value pmJn with respect to which a semipositive 
price vector exists.^ (See Gale, 1960.) If we write pmin — 1 -f TTmin, then 
TTmin can be thought of as the minimum possible profit rate which the economy 
can sustain, or what Morishima (1974) calls the guaranteed profit rate. 

Suppose the economy is sustaining equilibrium prices p at pmin . A 
technical innovation is a new pair of columns {b', a') which may be appended 
to the matrices (B, A). The innovation will be called viable at prices p if and 
only if 

pb' pminpa . 

A viable innovation will immediately be adopted by capitalists who treat 
prices as given, as they will make super-profits from its operation. If a 
viable innovation appears, then it is reasonable to append it to the old 
technology, creating a new technology {B\ A'), where B' ={B\ b'). A' = 
(A I £f'), and ask: what happens to the minimal profit rate in passing from 
{B, A) to (B', A')? It is easy to see the minimal profit rate cannot fall; it 
may, however, not rise either. 

The central task of the paper is to provide conditions which guarantee 
that the minimal profit does rise. This turns out to be akin to defining a kind 
of indecomposability for von Neumann economies. It is known that the same 
phenomenon occurs in Leontief models: there, a viable innovation in an 
indecomposable Leontief economy produces an increase in the rate of profit 
(which in that model is related to the eigenvalue of a matrix), whereas the 
rate of profit may remain constant in a decomposable economy. 

At the mathematical level, then, this study investigates indecomposability 
in von Neumann models, ft turns out that the previous definition of inde- 
composibility in the von Neumann literature, Gale’s irreducibility (Gale, 
p. 314), is not a sufficiently strong condition to provide what is needed here. 
Tl shall be seen, also, that the question is equivalent to asking for a condition 
which guarantees that a unique price ray exists at pmm • Interest in the unicity 
of the von Neumann price ray has appeared elsewhere (Balinski and Young, 
1974), From the economic point of view, this study shows that the rising- 
profit-rate story which has been told for the Leontief model generalizes 
suitably to the general activity analysis of von Neumann. In particular, the 
existence of fixed capital does not change the effect of technological change 
on the profit rate from the simpler circulating capital story, (For the view 
of the von Neumann model as a model of fixed capital, see Morishima 
(1969).) 

The economic importance of the result is this: the innovations that compe- 

* Convention on vector inequalities: A'^B mean ^ ft V components i; A > B 
means A > B and A ^ B. 
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titive, price-taking capitalists will introduce can only cause the rate of profit 
to rise. This result is robust for production sets involving fixed capital, 
differential turnover times, and the other attributes of production which 
can be caputed by the von Neumann model. Moreover, the profit rate will 
strictly increase if the technology enjoys a type of indecomposability. 


2. Geometry of the von Neumann Model 

Definition 2.1. A von Neumann equilibrium for the model {B, A) is a 
triplet {p, X, p), where p e R, p >0, p an n-row vector, p ^ 0; x an /n- 
column vector, x ^0, such that 

(a) pB £ ppA, 

(b) pBx = ppAx, 

(c) Bx pAx, 

(Note that (b) is redundant given (a) and (c)). 

We say p is a price vector for p, and x is an intensity vector for p. In 
addition, if 

(d) pBx > 0 

then (p, X, p) is an economic von Neumann equilibrium. (For the study of 
economic von Neumann equilibria, see Kemeny, Morgenstern, and 
Thompson (K- M-T) (1956).) 

Definition 2.2. For any p > 0, define 

P{p) = {p ^ 0 I p5 ^ ppA}, 

r{p) = - pA' \ piB' - pAO = 0 V p e />(p)} 

U {—e’ 1 pe‘ = 0 V p e P(p)} 

U{0}. 

(e‘ is the /th unit vector in R”.) 

P(p) is the set of all price vectors for p; r(p) is derived from the processes 
which are profitable, or binding, at profit factor p, for all price equilibria. 
(We may view —e‘ as equivalient to a disposal activity 0 — pe', this last 
being written in the form B* — pA^. The outputs of the ith disposal activity, 
i = 1, n, are the zero vector; the inputs are given by the unit vector.) The 
vector 0 is appended to the set r(p) in case the set is otherwise empty, for 
notational convenience. 

The geometry of the von Neumann model relevant for our inquiry is 
summarized in this theorem: 
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Theorem 2.1. Vp > 0, P (p) ---- Cone r(p). 

-0, VpeP(p)}; Cone r(p) is the convex cone 

generated by the set Ap).) 

Proof, ft is clear that Cone Ap) C ^'(p)- 
To show the converse, let 

Ap) {S' -- p>l‘’ IV/ - 1, /m} u [-e' 1V/ - 1, n\. 

ft is claimed that P ip) C Cone Fip) implies P^{p) C Cone Ap)- For suppose 
not. Then 3r c P '^(p), v « Cone Fip) - Cone Ap)- Then v = XT “ MO 
Zi a', /3‘ - ^ 0. Sincep annihilates i>, p annihilates every term (B‘ - pA*) 

or ( e') which appears with positive coefficient a' or /8‘ in the sum—since 
every term in the sum p • v is nonpositive. Consequently, 

(V/: .v‘ :> 0)(Vpe/’(p))(p(fi'' - pA*) -- 0), 

(V/jS' '.0)(VpGP(p))(pc* =0), 

which means precisely that v c Cone Pip). 

ft is enough to show, therefore, that P-‘(p)CCone Ap)- Suppose not: 
3vc.P'(p), I'^Cone Ap)- There exists a hyperplane separating {v} from 
Cone Ap)- That is: 3<y e R". cj ■ v > 0, qFip) S 0. The latter condition means 
q 'V: 0 and qB <; pqA : hence q is a price vector, that is, q e P(p). But then 
q • V - - 0 since v e PHp)- This contradicts the choice of q. Q.E.D. 

We define ^^max in an analogous way to pmin: 

Definition 2.3. gm»x maxfp | ( 3x > 0)(Bx ^ pAx)]. 

Under Gale's assumptions, mentioned above, gmax pmin - (See Gale, 
p. 314.].) 

We define the dual concepts to P(p) and Cone Ap): 

Definition 2.4. For p > 0, let: 

Xip) - {x> 0\Bx^ pAx}, 

Q{p) =- {Bj — pAj 1 {Bj — pAj)x = 0 Vxr e Ap)} 

U {—C; I ejX = 0 Vx 6 ^(p)} 

where {Cj} are row unit vectors in R’". 

Theorem 2.2. For p > 0, X^(p) = Cone Q(p). 

Proof. Same as for Theorem 2.1. 
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As a consequence of Theorems 2.1 and 2.2 a geometric proof of a classical 
result of Kemeny et at. (1956) can be given; it is provided in the Appendix. 


3. Indecomposable von Neumann Systems and the Profit Rate 

Definition 3.1.* Let p 0 be a price vector associated with factor p. 
An innovation {b', a') is viable at prices p and factor p pb' > ppa'. 

Assumption. We assume throughout that 5; ^ 0 Vy — 1, « and A' ^ 0 
Vi -- I, m. 

By Gale (1960, p. 313), this is sufficient to guarantee that /omin < gmax and 
von Neumann solutions exist for ail p e (pmin, gmax)- fn particular, for such 
p, (p, x) is a von Neumann solution if and only if p e P(p) and x e X{p). 

Theorem 3. 1. Let p be a price vector for the minimal profit factor, pmin , 
of system (B, A). Let {b', a') be a viable innovation at prices p, and let p'^jn he 
the minimal profit factor for the appended technology A'). Then 

(a) Pmin ^ Pmin , 

(b) Pmin > Pmin for every viable innovation at p if and only if p is the 
unique price ray at pmin • 

Proof Part (a) is immediate, since p'B' ^ pp'A' ■> p’B ^ pp'A. 

Part (b): <=. Let p' be a price vector for ( B ', . 4 ') at pmin: 

p ' B ' ^ pininp ' A '. (3.1) 


In particular: 


p'B ^ prnlnP^.<4. 

If Pmin = Pmin then, by hypothesis, p is a multiple of p, the unique price 
vector for (B, A) at pmin . But pb' > pminpo' by viability, which contradicts 
(3.1). 

Let q and p be two (independent) price vectors for (B, A) at pmm. 
Let V be a vector separating p from q: 

p • V <0, q ' v ^ 0. 


* For simplicity of exposition, we shall assume that one new process is introduced. How¬ 
ever, the argument which shall be presented remains correct, verbatim, if the innovation 
consists of a set of new processes. That is, a technology IB', A') is viable at prices p over 
technology (B, A) if every process (b', a') in the former and not in (B, A) passes pb' > 
Pmin po', and for at least one such process, the inequality is strict. We shall refer to this 
general case at appropriate points in footnotes. 

642/22/3-6 



456 


JOHN E. ROEMER 


Write f* ' pA^ — i - I, m. Then 

p • r* > 0 , qv‘ ^ 0 . 

Choose semipositive vectors a' and b' in such a way that 

0 = PminU — b . (3.2) 

Since p ■ v < 0, the constructed innovation ( 6 ', a') is viable for {B, A) at 
{p, pmin). However, the minimal profit factor does not increase in passing 
from (B, A) to (B', A'), since q ■ v‘ ^ 0 V/ -- 1, n and q • v^O. That is, 9 is a 
price vector for (B', A') at pmin . Q.E.D. 

Part (a) of Theorem 3.1, whose proof is trivial, may appear to imply that 
the appending of a viable innovation trivially implies the new equilibrium 
profit rate does not decrease. This conclusion, although true, is not trivial, as 
Pmin is not a priori a profit rate associated with a full equilibrium, but only 
with a price vector. More precisely, we have: 

Corollary 3.1a. (A) Let pm\n be the minimai profit factor associated 
with a von Neumann equiiibrium ( p, x) for technology (B, A). Let p^,„ be the 
minimal profit factor sustaining a von Neumann equilibrium for the appended 
technology {B\ A’), where ib', a') is viable at prices p. Then > ^nin . 

(B) Let 7T be the unique profit rate associated with the Leontief tech¬ 
nology (/, A), and v the unique profit rate associated with (/, A), where A 
differs from A in that one column of A has been replaced by a viable innovation. 
Then n' > n. 

Proof of (A). Let 9 be a price vector associated with pmin . By Gale’s proof 
of the existence theorem for von Neumann equilibrium, q and pmin support a 
full von Neumann equilibrium. (That is, there is a von Neumann equiiibrium 
{q, x; Pmin).) Hence pmin = pmin. Also, pmjn ^ Pmin hy the same reasoning. 
Hence, by part (a) of Theorem 3.1, Q.E.D.® 

Proof of (B). To demonstrate this, the trivial adjustment must be made of 
viewing the new technology A in the von Neumann way. Instead of replacing 
the jth column A, of A with the viable innovation Af , we append Af to the 
original matrix A, forming A' - (A ] A-), an n x {n 1) matrix. It is 
easily seen, by the Frobenius-Perron theorem, that tt = pmm - I, where 
Pmin is the minimal profit factor for (/, A) as here defined and that tt' -- 
Pmin — h where is the minimal profit factor for (/, A'). By part (A), 

Q.E.D. 

* It can easily be checked that Theorem 3.1 holds for the more general case that (B', A') 
is a viable technology with many new processes. (See footnote 2.) It follows that Corollary 
3.3 below is true for the general case. 
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Part (^B) in the above corollary has been explicitly stated, as it is the theorem 
which Marxian writers have proved previously. (See Okishio, 1961; Roemer, 
1977.) Part (A) of the corollary shows that in the general von Neumann 
model, which can include a specification of production involving joint proces¬ 
ses, fixed capital, alternative processes, and differential turnover times, 
viable innovations can only increase the minimal profit rate enjoyed by the 
economy in (von Neumann) equilibrium. 

We proceed to investigate when pmin (or pmin) increases strictly. 

To guarantee that pmin rises, then, under viable innovation, we must 
guarantee that the price ray at pmm is unique. By Theorem 2.1, this is equiva¬ 
lent to the condition that dim Cone r(pmin) = « — 1. 

We recall Gale’s concept of an irreducible von Neumann economy; 

Definition 3.2 (Gale, 1960, p. 314). A set of goods is independent if it is 
possible to produce each good in the set without consuming goods outside 
the set. The model (B, A) is irreducible iff it has no proper independent subset. 
Formally: the set of goods S Q {1,..., «} is independent if there is a subset of 

processes indexed by TCll. m} such that: (V/eS)(3y6 T) (bn > 0) and 

(y/c7)(V/^fs)(fl,, = o). 

We introduce a stronger notion: 

Definition 3.3. A model (B, A) is indecomposable iff all intensity vectors 
.Y at prain use at least n processes. That is: x e A"(pmin), x ^0, implies Xj > 0 
for at least n components j. 

Remark. (B, A) is indecomposable if and only if any semipositive 
intensity vector, for any factor p 5- pmjn, requires n positive intensity levels. 
For p > pmin -^(p) C A'(pmin). Since von Neumann equilibria exist only for 
P e (pmin , i?max), indccomposability means the system (B, A) cannot repro¬ 
duce itself at any equilibrium unless it operates at least as many processes as 
there are goods. 

Theorem 3.2. //(B, A) is indecomposable then dim Cone r(pmia) — « — 1. 

Corollary 3.3. If (B, A) is indecomposable, then the minimal profit factor 
rises with the appending of any viable innovation. 

Proof of Corollary. By Theorem 2.1 and Theorem 3.1, from Theorem 3.2. 

Proof of Theorem 3.2. By Theorem 2.1, Cone /'(pmin) is a proper sub¬ 
space of R”. Suppose dim Cone Pfpmin) — r <n — 1. By Carath6odory’s 
theorem,* any point in the convex hull of F can be expressed as a convex 

* Caratheodory’s Theorem (Mangasarian, p. 43). Let r C /?". If ,v is in the convex hull 
of r then X is a convex combination of » + 1 or fewer points of F. 
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combination of at most r -}■ 1 points of F. In particular, since Cone F is 3. 
subspace, 0 e Hull F and 0 may be so expressed: 

0 - X - pmlnA*) - X 

where at most r i 1 terms occur in the sums together. It follows that 

Y, ^ Pmln Y 

where there are fewer than n terms in the sums, since r i- I < n by hypothesis. 
But the vector ')t comprises a von Neumann intensity vector at /omin with 
fewer than n positive intensity levels, which contradicts indecomposability. 

Q.E.D. 

Wc next investigate the relationship between irreducibility and indecompos¬ 
ability. 

Dehnition 3.4. Let H be the class of indecomposable models, and G the 
class of irreducible models. 

Remark . Leontief models {/, A) which are indecomposable in the classical 
sense are members of (7 n //. 

Theorem 3.4. HCGbutG(iiH. 

Proof. 

Lemma 3.5. Every economy (A, B) can reproduce itself using not more 
than n proces.ses at pniin • {That is: 3x 6 X{pmin) with at most n positive 
components.) 

Proof of Lemma. This fact is well known; the proof is omitted. 

Proof of Theorem 3.4. G (f. H: Let {B, A) be a model which consists of 
two independent processes (b', a') and (b", a"), and several other processes 
which are positive convex combinations of these two. Let there be three 
goods in the model. This can easily be constructed to have no proper indepen¬ 
dent subsets of goods. Then (B, A) e G. Clearly, however, if x is an intensity 
vector which reproduces the system (Bx ^ pAx), the same results can be 
achieved by operating only the first two processes, and so 

HQG: Let {B,A)^G. Let S--(l,..., index a proper independent 
subset of goods. Let the processes T which are used to produce the goods in 
S, by using goods in S only, be indexed as the first t processes: T = {1,..., t } 
Consider B, and delete those columns y, m^j>t. Delete also the rows of B 
(corresponding to goods) /, n'^i> s. Call the reduced matrix In like 
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manner, define A. Notice A has the property that every one of its processes 
(i.e., columns) uses some good in 5; since every process of A used some 
good, and the processes left in A used no goods outside of S, by hypothesis. 
Similarly, 6 has the property that each of its rows contains a positive element; 
because by hypothesis all goods 1,..., .v are produced by the processes in T. 

Therefore, a von Neumann equilibrium (p, x, p) exists for (6, A), since 
Bj^O for 7 = 1, .y and A* ^0 for i = 1, t. 

Let p be the n-vector which is obtained by appending to / a string of zeros 
which correspond to prices for goods not in S\ let x be the m-vector which is 
obtained by appending to if a string of zeros which are intensity levels for 
processes not in T. It immediately follows that (/», x, p) is a von Neumann 
equilibrium for (B, A). 

By Lemma 3.5, (^, A) possesses an intensity vector x which uses not more 
than s processes. By the present construction, the existence of an intensity 
vector X for (B, A) has been shown using not more than s processes. Since 
i- < «, (B, A) ^ H. Q.E.D. 

Since it has been demonstrated that the von Neumann price ray is unique 
for (B, A) e H, and H C G, v/e show below that the condition (B, .,4) e (7 is 
not sufficient to guarantee unicity of the price ray, and hence a rising rate of 
profit. 

Example. Let (B, ^4) be a “replication” economy 
B‘=A'/1‘, A, > 1,^'>0,Vi. 

This simple economy is irreducible. It is, however, not indecomposable, as 
the economy can “reproduce” itself using any one process. Clearly pmin — 
max X*, and any price vector is a von Neumann price ray at pmin ■ 

We next ask a related question. Suppose the economy is operating at a 
von Neumann equilibrium and a viable innovation appears and is appended 
to the technology. At the new equilibrium, will the new process in fact be 
used ? A degenerate situation certainly exists if it is not used. The next two 
results show that the same type of indecomposability which guarantees 
that the profit rate rises strictly with an innovation also guarantees that the 
innovation will in fact be used at the new equilibrium. 

Theorem 3.6. Let pmin, gmax be the min profit factor and max growth 
factor for (B, A). Let pmjn be the min profit factor for the economy (B', A') 
after appending an innovation (b’, a') viable at pminfor (B, A). If p'mia > gmax 
then all von Neumann equilibria {p', x') for (B', A') use the innovation with 
positive intensity. Conversely, if all von Neumann intensity vectors for (B', A') 
use the innovation, then pJain > gmax • 
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Proof. ■ >. Let .v' be an intensity vector for (B', A'), at any factor 
P ' Pmln- 

B'x' S pA'x'. 

if x' were zero in its last component, giving an intensity of zero for the new 
process, then the m-vector x consisting of the first m components of a ' would 
be a semipositive intensity vector for {B, A) at p which is impossible, since 

p ■ Jfiiiax ■ 

< . Conversely, if j?-inax T-' pmm then there is a semipositive intensity vector 
for (B, A) at . Appending a zero component to this vector produces a 
semipositive intensity vector for (B', A') at p'j^i„ . Q.E.D. 

Corollary 3.7. If (B, A) is indecomposable, then all viable innovations 
will be used with positive intensity at all von Neumann e:juilibria in the appended 
technology.^ 

Proof Gale (1960, p. 315) has shown that (B, A)eG implies ^max " 
Pmln - Since (B, A)eHCG (Theorem 3.4), we have ^max = pmin. Since 
(B, A) E H, it also follows that > pmin ^ j?max, and by Theorem 3.6, 

Q.E.D. 

ft should be remarked that the irreducibility of {B, A) is not sufficient to 
guarantee the conclusion of Corollary 3.7. This follows from the counter¬ 
example provided above, after the proof of Theorem 3.4. By that example, 
there exist irreducible technologies (B, A) to which can be appended viable 
innovations which leave the new minimal profit factor unchanged. Thus: 
/'min ■ ■ /'min gmax for this situation. It follows from the last statement of 
Theorem 3.6 that there exist von Neumann intensity vectors for the appended 
technology which will not use the innovation. 

Some final comments are warranted on the uniqueness of von Neumann 
equilibria. If we demand that the von Neumann equilibria be economic, then 
Theorem K-M-T (Appendix) shows that there exists a finite number of 
values p at which solutions exist. If pmin ~ g’max then there exists at most one 
such solution. (In particular, if (5, y4) e G we need not speak of a minimal 
profit factor or guaranteed profit rate, since there is only one profit factor 
capable of sustaining a full equilibrium, in the von Neumann sense.) An 
examination of Gale’s duality theorem (Gale, 1960, p. 315) shows that if 
(B,A)eG then, in fact, Ba > 0 for any intensity vector at pmin, and a fortiori, 
it follows that all von Neumann equilibria are economic. Hence, if (B, A) e If, 
all von Neumann equilibria are economic, the equilibrium profit factor is 
unique, and the equilibrium price ray vector is unique. 

* The generalization of this theorem to the case of a viable technology (B', A') with 
several new processes is this: if {B, A) is indecomposable, then at least one of the new 
processes must be used with positive intensity at any equilibrium of (S', A'). 
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It is, however, not clear that indecomposability or irreducibility are good 
economic assumptions in modeling fixed capital. The principal joint products 
with which we are concerned in modeling fixed capital are old capital goods 
which exit from the production process in a depreciated, but still potentially 
useful, state. In the von Neumann model, every capital good of every vintage 
counts as a separate commodity. A natural kind of indecomposability to 
assume for such an economy would be that the economy can reproduce itself 
using not more processes than that there are new goods. (That is, if there 
were some process for producing each new good reasonably efficiently 
using only new goods—a reasonable assumption—such indecomposability 
would exist.) If such were the case, the economy would not be in the class H, 
nor even in the class G (as the set of new goods would comprise a proper 
independent subset). 

Hence the strictly rising-rate-of-profit theorem may not apply to real 
fixed capital economies, due to the decomposable nature of those economies, 
in the technical sense discussed here. 

The reader should note, however, that indecomposability was only a 
sufficient condition for guaranteeing the strictly rising rate of profit. If one 
believes that real fixed capital economies, even if decomposable, enjoy a 
unique price equilibrium, then Theorem 3.1 assures us of a strictly rising 
profit rate in any case. 


Appendix: A Geometric Proof of a Theorem of Kemeny, Morgenstern, 

AND Thompson 

As a consequence of Theorems 2.1 and 2.2 a new proof of the following 
theorem is provided: 

Theorem (K-M-T). There are a finite number, r, of values p for which 
economic von Neumann equilibria exist, and r < min (m, n). 

Note the cone X(p), of Section 2, decreases as p increases, becoming trivial 
for p > gmax • Hence the dimension of X^(p) increases as p increases. As p 
increases, starting from zero, the dimension of P^{p) changes, at most n 
times, and dim X^(p) changes at most m times. We shall show that economic 
equilibria (see Definition 2.1) can only occur at values p which are simul¬ 
taneous jump values of the dimension of these two subspaces, which proves 
the K-M-T Theorem. A jump value of P-^{p) is a value p,- such that 

dim P'(/),) < dim P^Pi — e) for small e > 0; 

a jump value of X^{p) is a value pj such that 

dim X^ipj) > dim X^ipj — e) 


for small t > 0. 
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To prove Theorem K- M-T, a topological Jemma is needed: 

Lemma A. Let x(t) be a bounded vector-valued function defined on an 
interval of real numbers, I. Then there exists an uncountable subset SCI 
with this property. 

S l.y c / , (3 sequence s, // e I, // -► s and x{tf) -> x(j)).} 

Proof We shall show that / — S is at most a countable set. 

Let tuCl — S, and choose t^ in the interior of I. By hypothesis, there is an 
€ " 0 and a S > 0 such that 

/' e (/„ , to -1- S) ^ !i xiO — x(to)|| c (*) 

where we take Ij to be the Euclidean norm. Consider how many points 
/„ e / can have property (*) for the given pair (c, S). If there were an infinite 
number of such t„, then there would be an infinite number in some sub¬ 
interval Ig of length 8 of /. Let ty and t^ be two such points in 4. Then 
t^ G [ta, tj -I 8 ], with appropriate labeling of 4 and t^, and so || x( 4 ) - x(r 2 )|| > c. 
Hence the spheres of radius e/3 around x(ti) and x{t^ are disjoint. By this 
argument, we can construct an infinite sequence of disjoint spheres of radius 
c/3 in a bounded region, which is impossible. Hence there can be only a finite 
number of points t,, e / -- 5 with the given property for the pair (c, 8 ). 

Choose, now, a sequence c„ -> 0; for each c„, choose with the property 
that 

(3 S„ > 0) (C 6 (t„ ,t„ -\ 5„) i! x(t') - x(r„)|| > c„). 

If for some c„ we can find no 8 „ satisfying this condition, then we have shown 
the set I — S is finite- since by the argument above, there are at most a 
finite number of points /„ associated with each 6 „ . Suppose, then, there is a 
value 8 „ for each e„. We still have only a countable number of points 
|/7 — 0, c»} which satisfy (*), But these points exhaust I — S, since 
c„ -> 0. Hence S is uncountable. 

Lemma B. Let pi ^ pj values of p for which economic solutions 

exist, (pi, Xi) and {p^, Xj), respectively. Then Pi ^ Ps and Xi^ x^. 

Proof. Let px> p^. Suppose Px = p^. Then 


PiB g piPxA, 
BXx ^ PiAxi , 

and so 

PiBxx g PzPiAxx , 
P\Bxx ^ PtPiAxi , 
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and so PiP\Axi p^p^Ax^. But > 0, and so piAxi .>0, 

which implies /jj < /32, a contradiction. Hence p^ ^ p^. 

A similar argument shows x^ i-~ x^. Q.E.D. 

Lemma C. There can exist no interval of numbers I such that economic 
solutions exist for all pel. 

Proof. Suppose I were such an interval. Let (pip), .x(p)) be the economic 
solution identified with pel. 

We must have, for all pel, 

pip) Bxip + 8) = 0 for all S > 0. 

For if pip) Bxip + 8) > 0, then ipip), xip |- 8)) is also an economic solution 
at p, which is impossible by Lemma B. 

Since 

pip) Bxip + 8) = 0 V8 > 0, 
pip) Bxip) > 0 


it follows that 

(Vp e 1) (3e, 8 > 0) ip'eip, p + B) j| xip') - .vCp)!! O- 

But this is impossible by Lemma A. Q.E.D. 

Proof of Theorem K-M-T. Note: 

^ economic solutions at p <> Pip) • B • Xip) ■■ 0, 

B • Xip) C P '-ip), 
<^-B’{Xip)]CP'^ip), 


where [XJ means the subspace generated by X. 

As p increases, Pip) increases as a set so P^ip) decreases as a set. P'ip) 
decreases only at the jump values p,. Consequently [F(p)] increases as a set 
only at jump valuesp,. Similarly, [A (p)J decreases as a set only at values pj. 

Suppose there were an economic solution at value p, and p ^ p, for any /. 
Then by definition there is a neighborhood (p — e, p) to the left of p where 
dim P^ip) does not change. To the left of p, fA'(p)] can only get larger. At 
p, B • [Xip)] PHp) since there is an economic solution at p: but since P^ip) 
stays constant in (p — p) and [A'(p)] can only get larger in that interval this 
set inequality continues to hold Vp e (p — e, p). Hence there exist economic 
solutions in an interval of p’s, an impossibility by Lemma C. 

A similar argument demonstrates p — pj, some J. Q.E.D. 
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1. Introduction 

The Arrow-Debreu^ and Aumann (1964) characterizations of feasible 
distribution of economic goods are based on the following law of conser¬ 
vation: the sum of all the amounts consumed in the conomy must equal the 
total produced plus initial endowment.^ This implies the nonexistence of 
transaction costs: i.e., nothing is wasted in the process of reallocation. In 
addition, consumption is excludable; there are no public goods, either local 
or nonlocal in nature. In order to extend the descriptive power of the general 
equilibrium model over these cases, special constructions were required. 
They were furnished for transaction costs by Foley (1970a), Hahn (1971), 
Kurz (1974), and for purely public goods by Foley (1970b). Ellickson (1973) 
outlined how the same technique can be applied to local public goods. All 
this was accomplished assuming a finite set of agents. Roberts (1973) and 
Richter (1977) studied public goods in a measure space of agents. 

In this study, we propose a general framework that allows for description 
of allocation possibilities. We present a transaction technology which con¬ 
tains all the possible transactions and explore the possibility of decentrali¬ 
zation by using efficiency prices in a measure space of agents. As sometimes 
happens, generalizations simplify problems; in this case, we can prove 
Richter's main results more directly. 

Section two contains the model; the third section reports the main results. 
In the fourth section we apply the results obtained for examples of specific 
interest. We show that the prevalence of Aumann’s transaction technology 
is equivalent to fixed prices for all agents and then discuss the transaction 
costs case and the public good case. The Samuelson condition on the prices 
is obtained quite easily. 

* The final version of this paper was prepared while the author was on leave at the 
University of California, Los Angeles. 

* As discussed in Arrow and Hahn (1971). 

‘ With the conventions of inputs bearing a negative sign, and outputs bearing a positive 
sign. 
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2. The Model 

We consider the economy with production and transaction technology 
1(7’, .T, A), X, >,e, Y, ZJ. All the parameters except the last one have 
standard definitions and interpretations. (T, A) is a complete measure 
space, T [0, 1] is the set of economic agents; the associated o-field ^ 
represents the set of admissible coalitions and A is the measure on ,T. The 
space of agents T is divided into the space of consumers // - [0, .]] and of 
producers F (j, 1). An action a(t) is a vector in the Euclidean space 
For teH this is an action of consumption, and for t g/* an action of pro¬ 
duction. Xt - X{t) contains the set of possible consumption plans for / e H, 
and K, -- Y{t) contains the possible production plans for teF. We also 
denote At ~ i4(/) - X{t) for t g H, and A{t) ■ — T(t), t e F.^ It is assumed 
that A : T - * E’ h -i convex-valued correspondence; to Xt there corresponds 
a measurable preference ordering >(, i.e., an irreflexivc, transitive, and 
binary relation on .V,. By e: T -* E‘ we designate the initial endowment 
function e{t)^X,, teH, e{t) 0 elsewhere, e is an essentially bounded 

.:^-measurable function (or c e 7,,, *[0,1 ]). 1. ={1./] denotes the set of 

all goods. 

The only departure from the usual formulation in general equilibrium 
theory is Z. Z is a set of essentially bounded* measurable functions; zeZ 
is a function, r: T E'. Z represents all the possible transferences of com¬ 
modities within the economy. As is standard r,(/) = —3 (or 3) means that 
trader t gave away (or received) three units of commodity /, so r is an activity 
of reallocation of commodities. 

The function a\ T -* E' is called an allocation iff a is measurable, essentially 
bounded and a{t)eAt a.e. in T. 

Definit/on. The allocation a is called feasible iff a - c I r for some 
zeZ. 

To show how this notation is related to the standard approach to for¬ 
malizing feasible allocation!*, write: a = x — y, where x ^ a\H and 
y = —fllf .* We will then have x — y — z \ e or x - y i r -f e, so the 
total consumed x is equal to the total endowment plus the activities of pro¬ 
duction y and 2 . Note that formally 2 is a production activity: it transforms 
goods of one agent to goods of another agent. 

* Note that the sign of the firms’ actions has been reversed. 

^ e is essentially bounded if there exists M and || e(r)|| < M a.e. in T. IIAII = eLI 
where x e E\ is the norm we use on £'. The least M satisfying this property is denoted as 
ess sup Hell. 

‘ 1 j is the characteristic function of the set S: 

hiO = 1 , 

= 0 , /^S. 
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With feasibility and preference relations we may define Pareto efficiency 
as usual, a* is Pareto efficient iff there is no Pareto superior and feasible 
allocation b: b is Pareto superior to a* if b{t) a*(t) a.e. in H. 

Definition. The integrable function p, p: T -*■ is called efficiency 
prices for the allocation a* iff for every allocation b 

(i) P - 0, 

(ii) 6 (/) >i a*{t) implies p(t) • b{t) > p(t) • a*(t) a.e. in //, 

(iii) bU)e Y{t) implies p{t) ■ b(t) ^ —a*(t) - pit) a.e. in F, 

(iv) r* - a* — e satisfies /rp • r* rfA = sup ,£2 jp • z dX. 

Proposition. Let a* have efficiency prices p, such that for some set 
of positive measure of consumers S, p(t) ■ a*{t) > inf p(/) • A'/, teS, and 
let >, be continuous, then a* is Pareto efficient. 

Proof Suppose 6 is a feasible allocation which is Pareto superior to a. 
We want to show a contradiction. 

- 6 (f) e Klf) a.e, in F, so b{t) • p{0 ^ a{t) ■ p(f) a.e. in F, 

h(t) >, a{t) a.e. in Ji\S, so 6(f) • p(f) S a(t) • p(t) a.e. in H\S. 

6 (f) . a(t) a.e. in S so 6(f )' p(t) > a(t) - pit) a.e. in 5.® 

So f r 6 -pdX ; Jr a -p dX and hence f(b — e) • p dX > J (a -- e) -p dX ~ 
J z dX. But b - eeZ, because 6 is feasible, which contradicts requirement 
(iv) of efficiency prices. 

To ensure existence of such S, it would suffice to assume that Xt = EJ 
a.e. in H, and also that there exists a feasible allocation a for which a(f) ^ 0 
a.e. in T. We also have to assume that 0 e Y{f) a.e. in F. 


3. Existence Theorems 

To characterize Pareto-efficient allocation with prices, we will naturally 
resort to a separation theorem of convex sets. The two sets that will be 
separated are: the set of feasible allocations, and the set of allocations that 
are Pareto superior to the prespecified Pareto-efficient allocation. Convexity 
of these sets involves convexity of the preference relations, of the production 
and of the transaction technology. We cannot dispense with the first two 
assumptions as is done in Hildenbrand (1974), because we no longer sum 

* By a well-known argument, if f e5 and b{l) p{t) - a(t)-p(i), then by taking c for 
which c ■ p(t)a{t)’p(t), we obtain that 6* = (1 — A)6(f) -|- Ar will satisfy >, a(t )for 
suflicicntly small A - 0, and p^,t)•h^ ■. p(/)-a(/), which is a contradiction. 
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the actions of agents. The convexity assumed on the transaction technology 
implies that the technology involved in transferring goods among people 
obeys the same nonincreasing returns to scale and declining marginal produc¬ 
tivity^ as in other types of production. However, since 0 e Z is not required, 
set-up costs are not ruled out. Analogously to the finite case, we expect the 
separating continuous linear functional to play the role of prices. However, 
here the results depend very much on the norm chosen. At least one of the 
two sets must be open relative to that norm, and the linear functional will 
be continuous with respect to that norm. If, for example, the norm were 
' ■ y ; fr‘^~ I and the feasible set contained an interior 

point a, then every other allocation a' for which the sum of its distance from 
c/ is sufficiently small would be feasible. In particular, the technology allows 
a small subset of agents to get large amounts of all the goods. Summing up 
quantities of goods for different agents has thus been brought back, through 
the back door. If this norm is used, the attempted generality will be forsaken. 
The appropriate norm should take into consideration every single agent, 
except for a set of measure zero; it is: ilx - yllj?* i esssupllx - >•]'. 
Note that for that reason we have confined ourselves to essentially bounded 
functions. 

But the functional obtained in this way may have no representation by 
a price vector. So a part of the existence proof will be to find suitable eco¬ 
nomic conditions ensuring that such representation is indeed possible. We 
would have been saved this trouble if the norm were |[ ||:^ i. because 
the space of functionals on is exactly the space of essentially bounded 

measurable function on T; if p is the separating functional, p{i) is then the 
price vector associated with agent t. We will later sec that the unrepresentable 
case may be interpreted as an unbounded price for the goods of an arbitrarily 
small group of agents. The economic conditions will guarantee that prices 
will be finite in this .sense. 

One of the conditions is given by: 

Dffinition. Let 0 be a set of goods, QC L. 6 is irreducible with respect 
to Q (<? is 0-irreducible) iff given a decreasing sequence of sets 
in MEm) 0 and a feasible allocation o =- c + z, there exists a sequence 
1 C satisfying 

(a) Jz’" + z e Z for m sufficiently large. 

(b) lim inf dz,'"(/) >0, jbQ, te E ,„, ^Zi”'{t) ^0,i^Q,teT. 

(c) If D,„ = (r 6 7: Jz’"(0 ^ 0}, then X(DJ -> 0. 


’ Where this term is meaningful. 
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This condition says that to a small set of agents it is possible to supply 
positive amounts of all the goods in Q, using as inputs goods in Q only, 
from a small set of agents D„^. 

Theorem 1. Let S be a transaction technology economy where: 

(i) y4(t) is convex for all /. (= all the consumption and production 
sets are convex). 

(ii) Z is Comdex. 

(iii) >< is convex, continuous, and monotonous^ for all teH. 

(iv) Free disposal at all Y{t):yeY(t) and x^y implies xeYit) 
for all t e F. Also, if xe Y(t) and x ^ x then x' e X{t) for all t e H. 

(v) is irreducible with respect to the set of all goods L. 

Then for every Pareto-efficient allocation efficiency prices /> # 0 exist 
and p{t) > 0 a.e. 

Proof a* is the Pareto-efficient allocation. Let B be the set of all allo¬ 
cations b that are Pareto superior to a*, b(t) >/ a*(t) a.e. in H, ~b(t) e Y(t), 
teF. fi. is convex, due to convexity of >,, X(t), and Y{t). Z -I - {e} is also 
convex, and (Z + {c]) n B - ■ r, because a* is Pareto efficient. Our assump¬ 
tions ensure that B has a nonempty interior relative to the SPJ topology, 
because for every be B, the set [b': b' e SFJ, b'{t) ^ b{t), t e T], is contained 
in B and it is open. For teH, 6'(0^ KO implies b'{t) >tb{t) >ia*(t); 
for teF, b\t) ^ b{t) implies ~b'(t) —h(t) and by free disposal b'(f) e Y{t). 

So we may apply a standard separation theorem (Dunford and Schwartz, 
1958, p. 471) to obtain a continuous linear functional tt 0 separating the 
sets Z -f- {e} and B. We choose the sign of it such that n • a <tt ■ bfor all 
aeZ + {e}, be B, where tt • a denotes the result of the functional tt operating 
on a. 

Following Bewley’s (1972) line of thought we list the following facts: 

Fact 1. TT e ba\T, .T, Xy, i.e., tt consists of / different bounded additive 
set functions w,, absolutely continuous with respect to X (Yosida and Hewitt, 
1956, Theorem 23). For fe ^J,TT-f -- TT.f =- I.li!f dTr^ . We say 
that TT > 0 if ^ 6 implies tt{E) > 0. 

Fact 2. If w 0 then tt =tt' -\- tt", where w'’ ^ 0 is a countably additive 
set function, and v" ^ 0 is purely finitely additive® (Yosida and Hew'itt, 
1956, Theorem 1.23, p. 52). 


* That is, if jTi: • all !</</, and x, y e X(i), then x >, j-, t e H. 

• tt’’ ^ 0 is purely finitely additive iff the only countably additive set function <l> >0, 
tt(E) - <KE) ^ 0 VEe is ^ = 0. 
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Fact 3. There exists a decreasing sequence of measurable sets 
• X^m) -* 0 and tt>‘{T\E„) = 0 for all m (by simple application of 
Yosida and Hewitt (1956, Theorem 1.19, p. 50)). 

Fact 4. 77 -"-.v • It p{t)' x{t) dX, where is the Radon-Nikodym 

derivative of 77 " (Halmos, 1950, p. 134, Theorem B). 

We note first that by monotonicity in H and free disposal in tt ^ 0. 
p of Fact 4 satisfies conditions (ii) and (iii) for efficiency prices: 

(ii) 6(0 ^^*(0 ^ Pif)'b{t) ^ P{f)‘ o*ij) a.e. in H. 

(iii) b[t)c. Y{t) p{l)'h{t) f: —a*it)‘p{t) a.e. in F. 

To contradict (ii), assume that there exist a set of positive measure 5 C H 
and an allocation b such that b{t)>,a*{t) but p{t)-b{t) <p{t)-a*(t), 
tfzS. By Fact 3, S may be chosen to satisfy - 0. Now let { 6 "} be a 
sequence in B converging to a* in the SfJ norm: 6 ’*(t) — a*(f) ! (l/«) w, 
w 0 , is such a sequence. 

c" 61 .V + b'‘\ r\s is in B, so tt • c” tt • a*. 

77 • (c” - a*) -- 7r''-(b- a*) l.v + 77 • (6” - a*) Ij-^^ > 0. 

As the second term tends to zero, 77''(6 — a*) I.? - J.v(6 — a*) • pdX 0. 
But this contradicts the assumption p{t) • b(t) < pit) • u*(0, t^S. A very 
similar argument proves condition (iii). 

We now note that 77 • r* > 77 • r, 2 g Z. ft follows from 

lim 77 ■ 6 ” ^ 77 • (p + r) or 77 • (p -f- ■^*) ^ »r ■ (c -f 2). 

n ' 

The analysis, so far, was based only on assumptions (i)-(iv) of the theorem. 
We shall complete the proof by showing that 77 ’’ ^ 0 from assumption (v), 
because then n'' - tt A 0, and hence p -A 0, and 77 '' • z* > 77 '' • r <> 
ji-p • z* dX 5: fr/J • r dX, zeZ. 

Lpmma, ffiT > 0 and d is Q-irreducible, then 77;” = 0, i g Q. 

Take the sequence {£■„,} associated with tt'' in Fact 3, and the sequence 
{Az^‘] implied by the ^>-irreducibility. We want to show that if tt" 0, then 
77 • zl-”' > 0 for w large enough, contradicting 77 • (z* + Zlz*") 77 ■ z*, 
as r* : JzeZ. 

77 . . . tt" • Jz"* -f- tt" • zJr"' =r 77'’ • + 77^* ’ Jz*”!,.- . 

rw 'tn 

The first term tends to zero, tt" • Az’” being a A-continuous set function and 
X^m) ""*■ 0- By (b) of the 0-irreducibility, for large m, Jr,”'(t) > e > 0, 
i^Q. 

TT" ■ AZ'" l£.„, ^ X TT,."(EJ C = € X 77,»'(r). 

ee 0 tea 
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So, if rri\T) > 0 for some i e Q, then lim„,^„ ir • Jz™ = 0 + lim • 
Jz’"lBm > 0; hence v • Jz"* > 0 for large m. 

This completes the proof of the theorem. 

We would like to comment on the economics implied in the lemma: 
If tt/ > 0, then for the arbitrarily small set of traders , commodity I’s 
price is unbounded. But then the firm that runs the transaction technology 
can make profits by supplying more of commodity i to the traders in £„, 
at virtually no cost, because the quantity is small. Hence, if tt,” > 0, then 
excess supply prevails. A slightly different approach was pursued by Bewley 
(1972) and Richter (1977) and will be used in Theorem 2: to assume that 
goods that cannot be always supplied (not in Q) are inessential in 
consumption and production. If something is inessential, its price cannot 
go beyond limits. 

Definition. The set of commodities R, RQL, is called inessential iff: 

(i) For every feasible allocation a there exist e > 0; a set £ with 
X(E) < c; and an allocation d such that i/*(r) = 0, teE;^^ and d{t) a{t) 
teEnH. 

(ii) Given aeZ {e} and a declining sequence , X{Em) -->■ 0, 

then a*" = + aj?lr\f?^ e Z + M. for m sufficiently large. 

(iii) There exist an integrable function c e Z + {e} and a set E of 
positive measure with 5;,(t) ^ 0, t e £. 

Condition (i) is the inessentiality in production and consumption (ii) is the 
inessentiality in effecting transactions. In (iii) note that a is not necessarily 
a feasible transaction, because since d(t) is not necessarily an allocation it 
may not be in A(t) for all t. 

Theorem 2. The following conditions are sufficient for the existence of 
efficiency prices: 

(1) Assumptions (i)-(iv) as stated in Theorem 1. 

(2) There exists a partition {Q,R) of the commodity set L {i.e., 
Qkj R = L, Q C\ R — 0) such that Q is nonempty ,the economy is Q-irre- 
ducible, and the R are inessential commodities. 

Proof. From Theorem 1 we know that tt = tt® + tt'’, and ttq^ ~ 0. 
We want to show that, as before, the efficiency price p is the Radon-Nikodym 

Xu e is defined by 

xr. = Xi, ie R 

’ = 0 , i^R. 

Clearly if Qu R = L and Qr\ R = 4> then xq + xr = x. 


642/22/3-7 
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derivative of tt'’. We are left to show that w' • r* ^ tt® • z, z e Z, and w® # 0. 

Assume now that ^ 0, and let {JS’mlm-i be fact 3’s associated sequence. 
Let d be the allocation guaranteed by inessentiality, for large m. We define 
c«’>» + ^l£„ . {^"} being the same sequence as in Theorem 1. 

c "-”*eB so c”-”* ^ir ■ a* 


or 

TT® • ^>"lr\£„ + TT® • d\^^ + 7r» d\s^ 

^ ir® ■ a*l 7 -\£„ + ^r® • 0*1 £„ -1- tt** • fl*l£„. 

Noting that tt** • d 0 we obtain 

77® • (Z»" - 0*) It\e„ -1- 77® • (r/ - a*) h„ ^ • 0*1 = 77 *’ • a*. 

By arguments already familiar, the left-hand side tends to zero, so tt’’ • o* ^ 0. 

Using now the feasible allocation o™ guaranteed by (ii) of the inessentiality 
definition, we claim that 77® • o ^ 77 • o*, o e Z + {e}, which follows because 
a”‘ e Z -j- {e} so n • o’" =- 77® • o”' ^ 77 • a*. For m —>■ co, 77® • o < 77 • a*. 
Hence, • a ^ tt • a* 77® • o* -f 77'’ • a* 5 ^ 77® • a*, since 77" • o* < 0, 
and we have shown that 77® ■ z 77® • z*. 

It is left to show that 77® 7 ^- 0. But for 77® — 0, tt * o* ^ tt • o reduces 
to TT^ - a* TT^ • a, o e Z + {e}. But 77** • o* ^ 0, and 77*' • c = 77 j}'’ • 
ojj > 0, by (iii) of inessentiality. The implied contradiction completes the 
proof. 

A Note on the assumptions. Alternative assumptions to monotonicity 
and free disposal in y(r) may sometimes be desirable. These may be: free 
disposal in Z (z'(t) ?? r(0, t e T, z e Z => z' e Z) and existence of a sequence 
( 6 "}. Free disposal in Z assures n >0 and int Z 0 . 

Existence of {b”] may be deduced from local-nonsatiation of ><, and 
measurability of the correspondences 

>: (H, jr, X)^R^ X and X: {H, JT, A) R\ 

in the sense that their graphs 

{{h, X, y): X >« y}, {{h, x): x e X{h)} 

are in 0 and Jf @ B^, respectively. ^ ^ r\ H, B^ is the Borel 
c 7 -field generated by the open balls in RK) 

Under these assumptions, the correspondence 0": (//, A) -> 
defined by 0"(/») = {x g X{h): x |I x — a*(t)ll < l/n) is measurable, 

and by local-nonsatiation it is nonvoid for all t. The Measurable Selection 
Theorem (Hildenbrand, 1974, p. 54) ensures the existence of a measurable 
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selection which is the desired function b”, because ess sup l! b”(t) — < 

l/«. (Of course, for feFy/e define 6 "(/) = a*{f).) 


4. Illustrative Examples 

The difference between the public good economies, the transaction costs 
economy, and the Aumann economy is only in the transaction technology. 

Exampi.e 1. Aumann economy. 

^ is the collection of all the Lebesgue measurable sets, and A is Lebesgue 
measure. 

Za = Jr z dX ----- 0] is the technology where all the commodities are 
purely private: nothing is wasted in the reallocation process, and addition 
to someone’s consumption must be accompanied by abstention from con¬ 
sumption somewhere else in the economy. is a convex cone, and one can 
easily verify that assumption (v) of Theorem 1 is satisfied, so existence of 
p is assured. Note that if we allow free disposal, the resulting set 
Z\ ■- ^ {z: Jr c/A < 0} has a nonempty interior relative to , and the 
existence of p is immediate. 

Remark 1. The Aumann efficiency prices satisfy 

p( 0 =p(t') a.e. 

Take any two disjoint sets S, S', X{S) = AfS") > 0. Dehne 

2(r) = -f Pfl/i 

r 6 , so Jr/; ■ 2 </A g 0 , because Za is a cone, and the p are maximum 

profits prices in Za , so J.v —p, </A -} Js- pidX^^ or Pi dX ^ J^ pi dX. 
Reversing the roles of S and S' we have J^ p, dX = J^' p^ dX, and this com¬ 
pletes the proof. If the assertion were false, there would be sets S, S' and i 
such that p,{t) pAt') all teS, t' e S'. But there is no loss of generality in 
assuming that X(S) = X(S'), and that pAO > pA^'X and this would imply 
J 5 Pi dX > js’ Pi dX, a contradiction. Q.E.D. 

We have, of course, obtained Hildenbrand’s (1974) results that efficiency 
prices exist for the Aumann economy with production. 

Example 2. A transaction costs economy. 

^Tc — Jr zdX < 0). ff the transaction technology Z satisfies Z C Zrc , 
then no transaction may be effected without some waste of resources. The 

“ e, is the unit vector where the /th entry is 1, and the others are zero. 
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economies studied by Hahn (1971), Foley (1970a), and Kurz (1974) all satisfy 
this assumption; one could easily construct the corresponding transaction 
technology for them. 

Speaking loosely, it is the ability to transfer goods between agents that 
ensures the existence of equilibrium for Foley (p. 285) and Kurz ((T.4) 
on p. 420). This is the essence of assumption (v) in our Theorem 1. Our 
Theorem 2 has a parallel in Kurz’ Theorem 2, where a commodity exists 
which is always desirable and freely transferable. However, desirability 
neither implies nor is implied by inessentiality in consumption. 

The next remark is a certain converse of Remark 1. It shows that price 
equality implies nonexistence of transaction costs. 

Remark 2. Let r satisfy: OeZ; for all z e Z, f z 0, and let a* 
be an eflicient allocation, whose efficiency prices p satisfy: p(t) - p ^ a.c. 
Then J a* dA — J e dX. 

We denote z* = a* ~ e*. J z* • p dA p • J z* dX. p • J z* dX > 0, 
because OeZ and z* maximizes profits. Also, J z* dA ^ 0. So p • J z* ^/A = 0. 
For all i, Pi j zf dX < 0, so Pi j zf dX =0 for all /, and as p< > 0, J zf dX - 0 
for all i. Q.E.D. 

Example 3. Purely public goods. 

Commodity i will be a pure public good if the set Z,- = {z: Zj(h) — 0, 
j i a.e., Zi(h) + jpZidX =0 a.e. in H} is contained in the recession cone^* 
AZ of the transaction technology Z; and given z e Z, its ith component z,- 
is in Zi. Public good economies will typically not satisfy the conditions for 
Theorem 1. By its intrinsic nature it is not possible to supply more of i 
to an elected small group of consumers. We will have to assume that i is 
inessential. 

Remark 3. The efficiency prices satisfy the Samuelson property:^® 
Piit) = a.e. in F. 

Let zf be the /th component of the vector z* that gives rise to the efficient 
allocation. First, we note that as z<(A) = 0 is contained in Z,-, and Zf is a 
cone containing 0, then, using the arguments of Remark 1, we will have 
Pi(f) = Pi a.e. in F. 

Now, jrPi^ dX ~ 0, because OeZ,-, and if it were positive, profits would 
be unbounded; Jj- p.zf dX = Jj, p,zf dX + p,zf dX -- J// p,zf dX -f pi x 

zf dX — p,[— zf dX] dX + Pi Jf zf dX. For the nontrivial case 

^pzfdX^ 0, and p, = p, dX. Q.E.D. 

“ For a convex set Z, ze AZ, if for all z' eZ, z + z' eZ. See Rockafellar (1970) for a 
complete discussion. 

‘•Samuelson (1954). 
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Example 4. W. Richter’s conomy“. 

M denotes a measurable partition of H, i.e., a system of pairwise disjoint 
sets in 3^ that cover //, such that if MeJ(, either A(A/) > 0 or | A/1 is 
finite. The commodity space £’• is divided into private and nonprivate 
commodities and 4, respectively, — E^'xE^‘ and xe E'^ is written as 
X = (x", x**), where x" e x* g We shall also denote Lp and as 
the sets of private and nonprivate goods, respectively. Using this notation 

Z- /„ z. rfA + I .. rfA < 0, ^ I z- M + I z. M < 0 

for A(A/) 0, 

X + f i/A < 0 for I Af 1 < oo|. 

t,eM •’f ) 

ZwR is a convex cone, possessing a nonempty interior. As before, we imme¬ 
diately observe that p\t) — t,t'€T, p%f) = p\f'), f,f' sF. This 

economy S'wr is irreducible with respect to the private goods. Richter’s 
(1977) assumptions are almost sufficient to ensure that the other goods 
are inessential: nonprivate goods appear only as outputs, so they are 
inessential to production; however, the Compensation Assumption is 
slightly weaker than inessentially in consumption: only for condition (i) 
of inessentiality. Part (ii) is true for EC H, because for he H, £^5 

and there is free disposal in Z. We do not need it for ECF, because 
■ P'^W) /,/' 6£imply 7rf«(£) = 0. Part (iii) is implied by 1' 

(part (b) of the theorem, p. 95)^®. 


5. Conclusion 

We have presented a general way to model all kinds of transaction 
technologies. All other conceivable types of commodities that involve a 
specific transaction technology may be studied by our model. Locally public 
goods (Ellickson, 1973), is one immediate example. As we saw, specific 
transaction structures will involve specific price structures. 

Our presentation contains slight deviations from Richter’s (1977) theorem: we also 
assume free disposal of private goods; thus we do not need (S) in the efficiency price de¬ 
finition (p. 91). The compensation assumption (p. 95) is a little weaker than the inessen¬ 
tiality assumptions here. Both changes could be incorporated into our framework, at the 
cost of more cumbersome notation. 

It seems that W. Richter overlooked the fact that his own assumptions ensured that 
{P, Wo) ^ 0, using his own notation (p. 97): (/,y, p:=0, ir:=tr{(/4)l^) is not a quasi-Samuel- 
son allocation, because for ye X, ^^0, so (p, JirdX) • Y ^ rr^A) ■ Y is unbounded, 

contradicting (y) on p. 91. 

* 
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The transaction technology economy is a natural framework for further 
study. Does the economy possess a general equilibrium? What transaction 
technologies would give rise to the equivalence of core and competitive 
allocations? An answer to the latter question may, it is hoped, broaden 
our understanding of the meaning of free competition. 
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1. Introduction 

This paper analyzes how a competitive market serves to communicate 
information between the market participants. The communication process 
in a market is usually described by the phrase that the equilibrium price 
“reflects all the available information in the market” and communicates it 
to the participants (Fama, 1970). 

If there is only one piece of information to consider, the meaning of this 
phrase is unambiguous. Thus the simple news of higher firm profits will be 
“reflected” in a higher share price because the demand for shares has gone up. 

Problems arise when there are many agents with different pieces of informa¬ 
tion, and the vector of market prices has a smaller dimension than the vector 
of information available to different agents. In this case the equilibrium price 
vector corresponds to some aggregate of all the individual pieces of informa¬ 
tion. Then the question arises how this aggregate is formed. 

In two recent papers, Grossman (1976, 1978) proposed a remarkable 
solution to this problem. In a model of the capital market, he argues that 
the equilibrium price aggregates the available information perfectly. If 
agents / — I, 2,....,n take their information from the market price, the 
economy achieves the same allocation as if each trader knew the whole 
vector (/j,..., /„) of informations available to individual agents. Any aspect 
of the information vector (A/„) that is not reflected in the price is not 
woth communicating because it would merely be treated as noise. 

However, this approach involves some conceptual difficulties. In Gross¬ 
man's model the aggregation of information through the price depends only 
on the statistical properties of the information vector (/j/„) and is 
independent of agents’ preferences. This is quite surprising. Intuitively one 
would expect that the weight with which agent I's information /, affects the 
equilivrium price should depend on the strength of agent I’s reaction to this 
information, which in turn should depend on his preferences. Presumably 
it should make a difference whether the news of an increase in a firm’s profits 
is passed to somebody who is almost risk neutral and responds by buying a 
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large number of shares, or whether this piece of news is passed to a risk 
averter who hardly responds at all. 

In Grossman’s model this intuition fails because agents do not use their 
own information at all. The point is that if the price reveals all that is worth 
knowing about the vector f/i/„), agents will neglect their individual 
informations and look at the price only. Any aspect of the information U 
that is not contained in the price is regarded as noise. If agent / uses the 
information contained in the price, he can afford to disregard the informa¬ 
tion /,. 

However, if agents do not act on their own informations at all, it is unclear 
why the price should reflect the informations 7,,..., I„ in the first place. 
Grossman's proposition does not seem to capture the original idea that 
individual agents react to their individual informations and therefore the 
equilibrium price reflects some aggregate of the informations f ,..., /„. 
Instead, it must be presumed that the “auctioneer” somehow happens to 
know the vector ,..., /„ , in which case perfect aggregation of information 
through the price induces agents to disregard their individual informations 
and therefore is consistent with market clearing. 

Against this objection, Grossman (1975) suggests that in fact there does not 
exist an equilibrium in which the information that is contained in the equilib¬ 
rium price can itself be traced back to the demand decisions of those agents 
who had obtained the information originally.^ 

The equilibrium in which price aggregates information perfectly is unique. 

Grossman’s argument on this point makes heavy use of agents’ awareness 
that their own information and the information contained in the price are 
statistically dependent, fn particular, agents take account of the covariance 
between “noise” in their own information and “noise” in the price. It is this 
covariance which makes them neglect their own information when they pay 
attention to the information contained in the price. 

But then, Grossman’s agents are slightly schizophrenic. The covariance 
between “noise” in individual information and “noise” in the price is nonzero 
because the number of agents is finite, and each agent exerts a nonnegligible 
influence on the price.* Therefore one should expect that agents who are 
aware of this covariance will also notice the effect they have on the price. 
Yet, Grossman’s agents are price takers. They do not attempt to manipulate 
the price and the information content of the price. 

In order to avoid these difficulties, the present paper will study the aggrega¬ 
tion of information in a large market, in which individual agents have no 

' This is proved as a theorem under the additional restriction that the equilibrium price 
depend linearly on the vector of information. 

’ The alternative interpretation of a finite number of types and a unit mass continuum 
of agents of each type would fail to capture the notion that each agent has different in¬ 
formation. 
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influence on the price. This analysis will lead to an alternative view of the 
aggregation of information through the price. 

First, it will be seen that in a large market the relative importance of the 
information available to agent i depends on his preferences. In particular, /,• 
is relatively the more important, the less risk averse agent i is. 

Second, in a large market, the equilibrium price will reflect only those 
elements of information that are common to a large number of agents. 
Because an individual agent does not aflect the price, his information enters 
the price only to the extent that it is shared by other agents. 

This second result suggests that the market is a good aggregator of informa¬ 
tion, if there arc many agents with many independent sources of information. 
In this case, “noise” in the information available to any individual agent is 
filtered out and does not aflect the price. 

The plan of the paper is as follows: Sections 2 and 3 introduce a generalized 
version of Grossman’s model with a finite number of agents. In particular, I 
shall allow for the presence of exogenous noise in the price system.® Section 4 
analyses equilibrium with a finite number of agents and amplifies the fore¬ 
going critique of Grossman’s approach. The aggregation of information 
in a large market is studied in Section 5 by means of a competitive sequence 
of economies. This section contains the main results of the paper. 


2. The Basic Model 

I shall use the following version of Grossman's model. There are n agents 
/ --- l”-/7. Each agent i allocates his initial wealth between a riskless and 
a risky asset. For each unit purchased, the riskless asset yields 1 unit, the 
risky asset J? units of a single consumption good, where X is a random 
variable. Using the riskless asset as numeraire, let p be the price of the risky 
asset. If agent / holds z, units of the risky asset, his portfolio yields the 
return 

«’i, = M’fl,- -f- r,(X - p). 

Agents’ preferences are described by the following assumption: 

A.l. For /■ =- 1 ••• n, agent i maximizes the expected utility of consump¬ 
tion EiUi{Wii). The utility function m, exhibits constant absolute risk aversion 
Pi 6 (0, oo). 

Under this assumption agent I’s demand for the risky asset is independent 
of his initial wealth Wq,- (Pratt, 1965). It depends only on the price p and the 


* On the importance of such exogenous noise, see Grossman, 1977; Grossman and 
Stiglitz, 1976. 
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expectations operator , which in turn is determined by the agent’s informa¬ 
tion li. If the supply of the risky asset is Z, the market clearing condition 
takes the form 


I/.(/>,//)• (0 

The information /,, on which agent i bases his expectation of-i?, consists 
of the market price p and his private information /,•. The latter is taken to be 
the realization of a random variable yi, which communicates the true return 
X perturbed by some noise e,: 

( 2 ) 

Furthermore, the supply Z is taken to be the realization of a random 
variable 2 . The following distributional assumption will be imposed: 

A.2. The random vector (J?, e, ••• e„) has a normal distribution with 
mean (X, 2, 0 ••• 0) and nonsingular variance-covariance matrix: Y. ~ 
Si^ /„, 2 , where /„+2 is the {n + 2)-dimensional identity. 

Substituting for 7, = (y, ,/>) in (1), one finds that the market clearing 
price p is given as the realization of a random variable f> which depends on 2 
and the vector of signals (yi ••• y„). The precise form of this relationjhip 
depends on the functions z,(‘)» in particular on the way in which the informa¬ 
tion li affects the expectations operator Ei. Imposing the hypothesis that 
expectations are rational, I shall require: 

A.3. For I - 1 ••’«, agent i knows the actual joint distribution of the 
triple {2, yi , P). For any information /, = (y,, p), he derives the expecta¬ 
tions operator Ei from the actual conditional distribution of 2 given , p. 

It should be noted that under Assumption A.3 expectations formation 
and market clearing cannot be treated separately. The use that agent i makes 
of his information depends on the joint distribution of (X, %, p). This in 
turn depends on the price-supply-signals relation that is imposed by market 
clearing. Therefore individual expectations formation and demand cannot be 
analyzed by themselves; from the beginning, the .system as a whole must be 
considered, because the market clearing condition determines the information 
that agents draw from the market price. 

Formally, the determination of equilibrium under the rational expectations 
assumption A.3 can be treated as a fixed-point problem in the space of 
functions relating the asset price to supplies and signals. Given any function 
/: -> R, suppose, initially, that agents act on the hypothesis that 

p =f{2yy^ Then agent I’s asset demand depends on the price p, 
the signal y, and the function /, which determines the joint distribution of the 
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triple (X Si, P) and therefore the conditional distribution of X given any 
realization /, = {yt, p). Rewriting the market clearing condition (1) in the form 

Z ^ Y. yi > f)> (la) 

one finds that the market clearing price depends on/as well as on the vector 
(Z, >’j •'•}'„). With the function /, one can associate a new function Tf\ 
such that TJ(Z,yj y„) is the market clearing price for the 
realization (Z, •••>’„) given that agents base their expectations on the 

hypothesis that P Si ••• Sn)- In this formulation, expectations are 

rational if / is a fixed point of the mapping T, i.e., if f{Z,y, •■•yn) — 
Tf[Z,y,--y„) for all (Z, e R"-’. 

Under Assumptions A.l and A.2, the given fixed-point problem has a 
linear solution. To determine this solution, one proceeds as follows. Consider 
an arbitrary linear relation: 

/> = TTo -f X ‘^iSi — (3) 

Define TT • Given (2), (3), and Assumption A.2, the triple 

(X, Si . P) has a normal distribution with mean (X, X, ttq + ttX — yZ) 
and variance-covariance matrix: 


From normal distribution theory, the posterior distribution of X given a 
realization (j,, p) is again normal, with mean and variance of the form 

£(^lyifP)^'^-i-°‘iiyt-i-« 2 iPy (4a) 

Var(J^(y„p) = /5,, (4b) 


where the values of , and depend on the matrix F,. 

If expectations are based on relation (3), normality implies that asset 
demands under expected utility maximization depend only on the posterior 
mean and variance of returns, £(X jy{,p) and Var (X 1 y, , p). In the particular 
case of constant absolute risk aversion given by Assumption A.l, one has 
(for a derivation, see, e.g., Grossman (1976, p. 575 f.)) 


^i(Pt .)'< 5 ^0 » 


^ y) = E^IIllELzA 
^,Var(X I 

«o< + + («2< — ^)p 
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Substituting for Zi in (la) and solving for p, one has 


P ■- 



2'i'l ' V 

pSi J Pi^i 



(lb) 


Thus the market clearing price-supply-signals relation (lb) that is induced 
by the hypothesis (3) is again linear. Expectations based on (3) are rational, 
if and only if the coefficients , -tt; , y in (3) are the same as the correspond¬ 
ing coefficients in (lb). This yields the following conditions; 


y 



(5a) 


TT, 


y '^u 


/ - 


■■«, 


(5b) 


TT 


fl 


yl- 



(5c) 


To analyze Eqs. (5), remember that the coefficients a,, , , it,,,, and 

arise from the formulas for the conditional mean and variance of given 
yi, p. Under Assumption A.3, these coefficients will in turn depend on 
, y as they alTect the joint distribution of yi , p). Before writing out 
the formulas for these coefficients, f need the following: 


Lemma 2.1. Assume A. I-A.3. Then the equilibrium price-supply-signals 
relation (3) has y 0, and the matrices V/, i - \ ••• n, are nonsingular. 

Proof. Suppose that y == 0. Then (5b) and (5c) imply - 0, / I ••• n, 
and 77,, = 0, hence p - 0. fn this case, the coefficients in (4a) and (4b) are 
calculated as: 


^i ■- ar-.v,®/(a“ {- .V;^). Then (5a) implies y ^ 0, a contradiction. Non¬ 
singularity of the matrices Vi follows directly from the fact that y 0. 

Q.E.D. 

Given that the matrices K, are nonsingular, the coefficients a„ , a.^,, aoj 
and j8,- are given by the formulas (Raiffa and Schlaifer, 1961, p. 250) 

* Given that A* > 0, the implicit assumption that E"_i [(1 - ^ 0 is harmless. 

If S"-i 1(1 ~ ‘ndiPiPi] — 0, variations in p have no effect on excess demand. Then there 
is no way to clear the market for different realizations of Z. Since Z has positive variance, 
by Assumption A.2, one cannot have an equilibrium with rational expectations. The 
existence of a rational expectations equilibrium with £”..| ((1 — -f- 0 is discussed 

-*-!•' in ProDosition 3.3. 
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« 1 . f: [z (6a) 

(j2 

«2i 

«oi " I^Z — “ziC’^o — yZ), (6c) 

pi = = I^X '^k%^ + y^^^ - (6d) 

bi = 1 5.=^) [ i 

Lfc-i 

+ (T®Ji*(7r — 7r<)®. (6e) 

Now Eqs. (5) and (6) form a nonlinear system of equations in tto, , tt^ , y, 
«ii. “ 2 f. «{ii - Pi • The solutions to this system correspond to the equilibria 
of the economy under Assumptions A.l-A.3. The problem is to analyze (5) 
and (6) in detail so as to obtain some insight into the way in which the price p 
aggregates and communicates the information contained in the signals 
vi • 


3. Preliminary Results 


To analyze equilibrium under Assumptions A.l-A.3, I shall first use 
Eqs. (6) to eliminate the coefficients «!,•, atji, ao« ^nd /Sj from (5). As a result 
one has 


Z — TTilTSi^ 

'TTi -, / ==]•••«, 

‘ E - ^PSi^ 

fc-1 

1 Y , Y (tt — njY — (tt — TT,) 

y ^-1 P‘^ .=1 Y. W + - rr,%A 

i-s-i J 

-- ;;21 — - - yZ) E —pii-; 

Pi [E + y“J* - 


(7a) 

(7b) 

(7c) 


Now Eqs. (7a) can be analyzed independently of (7b) and (7c). To see this, 
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define the new variables Qj ■ 7r,/y, / -- 1 ■ n, Q irjy — 7r,/y, and 

reqritc (7a) as 


Qi- 


PiSi 


I - Q,s:^ I 

Jt-l __ <r » l 

i (?*V -f- 41^ - 

t 1 


f = 


n . 


(8a) 


Equations (8a) serve to determine the variables Q, Q„ regardless of 
y and Wo. One has; 


Lemma 3.1. Under Assumptions A A and A.2, Egs. (8a) have a solution. 
Any solution Qi ••• Q„ to (8a) satisfies 


0 < 0 , < \jpiS,^. 


Proof. \ shall prove the last statement first. Let 0i Q„ be a solution to 
( 8 a) and define the index set / — 1 0,- 0). Suppose that / 7 ' . Then there 

exists /‘uG /, such that for all kcl, Qis\^ Therefore, for > 0, 

i Okh^ + - Qi,Qs\ > Y. QkW - QifiX I Qk 

fr 1 i-e; I'C/ 

I QkiQkS^^ - QiA"> > 0. 

Ae/ 

Now ( 8 a) implies 0,^ > 0, hence /o^/, a contradiction. Therefore, 0, > 0 
for all /, implying 0,'ZLi 0*; > Then ( 8 a) implies Qi<.\lpiSf, 
i = 1 ••• n. 

The existence of a solution to ( 8 a) is shown by a fixed-point argument. 
Let Y n*”-! [Oj 1/Pi'i^] C and define mappings T^y. Y -* R”, T,; Y *Y 
by the conditions 

i 0,V + - QiS,^ i Qk 

iToQ)i - 7-T - S:------, / - /;, 

I QkW 4 

A--1 

{T.Ql ^Q if (ro 0 ), <O 

(7’i0), - (ro0).. if 0 < (T„Q)i < l/p,s.^ I - 1 ••• n, 
iTtQ)i ^ llPiSi^ if (ToQ%>\lptS^. 

Under Assumptions A.l and A.2, Y is compact, and is continuous. By 
Brouwer’s theorem, 7\ has a fixed point 0*. It remains to show that 0 < 
Qf < IjpiSi^ for all i, so that Q* = 7’o0f . By way of contradiction, suppose 
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first that 0* = 0 for some /. Then (Tog*)* = hence (TiQ*)i = 

^ipiS? =/= C*, a contradiction. Hence 0* > 0 for all i, implying {T^Q*)i < 
and hence (Tig*), < for all i. Thus 0* is a fixed point of Tq 
and, hence a solution to (8a). Q.E.D. 

For future reference, it is useful to state explicitly the following obvious: 
Corollary 3.2. Any solution 0i — 0„ to (8a) satisfies 

A ^> QiS ^ YQ^-t i -= l - n . 

k ■ 1 


Further, one now has: 


Proposition 3.3. Under Assumptions A.l and A.2, Eqs. (5) and (6) have a 
solution. 

Proof. It suffices to show that (7) has a solution. Substituting for iti = 
vQi > i - ■ 1 and solving for y and Vo, one rewrites (7b) and (7c) as 


n 

1 + I 




y ” 0-2 4- C.2 « 

I V,' -t S 

i-1 Pi '^ 


Pi (i 0.V -i- - GiV) 

'fc-1 / 


(0 - QiY 


(8b) 


" I " 

~ E- H z s 


Wo = 


P. (i 0.V + ^=‘- GiV) 

'fc-1 ' 

Q-Qi _ 

P.- (Z QkW + - G,-^^.‘^) 


" cr* 4 - ? •* " 

S —4 ^ + S 

,„1 P,-ct2j.2 


(G - G,)* 


(8c) 


G*V + ^—G.V) 

H-l ' 


The proposition now follows immediately from Lemma 3.1. Q.E.D. 

Most of the subsequent analysis will be based on Lemma 3.1. But for some 
purposes, I shall need a sharper bound on the 0,. This is given by the follow¬ 
ing lemma, which is proved in the Appendix. 


Lemma 3.4. Let Qi — Q„bea solution to (8a), and let Q = ELi Gt • Then 
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4. The Aggregation of Information in a Small Competitive Market 


r shall now turn to the question how the equilibrium price under Assump¬ 
tions A.1-A.3 aggregates information. In particular, I shall be concerned 
with the relative strength of the weights with which the signals yi and 
y’j affect the equilibrium price. From (8a) and the definition Qi := 7r//y, one 
has 


5.' ^ 

Qi 





e,V + 41^ - Q,QSi^ 
Q,w QiW 

Qk%^ - QiQsi^ 

0*V + QM 


(9) 


In the Appendix, f prove the following: 


Proposition 4.1. Assume A.1-A.3 and /el Wq , 7r< , / 1 ••• w, y 6c the 

coefficients of an equilibrium price function. 

(a) If Pi pj and s/, then . 

(b) If pi >■ Pi and ■■= .v/, then pitti ^ p^rcj. 

(c) If Pi = Pj and Si^ ?ji sf, then sfiTj ^ Sj'^TTj. 

If one of the inequalities in the premises of statements (a)-(c) is strict, the 
inequality in the corresponding conclusion is also strict. 

Proposition 4.1 shows the dependence of tt./tt, on the risk aversions p,, p, 
and the variances s,^, Sj^. The first part of the proposition expresses the 
simple fact that a precise signal available to a risk neutral agent affects the 
price more than an imprecise signal available to a risk averse agent. This is so 
because the sensitivity of agent i’s demand to the signal >»,• increases with the 
precision of the signal and decreases with the agent’s risk aversion. 

The other statements of Proposition 2 give some indication of the extent 
of the dependence of on risk aversions and the variances St^, 5,®. 

To see the significance of these statements, consider the situation when 
agents condition only on their own signals y,- without drawing information 
from the price. In this situation one has 7rjp,-5j* = TTjpjsf for all i, j, i.e., 
is just inversely proportional to the factor p<j,®. In contrast, if agents condi¬ 
tion on both signals and price, the ratio is relatively less sensitive to 
agents’ risk aversions and relatively more sensitive to the variances s,^, sf 
(Proposition 4.1b, c)). 

These effects arise mainly because agents take account of the covariance 
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between their own signal and the price.® The signal affects agent t’s expecta¬ 
tion about X both directly and indirectly, through the price p. To avoid 
“double counting” and compensate for his indirect reaction to yi through 
the price, he reduces his direct reaction to >■,. For this reason, the 
coefficient tt, depends less strongly on agent /’s risk aversion. 

In contrast, the variances .v/ and become relatively more important 
because they enter into the covariance between signals and the price. The 
larger the variance .v,^, the larger the covariance between noise in and 
noise in /;, and the greater the need to scale down one’s direct reaction to the 
signal ■ 

If the exogenous noise in supplies is large, this covariance effect is insignifi¬ 
cant. In this case, variations in price reflect variations in supply rather than 
variations in signals. Therefore agents draw only little information from the 
price. In the limit as oo the system goes back to the situation when 
agents condition only on their own signals. Formally, one has 


Proposition 4.2. Assume A.1-A.3 and let -► oo. Then: 

(a) the equilibrium price converges to 

where 

-if. «-i^; 

1=1 Pi 1=1 Pi^t 

(b) the conditional expectation of X given , p converges to 

is.^X -f -I- Si^y, 

(c) the conditional variance of X given >>,, p converges to + a-,*). 

Proof Immediate from (8a)-{8c) and (6). Q.E.D. 

The other limit as 0 is of greater interest. Here one has 


Proposition 4.3. Assume A.1-A.3 and let 0. Then 
(a) the equilibrium price converges to: 


' <7*C + 1 




‘ Formally, the entry cov(y<, p) = wa* + in the matrix V, is responsible for the terms 

7r,77j,* and iT*Si* in (7), which lead to the inequality ir,/y < llpis,*. 
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where 


.=.1 pi i 1 

(b) the conditional expectation of Jt given (yi, p) converges to 


(T^Z 

A(a^C I 1 ) 

(c) the conditional variance of figiven (>',, p) converges to a-{{a'C | 1). 

Proof Given A~ ->■ 0, let "• be a solution to (8a) and with 

Q(A-) XLi From Corollary 3.2 one has 


Ai QA‘‘) L ' 0(J“j 


n, 


and therefore, by Lemma 3.4, 


where 




Li2(2i^) 


V 


Q(A^) 


■Sk 





(10a) 


is the smallest of the lower bounds in Lemma 3.4, Further, from (8a) and 
Lemma 3.4, one has 


lim Qi{A^) =-• 0 if and only if; 
.a®-*n 


lim 


" n 

1 

Li.^1 


Q(A^f 


Jfc* + 




Qm 


QiA^f 


QiA 


■f = 0- 


(10b) 


The proposition now follows from two intermediate steps: 

Step 1. limjj^o i2i(A^) = 0, i = 1 — n. 

By way of contradiction, suppose that for some i, there exists c > 0 and a 
subsequence {A^^} —► 0, such that Qi(Am^) ^ e for all m. Since QiA,n^) > 
Qi(A„f), one has A^^jQ{A„^) = 0, and (10a) implies 



Q,iAJ) s,^ - Q,(A„^ 

QM 
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for all /, k. Given that 


one has 


h QM 

QiiAj) 1 




In consequence, 

lim y s 2 

- - h L ‘ 




OW-’)' 




and, by (10b), lim„,^co Qi0m) = 0, contrary to the assumption that 
€ > 0 for all m. Hence lim^j^„ QSA^) = 0. 

Step 2. lim^,,„ mA^mA^)] = IjCs^. 

From (10b) and the fact that Qi(A^) 0, for all i, one has 


limjt 

Li 1 


Q(J2)2 ^ . 


Q(Ay Q(A^) ‘’•J 


= 0, for all /, 


hence 


"SI S(^’) > ■ 


for all /,./. 


The desired result now follows from the fact that 


h Q(^^) ■ 

These two steps and (10b) further imply that limjs.,(, A^IQ(A^)- ^-= 0. 
Using all these results to take limits in (8b) and (8c), one has 

lim y(A^) = lim tT^iA^) ■- oo; 

*11 J ’ .0 

and therefore, 

«m .m ~ ^ ; 
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as was to be shown. Statements (b) and (c) of the proposition are obtained 
in a similar way by taking limits in (6). Q.E.D. 

Proposition 4.3 is basically Grossman’s result. As the supply-induced 
noise in the market disappears, the equilibrium price of the risky asset 
becomes a sufficient statistic for the vector of signals. Variations in the price 
reflect and communicate variations in the precision weighted sum XlLi 
of the signals. 

The key to this result is the disappearance of the risk aversion coefficients 
Pi from the weights tt-, . As becomes small, it hardly makes a difference 
whether a favorable signal is given to a risk averse or a risk neutral agent. 

This is an extreme consequence of the agent’s awareness of the covariance 
between the price and their own signal. As becomes small, the price p 
becomes a more reliable predictor of the return X. Therefore agents pay more 
attention to the price. Because of the price -signal covariance, this is compen- 
compensated by paying less attention to their own signal. In consequence, the 
weight TT, of the signal yi becomes less dependent on the particular properties 
of agent /. This effect is to some extent self-enforcing: As becomes small, 
price becomes a more reliable predictor ofX, both because it reveals ^ 7r,y, 
more precisely ami because, with disappearance of the coefficients p, from 
the weights tt, , X’li becomes a more efficient predictor of fn the 
limit as ■ ► 0, the price reveals w,;’, perfectly, and, moreover, 
ZLj ^i}’! becomes a sufficient statistic for the vector (>>1 •••>’„). 

However, if A^ 0, the model is no longer well specified. If the price is a 
sufficient .statistic, agents no longer even look at their own information, 
because the pair (p, v,) is no better than the price alone. But if demands are 
independent of the signals v,. there is no reason why the price should vary 
with the sum XLi 

One can also see this difficulty by considering price formation in a Walras¬ 
ian tatonnement. The auctioneer begins the auction by calling a price p 
“au hasard.” Individual agents know their own signals and announce their 
desired asset demands knowing that trade at p will take place if and only if p 
clears the market. Therefore the demand announcement must take account 
of the information carried by p, if it happened to clear the market. From 
the formula 


SiOi .V/ ; 7 r„ , 77 , 


, y) 


£(^lyt .p) - p 

P, Var(jeiy,,p) 


and Proposition 4.3, this revealed demand is calculated as 
z<(P, Ti; ^ 0 , n’i”'77„,y) = ZipiA, regardless of p, y,. But then 
I!".i ^i(P. y.. . TTi — 77„, y) = 2 regardless of p, yi ••• y„. No matter 
where the auctioneer begins the auction, and what signals agents have 
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received, the market will clear. There is no mechanism by which the 
auctioneer can, for given y„, find the price prescribed by Grossman’s 
formula. 

In summary, Grossman’s result gives an approximate description of com¬ 
munication through the market when the supply-induced noise is small. It 
should not be regarded as an exact result for the case -- 0. In this case, the 
communication process simply is not well defined. 


5, The Aggregation of Information in a Large Market 

The preceding model of communication in a finite market is a bit schizo¬ 
phrenic. On the one hand agents are aware of the covariance between the 
price and their own signals and actions. On the other hand they behave as 
price takers. To remove this difficulty I shall now look at the aggregation of 
information in a competitive sequence of economies. 

Let (Q, v) be a probability space and the set of normal random 
variables on Q. An economy £ is defined by a finite set ^ of economic 
agents, a mapping e\ .V ->• and two random variables % e . A ", 
with the following interpretation; 

(i) is the per-unit return, ^ the supply of the risky asset. 

(ii) For / e s£, proji e{i) = pi , agent /’s coefficient of risk aversion 
under A.l. 

(iii) For i e .c/, projj e{i) ~ s,^, the variance of the error c, -= -- X 

in agent /’s signal, where the vector (X, X, e,- €„) satisfies Assumption A.2. 

The characteristic distribution of the economy £ — (.'V, e, X, X) is a 
measure pg defined by the usual formula, pg{B) = 

for every Borel subset B of R,-. 

A sequence of economies £„ “ t'"- X", X"] will be called competitive, 

if it satisfies the following conditions; 

(B.l) n * 00 . 

(B.2) There exist two random variables Xe-f, Xe..^, such that 
for all n, X” -- X and X’7 m X. 

(B.3) There exists a closed rectangle [p, p] x [s*, i*] in the interior 
of such that for all n, e”{ o/”) C [p, p] x (^^ s®]. 

(B.4) The sequence of characteristic distributions [pgj converges 
weakly to a measure p e .v5f(R+-). 

If one writes p,(«), Si\n) for the characteristics e”(i) of agent ie.o/", one 
obtains: 
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Proposition 5.1. Let be a competitive sequence of economies. Any 
solution Qi{n), i e j/” of Eqs. (8a) for economy satisfies 

/>.(«) •*. («) 

Proof. See the Appendix. 

Further let Z(m), A\n) denote the mean and variance of total supply Z”, 
and let Z*, J*® denote the mean and variance of per capita supply Z. 
Clearly, (B.2) implies Z(«) nZ* and J® n® J*®. 

With obvious notation, write the market-clearing price for economy S'„ 
under the rational expectations hypothesis A.3 as 

7r„(/?) 4- Y. yi" — yif^) 

test” 

In the Appendix, I prove: 

Proposition 5.2. Let be a competitive sequence of economies and let 
{f>”) be a corresponding sequence of market-clearing prices under A.3. Then 
the sequence {p} converges in probability to p* — ttJ -f 7r*J^ — y*Z, where 

XA*U* + rr^Z*A*B* 

-L ct®B*J*® + a^A*B*^ ’ 

_ <7®.S*J*® + (7^A*B*<‘ 

“ 4*J*® -I- ct®B*J*® + a^A*B*^ ' 

fT®J*® + 

^ A*A*^ f \PB*A*^ + a‘A*B*^ ’ 

As the number of agents becomes large, the weights 7r,(/i) converge to zero. 
Individual agents can no longer affect the price. This has two important 
consequences: First, the relative weights 

TTijn) ^ Qfjn) 

^i(n) Qiin) 

of signals given to two agents /, j become approximately equal to pfn) Sj\n)j 
Pi{n)Si\n). As 7ry(/j) converges to zero, the covariance between the noise 
€i” and the equilibrium price p^ disappears. The relative importance of an 
agent’s information becomes inversely proportional to his degree of risk 
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aversion. The aggregation of information in a large market depends on 
agents’ preferences as well as on the precision of their signals. 

Second, as the number of agents increases, the equilibrium price comes 
to depend only on the actual return X, which is the common element in all 
the signals jJj. The noises c," disappear from the equilibrium price, by the 
weak law of large numbers. This is an instance of the well known result that 
individual uncertainty does not affect the equilibrium price in a large economy 
(see, e.g., Malinvaud (1972)). In the more general case where the common 
element in the individual signals yi involves some noise 8, so that j,- = 
the equilibrium price will depend on S as well as X, but the e, 
will still cancel out. 

In summary. Propositions 5.1 and 5.2 suggest that communication through 
the market relies on the presence of a large number of independent sources 
of information. Because of differences in preferences, the equilibrium price is 
not, in general, an “efficient” aggregator of information. However, this 
inefficiency is irrelevant, if the market draws on many independent sources 
of information, so that individual errors cancel out. 

Even so, individuals cannot actually read X off the equilibrium price. 
Because of the noise in supplies, they cannot distinguish whether a high 
price is due to a high realization of or a low realization of 2. Therefore, 
they find it worthwhile to draw information from their own signal as well as 
the price. Formally one has: 

Proposhion 5.3. Lei p* he the equilibrium price as in Proposition 5.2, 
and let y | e e ./f be a signal with Ei = 0, 5*, EiZ - 0. Given 

a realization (y, p) of the random pair ij, p*) the posterior mean and variance 
of returns are 


Ea\y,p) ■ 

Var(^ \y,p) -- 
where 


1 


D 

[ b *2 

1 

J *2 

D 

B *2 

D =- 




a^y + a^s^ — 




K + 


]• 




A *2 A *2 

- _ (t 2 a- ^ _c* 4- ^8^2 

gt2 “ ' g*2 ■* ^ » 


and 77-J, TT*, y*, B* are the coefficients defined in Proposition 5.2. 

Proposition 5.3 shows the importance of preferences for the communica¬ 
tion of information through the market. The distribution of degrees of risk 
aversion and of signal variances determines the coefficient B* J (1//m*) dp,. 
This coefficient is equal to the ratio 7r*/y* of the weights of and 2 in the 
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equilibrium price. For given variances o®, J**, this ratio determines the 
relative contributions of and Z to variations in the equilibrium price. 
The point is that the strength of agents’ reactions to their signals—and 
implicitly to is inversely related to both their degree of risk aversion and 
the level of noise in their signal. If agents are less risk averse, variations in ^ 
will lead to larger variations in asset demands, which in turn induce larger 
variations in the equilibrium price. 

The larger the coefficient B*, the more reliable the market as a means of 
communication. If variations in the equilibrium price arise mainly from 
variations in the return, there is little chance that a given price change will 
reflect a change in supply rather than a change in return. Therefore, agents 
can rely heavily on the price as a source of information. 

From this point of view, the ratio in Proposition 5.3 is a natural 

measure of the level of noise in the market communication process. The 
smaller the ratio A *‘^IB*^, the more attention agents pay to the price and the 
less to their own signals. Then also the posterior variance of returns decreases. 
There is no noise in the market, if either A*''^ = 0 or B*'^ oo. The latter 
situation arises when a positive set of agents is risk neutral and reacts so 
strongly to its information that variations in supplies have no effect on the 
price (y* -- 0). In this case all agents can actually infer the realization of 
returns from the price.® 


Appendix 


Proof of Lemma 3.4 
By Lemma 3.1, 


0 <I 

k I 


Pk-h‘ 


Hence, from (8a), 


9± 

Q 



I QkW f - QiQs.^ 

k=\ 


Y. QkW + - QiW 

k-l 


I - - 


QkQ- Qhsf- 


I QkW -V - 0.V 


” However, one again has the paradox that agents inferring the realization of Z. from the 
price pay no attention to their own signals, so that the question is, Why should the price 
reveal the realization of J? in the first place. 
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QXQ~Qi)s,^ 
Z QtW 

k*-i 



where the last inequality is based on the fact that QkW ^ 

(Q - Qimk,i\ls,V 

Multiplying by 

y Pi^t' ii _ ^ 

jfc'Ti PkSk^ ^ Q 

and rearranging terms, one has 


Qi 

Q 


V -Ml 
h Pk-'‘i.^ 


“ c 2 

+ 

k-.l 


1 i- 



n 


I 


m!.. 


1, 


and the lemma follows immediately. 


O.E.D. 


Proof of Proposition 4,1 

Define L Qk^k i ^ind rewrite (9) as 


QM _ - QiQsr){L - Qfsf) 

Q,pjsf {L - QM{L - Q,Qsf) ‘ 


Further, define 


M : (L - Q,QSi^)(L - Qfsf) - {L - Q,%^)(L - QjQsf) 


and note that, by Lemma 3.1 and Corollary 3.2, 

0fP/‘Vj2 QiPiSj^ as Af <; 0. (9') 

(a) Let Pi > pj, s'i^ > sf and suppose that Qt > Qj. Then one 
calculates 


M QAQ - Qj)(sf - Si^)L + ( 0 , - QMQ - - Qf) srL ^ QiQjQs,^s;^ < 0 . 

Now (9") implies QiPiS,^ < Qjpjsf, hence Qi <Qj, a. contradiction. There¬ 
fore, Q, !' Qj , hence 7r,/y ■>- 7r,/y. From (8b), y '> 0, hence tt, sC tt; . 


J To see this, minimize subject to Qi ^ Q - ■ Q,. 
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(b) Let Pi Pj , s-^ === j/ and suppose that piQi < pjQ,. Then 
Qj ^ Qi . hence M and by (9'), piQi > p^Q,, a contradiction. Therefore 
PiQi < PiQi and p^TTi pjTTi because y > 0, again by (8b). 

(c) Let Pi ~ Pi , .v/'* Sj^ and suppose that Si^Qt > . Rearranging 

terms in the expression for M, one has 

A/ - ( 0 /^/ -- Qi^nQ - Qi) L - (Qj - Qi)(L - QjQx/) < 0 , 

because Qj Qi, by (a), and L QjQsJ^, by Corollary 3.2. Now (9") 
implies Q,Xi^ < a contradiction. Therefore .S/-g, > SfQj and .y,*7r, 
sJ^TTj, because y ^ 0 by (8b). 

The sharpening of the conclusions when the inequalities in the premises 
are strict is proved by the same argument. Q.E.D. 

Proof of Proposition 5.1 

From (8a) and Lemma 3,1 one has 


(i) Qi(n)piin)Si%n)<\, 

(ii) QM P,(ii) SiHn) \ - Q,{n) sf{n) X QMi^\n) 


■ 1 

1 


~ (^-2) and (B.3). 

Q.E.D. 


Proof of Proposition 5.2 
For any n, define 


A(n) 


' y - 

" ntf” Pi(») ’ 


Bin) 


1 y_!_ 

" ih” p*(") ’ 


Using (B.2) and Proposition 5.1 to substitute for Z(n) - nZ*, A%n) h® J** 
and Qi(n) ■- ■ 1/p,(«) •v,®(n) f- o(l/n) in (8b) and (8c), one has, by elementary 
algebra 


nyin) - 


+ <r^A(n) Bjn) _^ 

A*^Ain) + <7*i?(/i) J** -I a^A[ri)Binf ^ 


^Ain)A*^ + n^7*Ain)B{n) 
oW -- -^*iAiri) 1 a^Bin)A*^ i- a^Ain) Binf ^ ^ 


Note that 


Ain) - J I and Bin) = | dp.g^ , 
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SO that (B3) and (B4) imply Iim„^„ A(n) = A* and B(n) = B*. Then 
one has lim„..c. 7ro(n) = wj, Iim„,„ y(n) = y* and «■,(«) = 

lim„ Qt{n)yiri) = Iim„,„ Utej/. QM) lim„^„ ny(n) = B*y*, by 
Lemma 5.1, 

Rewriting the equation for as 

p" - 7r(,(n) + ^ TTiin) ^ + X - y(”) " '4' • 

one sees that the proposition follows, if ’'■»('*) converges to zero in 
probability. To prove the latter statement, it suffices to note that 7rf(/i)c<" 

has mean zero and variance 


X n.Wsm - -iv(ti)ny~ X =*(/;) 


r 1 



+ IJJ 




W») »)• ^ [-.y + » ©]. 


which converges to zero as« ->■ oo. Q.E.D. 

Proof of Proposition 5.3 

The proposition follows from normal distribution theory (Raiffa and 
Schlaifer, 1961, p. 250) after noting that the triple {ft, y, p*) is normally 
distributed with mean {X, X, ttJ + tt*X — y*Z*) and variance-covariance 
matrix: 

/ CT® 7r*CT® \ 

I (T® CT* -|- 7T*a^ j. Q.E.D. 

\7T*a^ 7T*a^ 77*V -f y**J**/ 
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Starrett has made a significant contribution to our understanding of the 
mathematics of externalities,^ but the nonconvexity which he identifies has a 
remedy in law. The mechanism by which the law circumvents this non¬ 
convexity has gone unnoticed in the literature, as evidenced by a recent 
exchange in this Journal* This note relates nonconvexity to the law of 
liability. 


The Problem 

We shall identify the nonconvexity by recalling Arrow’s formulation of a 
market for externalities and then describing the remedy.® Let 7 ,^. be the ith 
firm’s net supply of the A:th good, where 1 = 1 , 2 ,..., m and k — I, 2 ,..., n. 
Let y)n indicate the net supply of all firms except the fth: >'),( = (ya .•••. 
>’(v i)n. >'(i+i)i vj >'».«)■ Externality is indicated by a production function 

whose arguments include the net supply of other firms: 0 ^ fKyn . 

v,„; yxO- Arrow defines a variable yu^ which may be described as y’s 

* David Starrett, Fundamental non-convexities in the theory of externalities, J. Econ. 
Theory 4 (1972), 180-199. 

* In an exchange on the Coase theorem, the Editors of this Journal remark that Starrett 
has shown that there are “non-convexities inherent in the problem of external diseconomies, 
non-convexities which destroy the validity of the Coase Theorem.” These comments are 
a response to Shapiro's example where setup costs invalidate the Coase theorem if exchange 
opportunities are restricted to marginal bar^ins. See David Shapiro, A note on rent and 
the Coase theorem, J. Econ. Theory 7 (1974), 12S-128; and the Editors, Addendum to 
“A note on rent and the Coase theorem” by David Shapiro, J. Econ. Theory 14 (1977), 
221-222. 

’ K. J. Arrow, The organization of economic activity: Issues pertinent to the choice of 
market versus non-market allocation, in U. S. Congress, Joint Economic (Committee, 
“The Analysis and Evaluation of Public Expenditures: The PPB System,” Vol. 1, pp. 47-64, 
Gpvemment Printing Office, Washington, D.C. 
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observation of /’s net supply of good A:; by an obvious extension of notation 
we let indicate i's observation of >’>,(. We imagine that institutions can be 
established so that there is an equivalence relation between net supplies and 
their observation: yj,k ~ ytk for ally, /, k. Consequently we may eliminate 
the externality by substituting observations for commodities in the produc¬ 
tion function: 0 > fiyaiy'un ; yn.t)- 
The equivalence relation is interpreted by Arrow as the market clearing 
condition for observations. Obviously there is bilateral monopoly in these 
markets, so competitive behavior is not to be anticipated; Starrett observed 
that there is also a nonconvexity. The difficulty is that externalities can be 
observed beyond the point where own production is nil, as indicated by the 
example of the laundry and smoke in Fig. 1. Equilibrium may fail to exist in 
the market for observations of smoke because of this nonconvexity. 


laundry 



The Liability Solution 

The institutional problem is to eliminate the externality by a mechanism 
which can distinguish between global and local optima. The courts can solve 
this problem by assigning liability rights according to a calculation of 
benefits and costs, as we shall show for the laundry and smokey electric 
company. Benefits and costs are measured by the profit functions for the 
two firms. Let yj, indicate fs smoke with price p, - q, where (Pi,PiPn)- 

Laundry: tt' max ^ s.t. /•(>-,j; y^,) < 0, 

* 

Electric Company: ^ max X s.t. /Ty,,,..., y^J < 0. 

k 

The cost of pollution is the minimum loss in profits to the laundry caused 
by the smoke, or the loss when the laundry maximizes profits, written 
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0 ) — If the electric company is liable for the full cost of 

smoke, then its profit net of compensation is® 

- max X - {-n^p, 0) - 7r‘(p, y^,)) s.t. /^(y,iy, J -C 0. 

i,k * 

The term 7r'(p, 0) is constant, so the electric company is maximizing joint 
profits as it would if the firms merged. Thus the externality is internalized. 
The joint maximization problem exhibits Starrett’s nonconvexity, as illus¬ 
trated in Fig. 2, but it is likely that the electric company will be able to 
identify the global maximum if the laundry divulges information about 
profits.® 

Starrett was concerned that the pollutee (laundry) might supply an infinite 
number of pollution rights to a competitive market, but this problem does not 
arise under liability. The laundry may sell its legal claim for compensation 
by signing a contract which waives its right to recover damages. We may 
describe this transaction as selling coupons granting their owner the right 
to pollute. The laundry moves down the production frontier as it sells 
coupons to the electric company, until further damages are impossible. The 
right to recover further damages is worthless in the nonconvex region, 
because further damages are nil. In effect, the electric company must pay a 
positive price for coupons up to the point where the landry can sustain no 
further damages, and then the price becomes nil. Exchange of pollution 
rights is not competitive under the liability solution, because the price varies 
with the quantity. 

* It is essential for economic efficiency to compensate for the minimum profit loss, 

written ^'(p,0) — ■n‘(p,y„), rather than the actual profit loss, written w'(p,0) — . 

If actual losses arc the basis of compensation, then the Laundry’s profit net of compensa¬ 
tion is constant, XiPi-y.ii + (^'(p, 0) - ZtPt.y,*) - w’fp, 0). and it has no incentive for 
efficient production. It is difficult in practice for courts to distinguish between actual and 
minimum losses. 

‘ This presentation is simplified by not discussing court costs or settlement costs; we 
avoid the theory of litigation. 

• Here is a simple proof on nonconvexity. Let the objective function in the optimization 

problem defining ff' be denoted = Lt Pi» — (’f*(p, 0) - ^‘(p,y„)). We shall 

prove that V/y,) T- « is a nonconvex set. 

(i) Starrett's nonconvexity, as drawn in Fig. I, implies that laundry output approaches 

zero continuously as smoke approaches some finite level. (The proof is slightly different 
when this level is infinite.) Hence, there exist (p, such that n-'fp, y„) > 0 for < y„ 
( - 0 otherwise). Choose y, andy, so that y* < S’t. < y,„ and Zt P/t(.y,k ~ y,k) + ^ 

0. Hence for p ■ p we have V^{y,) — ^^fy,) = a. 

(ii) Choose t so that 0 < f < 1 and / + (1 — f )£•, -- yj,. 

(iii) We wish to show that ^f(t y< -f (1 — r)y,) < a. Assume the contrary; then 

'PpUyt + (1 - t)y>) > “ = + (l — 0^0,) -f (i - t)y„) > 

t-n'(p,y„) -f (1 — t)ir*(^,yj,) =■ 0 > 0, which is a contradiction. 
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One source of confusion concerns whether the electric company will have 
enough profits to compensate the laundry. This is a question of whether 
quasi-rents are adequate in the short run, or rents are adequate in the long 
run. The solution is essentially the same in both cases; wc shall explain the 
long-run case. In the long run the electric company’s profits net of compensa¬ 
tion are nonnegative because it can produce zero output and pay no compen¬ 
sation: 0. In other words the electric company’s rent is always sufficient 

to compensate for the laundry’s lost rent at the optimum. The rule of polluter 
liability creates sufficient rent for efficient compensation. 


Location 

Another source of confusion concerns the optimal location of plants. 
Locational choice does not change the essential nature of the problem, but it 
increases the computational difficulties. Let be a variable indicating the 
site chosen for plant r and let w{zr) be the corresponding rent. Location 
affects production by changing the transportation inputs needed for a 
particular output. Furthermore, the amount of smoke observed by the 
laundry depends upon the electric company’s emissions , and the 
location of the plants: y^g = yn^iZi, Zj, Thus the laundry solves 

TT* max ^ - m-(z,) s.t. /‘O',, r<; ynX^i . ^ 0- 

k 

Under full liability, the electric company solves 

- max ^ p^y,j, - H'(zy) - (7r‘(p, 0, z,) - 7r‘(p, y ^,, z,)) 

yi^s t 

s.t. Piy ^, z,) ^ 0. 
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We may assume that zero smoke emissions results in zero smoke observations 
regardless of location, so o, a,) is constant with respect to Zj. 

The electric company is choosing net supplies and location to maximize 
joint profits, as required for social efficiency, but the computations are 
difficult when location is a choice variable. Efficiency requires that compensa¬ 
tion be based upon the losses which the laundry would suffer when its 
location maximizes its profits. The electric company and the courts may have 
difficulty distinguishing between losses at the laundry’s actual location and 
hypothetical losses at its ideal location. 

There is an added difficulty in identifying the global maximum, due to a 
locational nonconvexity which is different from Starrett’s nonconvexity’. 
Suppose that the laundry and electric company are located far apart, and the 
production set is convex over the region where laundry is produced in 
positive quantities, as shown in Fig. 3. As the laundry changes its location 
and moves closer to the electric company, the production frontier dips 
toward the origin for all interior points, as shown, which indicates that smoke 
is interfering more with laundry production. However, the corners of the 
frontier are unaltered. If this process continues as the laundry is moved ever 
closer, the production frontier’s interior eventually becomes nonconvcx, as 
shown. 

electricity 



Fic:. 3. Baumol’s nonconvexity from locating plants clo.ser together. 

Limited Information and Bargaining 

The liability solution requires courts to base compensation upon the 
pollutee’s minimum profit loss, as given by the profit function, rather than 
the actual profit loss. (See footnote 4.) The courts may lack the information 
needed for such a computation. It is possible to construct models in which 

’ See W. J. Baumol, On taxation and control of externalities, Amer. Econ. Rev. 62 (1972), 
307-322. 
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the courts overcome limited information by a sequence of court decisions 
which converge to the optimum, but convergence assumes full convexity, 
which is absent in our case.® Consequently, it would be desirable if efficiency 
could be achieved by private bargaining, irrespective of the law’s structure, 
as postulated by the Coase theorem.® 

Even in the two-person case, the nature of bargaining is such that efficient 
or group rational outcomes cannot be anticipated with confidence. For 
example, the parties may fail to agree because each holds out for more than 
half of the surplus from cooperation. In such a strategic setting, the electric 
company may be unable to extract the information needed to distinguish 
between global and local maxima. The likelihood of efficiency is still lower 
when there are several pollutors and pollutees, all of whom must become 
parties to the bargain. 

How does the existence of several pollutors or pllutees influence the 
liability solution? The essential nature of the problem is unchanged when 
there are several laundries and a single electric company, which corresponds 
to class action against a single defendent. Adding additional terms to the 
joint profit function requires the electric company to have more information, 
but the nature of its maximization problem is unchanged. However, adding 
several electric companies creates serious difficulties for the full liability 
solution. The courts would need to compute the global optimum in order to 
divide damages among the pollutors in a way which would achieve efficiency. 
It would be difficult for the courts to make such a computation.^ 
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* See R. Cooter, L. Kornhauser, and D. Lane, Liability rules, limited information, and 
the role of precedent. Bell J. Econ. (Spring 1979). 

* The symmetry of compensation rules is asserted by Coase in his classic paper. The 
problem of social cost, J, Law and Econ. 3 (I960). His failure to consider the implications 
of the strategic problems in bargaining is discussed in R. Cooter, The cost of believing 
Coase's theorem, UCB Working Paper No. 76, revised 1978. 

Let yi, be the efficient pollution. Firm J will choose the efficient value for 
if compensation is based upon the damages /’s smoke imposes when other pollutors are 
at the efficient point. Specifically, is the value of y,, which solves w's max,^^ — 

£< ir*{p, 0) — w‘(p, yff^„ y„)) s.t. /^(yji,..., y^*) < 0. With nonconvexities, it is difficult to 
think of an interactive process by which the courts could discover the globally efficient 
pollution levels; see footnote 8. 
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